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Let us start with two if spaces, if0 and LPl . A function ƒ e 
if , p0 < p < px can be written as a sum of two functions ƒ = f0+ 
fx with f0 G Lp° and f{ e LPl . A linear operator defined on both 
Lp° and lfx is therefore defined also on all If, p0 < p < px, 
provided that the definition of the operator on functions in the two 
spaces is compatible, i.e., Tf, for ƒ e LPonlfl , does not depend 
on whether we consider ƒ an element of Lp° or of LPl . One 
can then reasonably ask what properties of T on the endpoints, 
LPo and LPl, are transferred to the intermediate if . This is the 
simplest example which conveys the idea of interpolation theory. 

Interpolation theory has been vastly generalized beyond the con­
crete setting described above. It is natural to replace if spaces 
by Banach spaces, but important parts of the theory have also 
been developed in the setting of quasi-Banach spaces (to accom­
modate If spaces with p < 1, and, more importantly weak-L1 

and Hp spaces with p < 1 ) and even to quasi-normed groups, 
and to quasi-normed semi-groups (to accommodate, say, the class 
of functions with monotone Fourier coefficients). In some cases 
the single operator T can be replaced by an analytic family of 
operators, with important consequences in harmonic analysis, and 
the two-space framework can be replaced by a family of spaces. 
All these generalizations are motivated by applications to various 
areas of analysis, principally harmonic analysis, partial differen­
tial equations, and approximation theory. Before we discuss some 
of these generalizations, let us return to the modest setting of if 
spaces described above. 

Consider the Fourier transform of periodic functions: fA(n) = 
H JO n f(*)e~ mt dt. Bessel's inequality gives us 

(
QQ \ 1/2 / 2n \ 1/2 

XXwi2) < ( i / o i/wi1*) , 
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and, even more trivially, from \e in | = 1 we have 

\fA(n)\<±£n\f(t)\dt. 
The first inequality can be expressed by saying that the opera­
tor A maps L2([0, 2n]) to L2(Z), where the first measure space 
[0, 2n] is equipped with (normalized) Lebesgue measure, and the 
second measure space Z is equipped with the counting measure: 
M({n}) = 1 • The second inequality can be expressed by saying 
that the operator A maps z/([0, 2n\) to L°°(Z). We can now 
use the Riesz-Thorin interpolation theorem (Riesz, 1927; Thorin, 
1939) to obtain that these two endpoints results imply that A maps 
Lp([0, 2n]), for 1 < p < 2, to Lg(Z), where 

- = —~ h T and - = —r— + —, 
p 2 1 q 2 oo 

which gives \jp + \jq = 1. The theorem also gives information 
about the norm of the operator on the intermediate spaces, which, 
since the norm of A is one at both endpoints yields: 

This is the Hausdorff-Young theorem (1912-1923). W. H. Young 
proved the theorem for even integers q and Hausdorff extended 
it to all q > 2. The proof, naturally, was not the one above. 

The interpolation proof reveals the limitations of the theorem. 
One cannot hope to deduce from the theorem any conclusion which 
depends on any deeper property of the trigonometric system than 
the fact that it is a uniformly bounded orthonormal system. Even 
the completeness of the system does not enter the picture. 

The example above illustrates the advantages of interpolation 
results. In the first instance interpolation theory offers easy proofs 
of some theorems. More importantly, the easier proofs enable us 
to gauge properly the significance of these theorems. 

We should point out that in this review "Riesz" refers to Mar­
cel Riesz. The Riesz-Thorin interpolation theorem was proved by 
Riesz (1927) using truly elementary tools: determining necessary 
and sufficient conditions for equality in Holder's inequality for 
sequences. Thorin's proof (1939) came from left field. One con­
structs an analytic function on 0 < Re(z) < 1, ƒ(•, z), whose val­
ues on Re(z) = 0, ƒ(•, it), are Lp° functions, and on Re(z) = 1, 


