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COMPLETE NONCOMPACT KÂHLER MANIFOLDS WITH 
POSITIVE HOLOMORPHIC BISECTIONAL CURVATURE 

WAN-XIONG SHI 

In the theory of complex geometry and Kàhler manifolds, one 
of the famous problems is the following conjecture: 

Conjecture. Suppose M is a complete noncompact Kahler mani­
fold with positive holomorphic bisectional curvature. Then M is 
biholomorphic to Cn . 

Several results concerning this conjecture were obtained in the 
past few years. In 1981 N. Mok, Y. T. Siu, and S. T. Yau [4] 
proved the following result: 

Theorem 1. Suppose M is a complete noncompact Kàhler manifold 
of complex dimension n > 2. Suppose M is a Stein manifold and 
the holomorphic bisectional curvature is nonnegative. Suppose M 
satisfies the following assumptions: 

(i) VO1(£(JC0 , r)) > c0r
2n , 0 < r < +oo, 

(ii) 0<R(x) <c{/r(x, x0)
2+e, x e M, 

where 0 < c0, c{, e < +oo are some constants, B(x0, r) denotes 
the geodesic ball of radius r and centered at x0, Vol(B(x0, r)) 
denotes the volume of B(x0, r), r(x0, x) denotes the distance be­
tween x0 and x, and R(x) denotes the scalar curvature at x e M. 
Then M is isometrically biholomorphic to Cn with the flat metric. 

Their result was improved by N. Mok [5] in 1984. In [5] N. 
Mok obtained the following result: 

Theorem 2. Suppose M is a complete noncompact n-dimensional 
Kàhler manifold with positive holomorphic bisectional curvature 
and satisfies the following assumptions: 

(i) Vol(5(jt0, r)) > c0r
2n , 0 < r < +oo, 

(ii) 0<R(x) <c{/r(x0, x)2 , x eM, 
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where 0 < cQ, c{ < +00 are some constants. Then M is biholo-
morphic to an affine algebraic variety. 

In this note we announce the following result: 

Theorem 3. Suppose M is a complete noncompact Kàhler manifold 
of complex dimension n with bounded and positive holomorphic 
bisectional curvature. Suppose M satisfies the following assump­
tions : 

(i) Vol(B(xQ, r)) > c0r
2n , 0 < r < + 00, 

(ii) fB{x r)R{x)dx < c{r
2n~2, x0 e M, 0 < r < + o o , 

where 0 < c0, cx < +00 are some constants. Then M is biholo-
morphic to Cn. 

The method we used to prove Theorem 3 is to study the follow­
ing Ricci flow evolution equation on Riemannian manifolds: 

where g.. is the Riemannian metric on the manifold M, Rtj de­
notes its Ricci curvature tensor. Evolution equation ( 1 ) was orig­
inally introduced by R. S. Hamilton [1] in 1982. In that paper 
Hamilton used ( 1 ) to classify all of the three-dimensional com­
pact Riemannian manifolds with positive Ricci curvature. Since 
then many works dealing with or related to equation ( 1 ) have been 
published; for example, one can see [2, 3, and 6]. 

In the case where M is a complex Kàhler manifold, evolution 
equation ( 1 ) is strongly related to complex Monge-Ampère equa­
tion. On Kàhler manifolds Monge-Ampère equation is a nonlinear 
elliptic type equation and ( 1 ) is the corresponding parabolic equa­
tion of Monge-Ampère equation. Under this point of view, H. 
D. Cao generalized the arguments established by S. T. Yau for 
Monge-Ampère equation in the proof of Calabi's conjecture to the 
corresponding Ricci flow equation and obtained a different proof 
of Calabi's conjecture in 1985. 

Using evolution equation (1) to deform the metric gtj on Rie­
mannian manifold M, the first thing one has to consider is the 
short time existence for the solution of (1). In the case where M is 
compact, evolution equation ( 1 ) always has a smooth solution for 
at least a short time interval. This fact was proved by R. S. Hamil­
ton in [1]. In the case where M is complete and noncompact, the 
similar statement in general is not true. One can easily find a coun­
terexample when the curvature tensor is unbounded on the whole 


