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STATISTICAL PROPERTIES OF CHAOTIC SYSTEMS 

D. S. ORNSTEIN AND B. WEISS 

ABSTRACT. The theory of smooth dynamical systems and the 
theory of abstract dynamical systems (ergodic theory), although 
having the same roots, have for many years developed quite in­
dependently of one another. These theories have now matured 
to the point where they can be combined to shed light on the 
nature of chaotic behavior. 
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INTRODUCTION 

Ergodic theory arose from an attempt to study the long-term1 

statistical behavior of dynamical systems. The early successes of 
ergodic theory were Poincaré's recurrence theorem and Birkhoff s 
ergodic theorem. These results were proved without using the 
topological or differential structure that comes with a dynamical 
system. This led to abstract ergodic theory which studies measure-
preserving transformations (in discrete) time and measure-preserv­
ing flows (in continuous time) on abstract measure spaces or, equiv-
alently, abstract dynamical systems where all but the probability 
structure is abstracted out. 

1 We watch our system forever. 
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From another direction measure-preserving flows (or transfor­
mations) were introduced in order to model the stationary pro­
cesses of probability theory. The level of abstraction of abstract 
ergodic theory is what allowed one to put dynamical systems and 
random processes into the same mathematical framework. 

One of the problems concerning measure-preserving transfor­
mations that most interested ergodic theorists was the classification 
of the transformations that arise from independent processes—the 
Bernoulli shifts. The problem was considered important partly 
because of the role that independent processes have in probability 
theory and partly because of the simplicity of Bernoulli shifts. The 
first step in this direction was taken in 1958 when Kolmogorov and 
Sinai showed that not all Bernoulli shifts were isomorphic. This 
was done by transplanting the Shannon entropy from information 
theory to ergodic theory. 

The problem was solved in 1970 when it was shown that 
Bernoulli shifts were completely classified by their entropy. The 
method used to prove this also gave a number of other results 
with the following common theme: There is a unique measure-
preserving flow that is the most random flow possible (this is called 
the Bernoulli flow). 

Independently of the development of abstract ergodic theory, 
Hopf, Anosov, Sinai, Pesin, etc. made great progress in elucidat­
ing the structure of specific systems. They showed that certain 
systems had hyperbolic structure, a, sharp form of "sensitivity to 
initial conditions," which could be used to prove things like ergo-
dicity. 

The proof of the isomorphism theorem for Bernoulli shifts did 
not use the independence property of Bernoulli shifts. Instead it 
rested on a property (FD, or finitely determined) derived from in­
dependence. It was observed that hyperbolic structure could be 
used to check FD. In this way many concrete systems were shown 
to be isomorphic to the Bernoulli flow. These are the only cases 
so far of chaotic (positive entropy) systems that have been deter­
mined up to isomorphism. 

The main focus of this article will be the recent results that 
show that the isomorphisms produced by the abstract theory in 
some cases still preserve much of the concrete geometric structure 
that was abstracted away by abstract ergodic theory. 

The first result along these lines was motivated by the purely 
topological results of the Anosov-Smale school about structural 
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stability. Here isomorphism theory provides a fairly exact statis­
tical analog of these results. 

Further motivation came from the growing interest in chaos. 
A central issue here is understanding the phenomenon of systems 
that obey deterministic laws such as Newton's laws, but whose be­
havior seems to be random. Here isomorphism theory goes beyond 
sensitivity to initial conditions, which is a kind of randomness, by 
showing that in many cases the same system can be produced by 
Newton's laws or by a random mechanism based on coin flipping. 

A much discussed question about chaos is whether randomness 
comes from the effects of small random perturbations (like ther­
mal agitation) whose cumulative effect is large or from inherent 
deterministic laws. Here the isomorphism theory can show that, 
in certain cases, the process produced by small random perturba­
tions (where effects in principle are cumulative) can also be pro­
duced by small random perturbations in the device through which 
we are observing the system. These latter effects are clearly not 
cumulative. 

Chaos is sometimes studied by computer simulation. A result in 
this direction is the following: Bernoulli systems and (essentially) 
only Bernoulli systems have the property that long-term behav­
ior can be modeled by a finite state machine (e.g., a computer) 
equipped with a roulette wheel. 

Another question is whether long-term behavior is observable. 
It turns out that Bernoulli systems also have the property that their 
long-term behavior can be reconstructed from an observation of 
the system that lasts a (sufficiently long) finite time. 

The plan of this paper is the following. 
§1 is a detailed introduction. §2 contains new results that re­

late to chaos. These results are based on results in abstract er-
godic theory and results about specific smooth systems. §3 gives 
the abstract background on which §2 is based, while §4 gives the 
smooth dynamical background. §5 gives the proofs for our new 
results. These are based on fairly long proofs which we do not re­
produce but which can be found in the literature. The appendix by 
David Fried is about the relationship between structural stability 
and stochastic stability. 

1. OVERVIEW 

1.1 Smooth dynamical systems. For chaotic systems there is a 
very strong sensitivity to initial conditions, in the sense that 
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arbitrarily small changes in the starting point eventually produce 
large changes in the trajectory. Individual trajectories are there­
fore not reproducible and the emphasis is placed, rather, on the 
overall features of ensembles of trajectories. In this spirit we form 
the phase space, which is the manifold M of all possible config­
urations of our system. If, for example, our system is a billiard 
ball moving with velocity 1 on a table, the phase space would be 
the three-dimensional manifold of all possible positions and di­
rections of motion of the ball. The laws of physics tell us how a 
configuration changes and the time evolution of a configuration is 
represented by a trajectory, or orbit, in the phase space M. We 
can think of the time evolution, of the system as a whole, as a flow 
on M (i.e., a one-parameter family of transformations on M or 
the solution of an ordinary differential equation on M). 

There are several approaches to the study of such flows, each of 
which focuses on certain features of the flow and ignores others. 
The features that one is concerned with are usually pinned down by 
the notion of equivalence. For example, the "qualitative theory of 
ordinary differential equations" initiated by Poincaré and extended 
by people like Sinai, Anosov, and Smale focuses on the topology 
of orbits. This is made precise by saying that flows on manifolds 
are equivalent if there is a homeomorphism between the manifolds 
that takes orbits to orbits. A stronger equivalence is also studied 
(in connection with structural stability) in which the manifolds are 
the same and the homeomorphism moves all points by less than 
a, thus preserving some of the geometry as well as the topology. 

In many cases (e.g., Hamiltonian systems, billiard flows, geode­
sic flows, Axiom A attractors, etc.) there is an invariant measure 
on the phase space M that represents the probability that a con­
figuration is in a certain set in the phase space. In this case we are 
able to study the statistical properties of the system. 

Because a homeomorphism may take a set of measure 1 (proba­
bility 1 ) to a set of measure 0, it need not preserve the probability 
structure. Furthermore, a map that takes orbits to orbits need not 
preserve the parametrization of the orbits. Therefore, statements 
involving the evolution of a set E in M can get garbled under 
equivalence. 

Because of the above, when studying the statistical properties of 
a dynamical system, we replace equivalence by isomorphism. 

Definition of isomorphism. Two flows, ft acting on M, preserv­
ing a measure //, and ƒ acting on M, preserving /Z, are isomor-



16 D. S. ORNSTEIN AND B. WEISS 

phic if there is an invertible measure-preserving map (j) between 
(M, n) and (M, ft) that takes orbits of ft to orbits of ft in 
a time-preserving manner, except possibly for a collection of or­
bits of measure 0 (i.e., <t>ft{x) - ft<f>(x) for all x except for an 
invariant set of measure 0). 

1.2. Abstract dynamical systems. 

1.2.1. Abstract systems. We can think of an equivalence class un­
der isomorphism as an abstract dynamical system. More con­
cretely we can define an abstract dynamical to be a one-parameter 
family ft of invertible measure-preserving transformations of an 
abstract (probability) measure space X where the map from XxR 
to X defined by (x, t) »-» ft(x) is measurable (i.e., the trans­
formations are put together in a measurable way), and ft (ƒ, ) = 

ftx+t2 ' 

1.2.2. Concrete systems. If we ignore sets of probability zero, then 
we can think of a concrete dynamical system as an abstract system 
together with a function P, where P is what we really see. If ft 

is a flow on a manifold M, then P would be the identity function 
from M as an abstract measure space to M as a manifold. For an 
experimenter the function P might be just a finite-valued function 
defined on M that describes his possible observations. 

1.3. Stationary processes. We have been describing measure-
preserving flows in the context of dynamical systems. They can 
also arise from stationary processes like Markov processes. 

The mathematical model for a continuous time 
stationary process taking values in a metric space 
M is a flow ft on an abstract measure space X 
and a function P from X to a metric space M. 
(P can be thought of as the result of an observa­
tion on X.) 

We justify the model as follows: A stationary process (like a 
diffusion on M) is a measure on all possible paths. 

If we start with ( ft, X, P) then for each x, the function from 
t to M, P(ft(x)), can be thought of as a possible path and X 
puts a measure on these paths. 

2 

See a formal description in the footnote at the beginning of §3. 


