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MULTIPLICATION OF DISTRIBUTIONS

J. F. COLOMBEAU

Physics often puts in evidence products which look meaningless
in a mathematical sense and appear under the form of “heuris-
tic multiplication of distributions.” The most famous example is
probably quantum electrodynamics founded in 1927; it was soon
recognized that it led to “infinite quantities” in the form of di-
vergent integrals from which much later (1947) finite predictions
were extracted, see [4] for instance. Such products appear also
in elasticity and elastoplasticity (shock waves; their importance is
presently emphasized in elasticity and elastoplasticity by the need
for numerical simulations of collisions), in acoustics (sound prop-
agation in a medium with discontinuous characteristics), and in
other domains, see [1-3, 10, 13, 14, 16].

These examples provide motivation for mathematical attempts
to define and study the multiplication of distributions. The prob-
lem is difficult since L. Schwartz (1954) proved the impossibility
of a straightforward extension of the product of continuous func-
tions, see [8, 26].

Strictly speaking, the reader of this text does not need to know
anything about distributions in order to follow our discussion. If
Q is a nonvoid open set of the space R" we denote by %, °(Q)
or by Z(Q) the space of all £ functions on Q which are null
outside of a variable compact subset of Q; such functions exist:
to provide an example consider the auxiliary function of one real
variable f(x) = exp(l/(x2 —-1) if |x| <1, f(x)=0if |x|>1.
@’6°°(Q) is endowed with a topology and the distributions on Q
are defined as the continuous linear maps from %”(Q) into C.
Any locally integrable function f on Q defines a distribution,

0 — /Qf(x)w(x)dx, P EeBEX(Q).
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If T isa distribution on Q then its partial derivative 97 /0x,,
1 < i < n,is defined by 0T/0x,(9p) = —T(9¢p/0x;) which is
nothing else than a formal integration by parts formula. The con-
cept of distribution provides a convenient setting in which one can
freely differentiate functions which are not derivable in the classi-
cal sense. In the sequel we shall limit ourselves to the case Q =R ;
this is done to simplify the notation.

1. THE ORIGIN OF OUR CONCEPT OF GENERALIZED FUNCTIONS

The aim of this section is to sketch the original idea which led
us to define a general multiplication of distributions. For this we
use the nonelementary concept of differentiable functions defined
on an infinite-dimensional vector space. Since we shall only sketch
the idea the reader does not need to know this concept [6]; some
analogy with the case of differentiable functions defined on R" is
enough. We denote by & or &°° the space of all C* functions
on R (with a natural topology), by &’ the space of all linear
continuous maps from & into C and by & the space Z(R).
& and & are infinite-dimensional vector spaces and have natural
topologies. We denote by #°°(&’) and #°°(Z) the respective
spaces of all C*° functions on &’ and &2 . In distribution theory
one proves that any element of &' can be approximated (in the
topology of &’) by a sequence of elements of & ; i.e. & isa
dense subspace of &’ . This implies that Z°°(&") is contained in
() through the map ¢ — ¢, if ¢ € (&) and if P
is its restriction to & . Let 6, denote the Dirac measure at the
point x €R,ie. J.(¢)=9(x), p€Z. If M is the map

9 x—9(d,)
then one shows easily that the algebras £°° and #*°(&')/ KerMm
are isomorphic. The conclusion is that certain quotients of spaces
of C* functions over certain locally convex spaces can be inter-
preted as very nice algebras of functions. An idea is: extend Ker 9
to an ideal /" of Z°°(2) (or of a subalgebra &/ of €°(2) as
large as possible) and try to interpret the elements of the quotient

algebra

K4
g ==
N
as “generalized functions.” This approach has been developed in

[7, 8]. Fortunately it soon became clear that one can drop the
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sophisticated concept of C* functions over & . This gives a very
elementary construction which we expose in Appendix 1. One can
go on reading this text just by keeping in mind that the elements
of £ have essentially the main properties of the C* functions.
We have the inclusions

X co' cg.
&> is a subalgebra; & induces on &’ the partial derivatives in
the sense of distributions.

2. COHERENCE WITH THE CLASSICAL MULTIPLICATION

From Schwartz’s impossibility result it follows that the algebra
% of all continuous functions on R cannot be a subalgebra of
Z . The following simple calculation shows that the algebra %f
of all piecewise continuous functions on R is not a subalgebra of
% . Let Y € &, be the Heaviside function (Y (x) =0 if x <0,
Y(x)=1 if x > 0). In the algebra %f one hasif n=2,3, ...

(1) Y'=v.
Thus by differentiation

(2) "y =1y
n

Multiplication by Y gives

vy = Llyy.

n
Use of (2) gives
1 ' 1

3 nril "

which is absurd ( Y’ is the Dirac delta mass). The study of a shock
wave with an elastic~plastic phase transition shows that in physics
one needs several different Heaviside functions: they are identical
to 0 for x <0, to 1 for x > 0 and differ by their “microscopic”
behavior at the point 0, see [3, 10, 14]. Therefore we interpret the
absurd result (3) as a consequence of (1), which should be replaced
by

(1) Y'"+Y ifn#1.

The classical product in %f , 1.e. (1), cannot be used for calcula-
tions involving multiplications of distributions. Indeed in & one
has (1'). The algebra %f is not a subalgebra of & . Schwartz’s
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result has been interpreted negatively; for us the same fact is in-
terpreted positively: since physics imposes the need for several
different Heaviside functions it is very fortunate that mathematics
leads to the same conclusion.

It is fortunate also that the classical product in %f is very close
to the new product in & : in order to formulate this we introduce
the concept of “association”: an element G of ¥ is said to be
associated with 0 iff for any y € & °(Q) the integral

/ G(xX)y(x)dx
R

is null in a natural sense, see Appendix 1.

We say that G, and G, € & are associated with each other
iff G, — G, is associated with 0; we write G, ~ G,. One proves
easily that [7, 8]:

Proposition 1. Two distributions are associated iff they are equal.

Proposition 2. The classical product of piecewise continuous func-
tions (when considered as an element of & through the inclusion
%f C &) is associated with their product in & .

A similar result holds for most classical multiplications of dis-
tributions, see [3, 8, 22, 26]. Thus the association is an extension
of the equality of distributions and through it one obtains coherence
of the new product in & with the classical products when the latter
exist.

3. “SAFETY BARRIERS,” OR REGULARITY RESULTS

In order to manipulate freely one must leave the ordinary world
of classical functions. Then one finds “abstract objects” that are
solutions of equations. The genuine difficulty is shifted to the fi-
nal task of ascertaining whether the solutions thus obtained are
indeed “classical objects” which are capable of representing phys-
ical quantities. This has been done in the context of the present
theory [3, 5, 23-25]. Note that for certain equations which have
sufficiently many classical solutions the abstract solutions are auto-
matically classical solutions; these results are welcome and beau-
tiful from the mathematical viewpoint. They are all the more
useful in the present setting as there are “wild objects” in £ : for
instance if ¢ is the Dirac distribution at the origin the “pointval-
ues” 4(0), 5? (0), ... can be considered as constant generalized
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functions (one defines pointvalues of elements of & as “general-
ized numbers” by following, for fixed x, the pattern of the defi-
nition of & ). Their classes in & are solutions of G' = 0. They
are eliminated at once by classical initial or boundary conditions
(which hold in a physical context); one proves easily

Proposition 3. Let G € €. Assume G' = 0 and assume there is
X, € R such that G(x,) is a classical number. Then G is identical
to this constant.

If G' ~ 0 one obtains a similar result, see [3].
In many nonlinear problems these wild constants are eliminated
even without initial or boundary conditions [21]:

Theorem 1. Let P(x, y) be a nonzero polynomial in two variables.
Let I be an open interval. Then if Ge Z(I), P(x, G) =0 ifand
only if G is a classical C* solution on I .

Direct proofs of Corollaries 1, 2 and 3 are easy and given in
Appendix 2.

Corollary 1. If P is a nonzero polynomial in one variable, then
P(G) =0 ifand only if G is identical to a classical root of P.

Corollary 2. The equation xG =0, G € &, implies G = 0 on
the whole of R (i.e. the singularity x = 0 does not allow new
solutions).

Corollary 3. The equation GP=x* Ge&, implies G equals

one of the two C™ solutions +x or —x (the classical solutions
|x| and —|x| are excluded). The equation G* = x* has no solution
on the whole of R.

Note that the classical solutions ¢, +|x| and combinations of
++/]x| are recovered with the association (as solutions of xy ~ 0,
y2 - x>~0 and y4 —-x*~0 , respectively). From Proposition 2:
Proposition 4. The classical continuous solutions are recovered if
one states the equation in the association sense, i.e. P(x, G) ~0.

Algebraic differential equations (ADE) provide a setting in
which multiplication and derivation are combined. An ADE is an
equation of the form

4) P(x, y(x), Y'(x), ..., ¥"(x)) =0

where P is a nonzero polynomial in m + 2 variables.






