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1. BASIS 

A sequence (xn) in a Banach space X is a Schauder basis pro­
vided that for every x e X there is a unique sequence of scalars 
(a() such that 

oo 

x = y ^ a x 

convergence in the norm topology. 
This notion, obviously generalizing the classical notion of ba­

sis for a finite dimensional vector space, is due to Schauder [S]. 
Schauder bases (and certain generalizations of the notion) have 
played an important role in developing general Banach space the­
ory. 

2. BANACH 

Banach thought enough of the topic (Schauder bases) to de­
vote Chapter VII of his classic monograph Théorie des opérations 
linéaires to the subject. (Albeit a short—six pages—chapter. But 
all the chapters in this classic work are short!) 

Obviously, the existence of a basis imposes structure not en­
joyed by all Banach spaces. It is truly trivial that if X has a basis 
then X must be separable. Perhaps the most important question 
ever raised about bases—Does every separable Banach space have 
a Schauder basis?—was posed by Banach himself [B, p. 111]. This 
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problem, the so-called Basis problem, eluded researchers for years 
but was finally settled, negatively, by Per Enflo [E] in 1973. (Ac­
tually, Enflo solved the larger "approximation Problem.") Thus, 
there are natural questions about bases. 

What more can be said about a basis? If the Banach space X 
has a Schauder basis (xn) and x = Yl™=\ a

n
xn *s t"le u n iQ u e basis 

expansion of x G X, define f.(x) = at. Then f. is clearly linear 
and f.(Xi) = 6tj (0 if i*j; 1 if i = j). 

In his original definition of basis, Schauder assumed continuity 
of the ft 's. This innocuous assumption, in some sense, set the 
stage for all that followed. By a clever application of the Banach-
Steinhaus theorem, Banach proved (in twelve lines) [B, p. I l l ] that 
the f. 's are automatically continuous. These twelve lines contain 
ideas which have generated thousands of pages of "basis theory." 
Here are Banach's ideas: If the Banach space X has a Schauder 
basis (xn), let 

* = { ( a i ) 
n=\ ) 

Using coordinate arithmetic, X is a vector space of sequences. If 
X is normed by 

1 ' n-\ 

m 
HanXn 

|KflJ|| = SUp 
m I 

then X becomes a Banach space and the mapping 
oo 

T{(an)}=J2anXn 
n=\ 

is a linear homeomorphism from X onto X (this part requires the 
completeness of X). Since 

IK*,II < 2||(a,)|| 
it follows that 

^(x^^iWx^WT-'wwxW. 
Idea 1. If X has a basis, X can be viewed as a sequence space. 

It was also observed by Banach (using different terminology of 
course) [B, p. 107] that if (xn) is a Schauder basis for X, and (fn) 
is defined as above, then (fn) is a basis for the conjugate space 
X* equipped with the u>*-topology. That is, for every ƒ G X* 
and x e X, 

f(x) = J2f(xn)fn(x). 
n=\ 


