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For the usual Laplacian A in Euclidean space R" and its spec­
tral theory, there is a tremendous amount of information avail­
able, largely because of a number of explicit formulas that are 
known. For example, the heat semigroup etA (the operator that 
solves the heat equation du/dt = Au for t > 0 from the ini­
tial value u(x, 0), given certain weak growth conditions) is a 

convolution operator with kernel (4nt)~n^2e~^ ^4t. From the 
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explicit formula for the kernel we can read off certain qualita­
tive properties of the heat semigroup, for example, the estimate 
Ik'Vlloo < (47rO""/2H/lli > o r t h e f a c t t h a t u(x> 0 = **/(*) is 
C°° in t > 0. Are these qualitative properties merely lucky acci­
dents or do they arise from deeper and more robust sources? As 
long as we stick to the usual Laplacian on all of Rn , we have no 
hope of answering this question; indeed it is not even clear that the 
question makes any sense. Fortunately, mathematicians are rarely 
content with sticking to the tried and true, and are forever seeking 
generalizations, and this has been especially true when it comes 
to Laplacians. Nowadays, Laplacians come in more flavors than 
Baskin-Robbins ice cream. For example, consider an operator of 
the form 

on a domain Q ç R " for which there exist positive constants 
a, /? such that ai < ajk(x) < pi as n x n matrices for all 
X E Q , In what follows we use the term generalized Laplacian to 
refer to this example in particular, and in a loose sense to other 
generalizations as well, such as the Laplace-Beltrami operator on 
a complete Riemannian manifold. 

The general problem we have raised is the following: To what 
extent do results about the spectral theory of the usual Laplacian 
extend to the generalized Laplacians? These questions have been 
the subject of intense investigation over a period of many decades 
by a large number of mathematicians using a wide variety of tech­
niques. The accumulated knowledge is quite impressive, but there 
are still many open problems and this area of research remains 
active. 

What do I mean by "spectral theory"? To begin with, we need to 
obtain a self-adjoint realization of the generalized Laplacian. The 
best way to do this is to consider the associated quadratic form 

ÖC/\ 8) = £ I aJk{x)f(x)g(x)dx, 
j , k J Ç Î 

take the closure of this quadratic form on C™m(£l), and pass to 
the associated self-adjoint operator. This is the Friedrichs exten­
sion of L, or the Dirichlet operator. Informally, this realization 
restricts the domain of L to functions vanishing on the boundary, 
and this is exactly what it is if the boundary is regular. But the 


