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When is a closed smooth connected submanifold Mm of Rn 

isotopic to an algebraic subset? This is an old misunderstood prob­
lem whose answer is often thought to be known. 

Evidently Seifert is the first one to make progress on this ques­
tion. In his 1936 paper [S] he showed that if M has a trivial 
normal bundle, then it can be isotoped to a nonsingular compo­
nent Z0 of an algebraic subset Z . Furthermore, he showed that 
one can take Z = ZQ if either n - m - l , o r n - m = 2 and 
M is orientable. His method in fact gives Z to be a complete 
intersection in R" . This conclusion makes his result the best pos­
sible; because it turns out that there are homotopy theoretical ob­
structions to isotoping submanifolds with trivial normal bundle to 
complete intersections [AK6]. 

In 1952 in his celebrated paper Nash [N] generalized Seifert's 
result with a weaker conclusion. He proved that in general M can 
be isotoped to a nonsingular sheet of an algebraic subset of R" (the 
sheets might intersect each other). Then when n > 2m + 1, by a 
normalization process, he was able to separate the sheets in R" , 
thereby isotoping M to a nonsingular component of an algebraic 
subset of R" provided n > 2m + 1. He conjectured the same 
holds without the dimension restriction. 

Wallace's 1957 attempt [W] to prove this conjecture failed (see 
[K, page 823]). In 1973, Tognoli [Tl] improved Nash's result by 
getting rid of the extra unwanted components in the conclusion of 
the Nash's theorem, i.e., showing that M is in fact isotopic to a 
nonsingular algebraic subset of R" provided n > 2m + 1 (this 
result is sometimes incorrectly referred to as the solution of the 
Nash's conjecture). Later Tognoli [Tl] and Ivanov [I] improved 
this result to n > 3m/2. Most recently another attempt to prove 
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this conjecture in [T2] failed (see [AK4]). We prove this conjecture 
and generalize to immersions. We also give the necessary and 
sufficient homotopy theoretical conditions to removing the extra 
components, and give some further generalizations of these results. 

Theorem 1. If M c Rn is a smooth closed submanifold, then M 
is e-isotopic to the nonsingular points of a real algebraic subset of 
R" . In particular, M is isotopic to a union of components of a real 
algebraic subset of YHn . 

One can ask whether a similar result holds for immersed sub-
manifolds of Rn . To answer this we make the following definition 
for algebraic sets, which gives the correct notion of nonsingularity 
for algebraic sets that are images of immersions of smooth mani­
folds: 

Definition. We say x is an almost nonsingular point of an alge­
braic set X of dimension d, if a neighborhood of x in X is a 
union of analytic manifolds of dimension d, and furthermore the 
complexification of these analytic manifolds form a neighborhood 
of x in the complexification Xc of X. An algebraic set consist­
ing entirely of almost nonsingular points of dimension d is called 
almost nonsingular algebraic set. 

Hence all nonsingular points are almost nonsingular, and the 
converse is true if X is normal. We can generalize Theorem 1 as 
follows: 

Theorem 2. If ƒ : M —• R" is a smooth immersion of a smooth 
closed manifold, then ƒ is e-regularly homotopic to a smooth im­
mersion f' onto the almost nonsingular points of a real algebraic 
subset of Rn . In particular f'{M) is a union of components of a 
real algebraic subset of R" . 

We can further generalize these results when R" is replaced 
by a nonsingular algebraic set V, except in this case we must 
cross with R. Of course, in this case there is also the necessary 
bordism condition: Recall, we say that a bordism class of a map 
ƒ : M —• V is algebraic if it can be represented by a rational map 
g : W —• V from a nonsingular algebraic set W. This bordism 
condition is satisfied if V has totally algebraic homology, i.e., 
all its Z2-homology is generated by algebraic sets [AKI, AK2]. 
The following gives a certain generalization of Proposition 2.3 in 
[AK3]. 


