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In these lectures, I will try to explain some interactions be­
tween the classic theory of linear differential equations in one 
complex variable with polynomial coefficients, and the theory of 
one-parameter families of exponential sums over finite fields. 

What kind of exponential sums are we talking about? Suppose 
we start with some polynomial over Z in some number n of 
variables 

f(Xl9X29...9Xn)€Z[Xl9X29...,Xn]. 

A fundamental question (perhaps the fundamental question) we 
can ask about such an ƒ is: Does ƒ = 0 have a solution in 
integers? Clearly, if there exists an integer solution, then for any 
prime p there exists a solution in the finite field Z/pZ ; simply 
reduce mod p any integer solution. (For any ring R, ƒ maps 
Rn to R. When we say "a solution of ƒ = 0 in R," we mean 
an «-tuple of elements (a{, . . . , an) of R such that f (a) = 0 in 
R.) Thus, for example, equations of the form 

Ya-Yb=Xc-Xd-l, 

with any exponents a , b, c, d all > 1, have no integer solutions, 
because they have no solutions mod 2. Similarly, the equation 
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Y2 = 4X3 - X - 1 has no integer solutions, because it has none 
mod 3 . And for any prime p > 5, the equation 

Xp~l + Yp~l = 3, or = 4 , o r . . . , or = p - I 

has no integer solutions, because it has none mod p (the left-hand 
side is always 0, 1, or 2 mod p). So it is always a good idea to 
check first for the existence of mod p solutions of any equation 
we hope to solve in integers. 

Staying with the same ƒ , a second question that one often asks 
is: Does ƒ = N have an integer solution for every integer JV? 
Or the variant: Does ƒ = N have an integer solution for every 
sufficiently large N ? If we try checking for mod p solutions of 
all the equations ƒ = N, for all N sufficiently large, we are really 
looking at only p distinct equations mod p, since all the suffi­
ciently large JV's have as reductions mod p only the elements of 
Z/pZ. The result of counting the number of mod p solutions of 
all these equations, then, is the Z-valued function on ZjpZt \-+ 
Sol(/, p, t) := the number of mod p solutions of ƒ = t. 

Now Z/pZ is a finite abelian group under addition, and as 
such has a Pontrayagin dual group, the group of all the C-valued 
additive characters y/: Z/pZ —• Cx . One particular y/, which we 
will denote y/p , is given by 

y/p{x) := exp(2nix/p). 

Any y/ is of the form x »-• y/p(tx) for some unique t in Z/pZ, 
and the pairing (^, JC) i—• y/p(tx) makes Z/pZ into its own Pon­
trayagin dual. 

Now let us return to the Z-valued function on Z/pZ 

tt-+Sol(f,p,t). 

We lose no information if we view it as C-valued rather than 
Z-valued, and we lose no information if we pass to its Fourier 
transform, namely to the function on the character group 

V» Yl V{t)Sol{f,p,t). 
tmod p 

An alternate expression for the value at i// of the Fourier trans­
form is 

V ^ J2 V(f(xl9...9xn)). 
xx ,...,*„mod p 
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If we use y/p to identify Z/pZ with its dual, then we may rewrite 
the Fourier transform as the function on Z/pZ 

a*-+ E exp{2niaf(xl, . . . , xn)/p). 
xx,... ,xnmo6. p 

The exponential sums we have in mind are precisely the values 
of this Fourier transform, i.e., the sums 

E v(/(*i >--•>*„)) 
x{ , . . . ,xMmod p 

for each additive character y/ of Z/pZ. 
Here is a mild generalization. Suppose instead of "just" wanting 

solutions off=N for all TV > 0, we wanted solutions which 
were also solutions of a finite list of other equations Gx = 0, 
G2 = 0, . . . , Gr = 0. Then we would consider ƒ not as a function 
on the entire affine space An , but rather on the affine variety V c 
An which is defined by the simultaneous vanishing of the Gt 's. 
Repeating the above steps for this modified problem, we would 
find ourselves dealing with the sums 

E v(/(*))-
xev(z/pz) 

(For any ring R, V(R) is the set of «-tuples (x) in Rn on which 
all the Gt(x) = 0 in R.) 

So the situation now is this: We start with an affine variety V 
over Z , and a function ƒ on V. For every prime /?, and every 
additive character y/ of Z/pZ, we have the exponential sum 

E (̂/(*))-
xev(z/pz) 

A modest generalization of this situation is to replace Z by any 
ring R which is finitely generated as a Z-algebra (e.g., a finite 
field, Z [ ~ ] , or the ring of integers in a finite extension of Q, or 
. . . ) , and to look at any finite field k, any ring homomorphism 
q>: R —• k, any additive character y/ of k, and the exponential 
sum 

E v(/(*))> 
where we have written V for the variety over k obtained by ap­
plying cp to the coefficients of the defining equations of V. For 
R = Z, the only thing that has changed is that we form the expo­
nential sum over any finite field, not just over a prime field. (In 
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order to get a "standard" nontrivial character y/k of an arbitrary 
finite field k, it is enough to compose y/p (p := the characteristic 
of k) with the trace map from k to its prime field Z/pZ ; then 
every character of k is of the form x \-> y/k(tx) for a unique t 
in k, and the pairing y/k{tx) makes k self-dual.) 

There is a big a priori distinction between what happens when 
y/ is the trivial character, and when it is not. 

Let us first discuss the (highly nontrivial) case when y/ is trivial. 
Then each term in the sum is 1 (independently of the function ƒ ) , 
so the sum is just the number of fc-valued points of V^ , the variety 
over k deduced from V by applying (p to the coefficients of the 
defining equations of V. Here are two typical examples of what 
we are talking about. 

Example 1. Take R = Z [ ^ ] , F the affine curve y2 = 4x3 -x-1. 
This is (the complement of the origin in) an elliptic curve over 
Z [ ^ ] . For each prime p ^ 2, 13, and each integer n > 1, let 
us denote by N(V\pn) := the number of Fp„-valued points on 
V. It has been known since the 1920s (Artin's thesis [Ar], F. K. 
Schmidt [Sch]) that for each p ^ 2, 13, there exist two complex 
numbers ap and fip such that ®pfip= p and such that, for every 
n > 1, we have 

pn-N(V;pn) = (a/ + (/?ƒ. 
Thus ap and pp are the two roots of the polynomial in Z[T] 

T2-(p-N(V',p))T + p. 
Hasse [Ha] proved in 1933 the "Riemann Hypothesis for elliptic 
curves over finite fields": 

\p-N{V-p)\<2y/p, 
or what is the same (by the quadratic formula!), that 

Wp\ = \fip\ = y/p. 
So in this example, we need "only" know the N(V'; p) 's to de­
termine all the N(V; pn) 's. (And for p > 17, Hasse's inequality 
shows that we know the integer N(V; p) if we know it mod p 
(since all the "candidates" for the integer N(V, p) are in a strip 
of width 4y/p). 

How do the integers N(V\p) vary with pi Again by Hasse, 
there is a unique "angle" û e [O, n] for which 

p-N(V;p) = (2y/p)cos(ûp). 
So we are asking how the angles û depend on p. 
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What we can say about this question depends a great deal on 
whether or not the elliptic curve in question has "complex mul­
tiplication" ["CM" for short] or not. Recall that over C, the 
C-valued points E(C) of an elliptic curve E form a complex 
torus C/L, where L is a lattice in C, say L = Zco{ + Zœ2 with 
T := co2/co{ having Im(r) > 0. This T is uniquely determined 
by E up to the fractional linear action of SL(2, Z) on the upper 
half-plane. In these terms, CM means that there exist complex 
numbers a, with a not in Z such that the "complex multipli­
cation by a " map z \-+ az of C to itself maps the lattice L 
to itself, and thus defines a complex analytic endomorphism of 
C/L. In terms of r , CM means precisely that T is quadratic 
over Q. Intrinsically, CM means that E as a commutative al­
gebraic group has more endomorphisms than just multiplication 
by integers. For example, the curve y2 = x3 - 1 has CM (cube 
roots of unity act, by (x, y) •-* (Ç3x, y), and r is exp(2rc f/3)), 
and the curve y2 = x3 - x has CM (fourth roots of unity act, by 
((x, y) i-> {-x, iy), and T is i). 

For a CM elliptic curve, this problem was solved, first by Weil 
[We] in some special cases, and then in general by Deuring [Deu], 
in the early 1950s. Our example curve, however, is not a CM 
curve (its j invariant, 1728/(-26), blows up at 13, whereas the 
j invariant of a CM curve is always an algebraic integer). For 
non-CM elliptic curves, even the distribution of the angles ûp € 
[0, n] is the subject of a long-standing conjecture, the Sato-Tate 
conjecture. 

To explain what this conjecture says, let us recall first the general 
notion of equidistribution. Suppose X is a compact space, and 
li is a positive R-valued Borel measure on X of total mass 1. A 
sequence of points {xn}n>l in X is said to be equidistributed for 
ix if for every continuous C-valued function ƒ on X, we can 
integrate ƒ against ju by averaging it over more and more of the 
points, i.e., if 

To check equidistribution, it suffices to check ƒ 's running over a 
set of functions whose C-span is uniformly dense in all continuous 
functions on X. For example, if X is the circle \z\ = 1, one can 
test only the functions z H+ zn for all n e Z . If X is [0, n], one 
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could test any of the following three sequences of functions: 

{cos(û)n}n>0, {cos(«#)}„>0, {&m(nû)/sm(û)}n>r 

If X is a finite abelian group G, one can check either by using 
all the C-valued characters of G, or by using the characteristic 
functions of all the elements of G. 

The best-known and oldest equidistribution theorem is Dirich-
let's theorem on primes in arithmetic progression. To put it into 
our setting, fix an integer N > 2, take for X the finite abelian 
group (Z/NZ)X of units mod N, and consider the sequence of 
elements of G, indexed by the primes p which don't divide N, 
given by {p mod N}. To say that this sequence is equidis-
tributed in (Z/JVZ)X , with respect to normalized Haar measure, 
is precisely to say that for each given value a G (Z/NZ)X , the 
density of those p with p = a mod N is \/<p(N), as one sees by 
testing equidistribution using characteristic functions. 

Another example of equidistribution, this time due to Hecke (cf. 
[La], p. 318, Example 2), concerns the angles of Gaussian primes 
(i.e., of primes in the ring Z[i] of Gaussian integers). Every odd 
Gaussian prime has a unique generator n which satisfies n = 
1 mod (2 + 2/). We will refer to the ratio n/\n\ on the unit circle 
as the "angle" of the prime. The assertion is that the angles of the 
odd Gaussian primes are equidistributed in the unit circle, with 
respect to its normalized Haar measure. 

Yet another example of equidistribution, due to Heath-Brown 
and Patterson [HBP], concerns the angles of the cubic gauss sums. 
For each prime p, consider the sum 

S(P) := Yl exp(27r/x3//>). 
xmod p 

This sum is real, and it vanishes trivially unless p = 1 mod 3 
(otherwise X H J 3 is bijective on Z/pZ). For p = 1 mod 3 , one 
knows that \g(p)\ < 2y/p. Therefore there is a unique "angle" 
ûp e [0, n] for which g(p) — (2yjp) œs(ûp). The assertion (cf. 
[Pa, Appendix II]) is that the sequence of angles {&p}p=imod 3 is 
equidistributed in [0, n] for the uniform measure (l/n)dû. 

The Sato-Tate conjecture is that for a non-CM elliptic curve 
over Q, so with good reduction over some Z [ ^ ] , the sequence 
of angles {&p}p is equidistributed in [0, n] for the "Sato-Tate 

measure" juST := (2/n) sin ûdû. It is not known in a single case. 
However, the "function field analogue" of it is known (Yoshida 


