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DISCRETE ANALOGUES 
OF SINGULAR RADON TRANSFORMS 

E. M. STEIN AND S. WAINGER 

The purpose of this paper is to describe recent results we have 
obtained in finding discrete analogues of the theory of singular 
integrals on curves, or more generally of "singular Radon trans­
forms," at least in the translation-invariant case. Our theorems 
are related to estimates for certain exponential sums that arise 
in number theory; they are also connected with Bourgain's recent 
maximal ergodic theorem [2, 3]. The detailed proofs of our re­
sults are quite lengthy, and will appear elsewhere. Here we shall 
limit ourselves to stating the main conclusions, and sketching the 
motivation and background. We take this opportunity to acknowl­
edge our indebtedness to Guido Weiss and A. De la Torre, whose 
suggestions were the starting point of this research. 

1 

The theory of singular Radon transforms may be thought of as a 
natural extension of the Calderón-Zygmund theory of singular in­
tegrals. It had as its origin some problems related to parabolic dif­
ferential equations, and was developed further because of its real-
variable consequences, in particular differentiation theory along 
lower-dimensional varieties; see [10]. Later its relevance to several 
complex variables and its connection with analysis on nilpotent Lie 
groups were brought out; (see [6, 7, 8]). Here we begin by stating 
one of the main known results in the Rn setting for a basic model 
problem. 

Let K be a Calderón-Zygmund convolution kernel on R (here 
k need not equal n ). Then K is defined away from the origin, 
satisfies the estimates \K(x)\ < A\x\~k, \Vk(x)\ < A\x\~k~l, and 
the cancellation property: fR<\x\<yR K(x)dx — 0, for some y > 1, 
and all 0 < R < oo . 
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We also suppose we are given a polynomial map P : R -» R" , 
i.e. P — (P{, P2, . . . , Pn), where the P£ are real-valued polyno­
mials on R . We consider the transformation T, defined by 

(1) T{f){x)= fkf(x-P(y))K(y)dy 
J R 

which can be defined on the Schwartz space of R" as a generalized 
principal-value. Then a restatement of the known results is as 
follows: 

Theorem A. T extends to a bounded operator on Lp(Rn) to itself 
1 < p < oo. Moreover the norm of T has a bound which depends 
only on the degree of P ( and of course on p and K), but is 
otherwise independent of P. 

2 

The discrete analogue of ( 1 ) can be formulated as follows. We 
consider the operator S, given by 

(2) S{f)(x)=yjr'Ax-PU))K(j), 
jezk 

where Z denotes the integral lattice in R^ , and the prime in (2) 
indicates that 7 = 0 is excluded from the sum. The question we 
deal with is that of the bounds 

(3) \\S{f)\\L,pr)<4\f\\L>{*ry 

In the special case the polynomials map Z to Zn (e.g. when 
they have integer coefficients) we can also consider the mapping S 
as transforming functions on Zn to functions on Zn . In this case 
we can also formulate the question whether 

(3 ' ) \\S(f)\\ePiZn}<A\\f\\eP{znr 

Our main result is a partial analogue of the continuous case 
described by Theorem A. While the result below deals only with a 
range of p, it is not unreasonable to expect that ultimately it will 
be shown to hold for all p, 1 < p < oo . 

Theorem 1. The operator S is bounded on Lp(Rn) to itself for 
3/2 < p < 3. Moreover the norm of S has a bound that depends 
only on the degree of P (and p and K ), but is otherwise indepen­
dent of P. In the case that P maps Z to Zn, similar results hold 
for 3'. 


