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THE ADAPTION PROBLEM FOR 
APPROXIMATING LINEAR OPERATORS 

MARK A. KON AND ERICH NOVAK 

In this note we answer two open questions on the finite-dimen­
sional approximation of linear operators in Banach spaces. The 
first result establishes bounds on the ratio a of the error of adap­
tive approximations to the error of nonadaptive approximations 
of linear operators (see [PW], open problem 1); terms are defined 
more precisely below. This result is of interest partly because of 
its connection to questions regarding the error arising in parallel 
computational solutions of linear problems in infinite dimension 
(see [TWW], [PW]). 

The second result concerns (possibly nonlinear) continuous fi­
nite-dimensional approximations of infinite-dimensional linear op­
erators in Banach space (see [KW]). It is shown that such approx­
imations can yield strictly smaller error than even optimal linear 
ones. This statement has been shown to be false in Hubert space 
(cf. [KW]). 

We defer discussion of related results to give some precise def­
initions. Let S: F —• G be a bounded linear operator from a 
linear space F to a Banach space G. We wish to evaluate S at 
an element f G F (the "problem element"), restricted to lie in 
a bounded balanced convex subset B of F. The element ƒ is 
uncertain to the extent that it is specified only by the value of its 
image N(f) under a finite rank operator N (to be defined below). 
We induce a norm on F whose unit ball is B. 

Let N: F —• Y be a linear operator (information operator), with 
Y = Rn finite dimensional. Decompose N into component linear 
functional, N = (lx, l2, /3, . . . , ln). The image Nf represents 
the (finite-dimensional) information available about the (high or 
infinite-dimensional) problem element ƒ . 
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To compute S f from Nf we use a (possibly nonlinear) map 
<I>\Y -* G (an algorithm) defined so that (j) o N approximates S 
optimally. 

The radius of information of N is the smallest possible error 
(over all choices of </> ) in approximating S ƒ as a function of the 
information Nf (and not of ƒ directly): 

R{N) = inf sup | | 5 / - (j> o Nf\\ = suprad^AT 1 (y) n 5 ) , 
<f> feB yeY 

where rad denotes radius of a set in Banach space. 
The linear information operator N consists of n linear func­

tional /• which are fixed a priori and do not depend on a par­
ticular problem element ƒ . Consider therefore a more general 
information operator N* : F —• Y, defined by 

N*(f) = (/,*(ƒ), / 2 V), . . . , £(ƒ)), 
where /* are linear functionate that are allowed to be chosen adap-
tively, so that each functional /* depends on the already computed 
values /*(ƒ) , / * ( ƒ ) , . . . , /*_!(ƒ). Precisely, let 

il(f) = i*2{f,yx), 
where the dependence on ƒ above is still linear, but arbitrary 
dependence on y{ = /*(ƒ) is allowed. In general, let 

/ ,*(ƒ) = / , * ( / . y l - _ i . y , - _ 2 » - - - » J ' i ) » 

y, = /,*(ƒ); 

the dependence of / on ƒ is linear, and the dependence on y(_{, 
... 9yx arbitrary. 

Characteristic of N* is the fact that its elements must be calcu­
lated in sequence (i.e., I.(f) cannot be calculated until lx ( ƒ ) , . . . , 
li-\(f) have been calculated). This way of obtaining information 
is adaptive, and iV* is an adaptive information operator. Corre­
spondingly, iV is nonadaptive. 

An important question, related to questions of implementing 
parallel computations to "solve the problem" S (i.e. to obtain 
good finite-dimensional approximation (j) o N of S), is whether 
the radius of information (uncertainty) is decreased if we replace 
TV above by a properly chosen element N* from the more general 
class JÇ of adaptive information operators with range Y = Rn . 
If the answer is yes, then it may in some cases be better to use 
N*, even though parallel methods cannot be used to calculate it 


