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THREE RIGIDITY CRITERIA FOR PSL(2, R) 

CHRISTOPHER BISHOP AND TIM STEGER 

STATEMENT OF RESULTS 

Let G be PSL(2, R), the quotient of the group of 2 x 2 real 
matrices with determinant one by its two element center, {±1} . 
By a lattice subgroup of G we mean a discrete subgroup such that 
the space of cosets G/T has finite volume. A familiar example 
of a lattice subgroup is PSL(2, Z) , the subgroup of matrices in 
PSL(2, R) with integer entries. Let T be an abstract group and 
let i{ and i2 be two inclusions of T in G, each having a lattice 
subgroup as its image. We say ix and i2 are equivalent if there is 
some (continuous) automorphism a of G so that i2 = aoi{. This 
paper describes three closely related criteria for the equivalence of 
i{ and 12 : one analytic, one representation theoretic, and one 
geometric. 

If G were PSL(n, R) for some n > 2, or indeed if it were 
any connected simple Lie group with trivial center except for 
PSL(2, R), then the Mostow rigidity theorem (see [Ml, M2, Ma, 
P]) would assert that ix and i2, as described above, are necessar­
ily equivalent: a given abstract group T could be embedded in G 
as a lattice subgroup in at most one way (up to automorphisms of 
G). This remarkable theorem is false for PSL(2, R). Indeed, the 
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study of the set of equivalence classes of embeddings of a given T 
as a lattice subgroup of PSL(2, R) is the main focus of the highly 
developed Teichmüller theory (see, [Ah, Ga, L, N]). The following 
results are rigidity theorems for PSL(2, R), although they have 
additional hypotheses, as they must. 

We say ix and i2 are topological^ conjugate if there is some 
(orientation-preserving) homeomorphism /? of H such that i2(y) 
— P' ° ' i00 ° P~X • Such a /? will extend uniquely to a homeomor­
phism of R U oo, the boundary of H . Moreover, the boundary 
homeomorphism is completely determined by ix and i2, even 
though the interior homeomorphism is not. If T is the funda­
mental group of a surface, the equivalence classes of embeddings 
topologically conjugate to a given one, i, can be identified with 
points of the Teichmüller space of the surface R = H/i(T). If R 
is a Riemann surface of genus g with k punctures, then the asso­
ciated Teichmüller space can be given the structure of a 3g - 3 + fc 
dimensional complex manifold; in particular, it is uncountable. 

PSL(2, R) acts on the upper half-space, H , by the well-known 
recipe 

(* b
dyz = (az + b)/(cz + d). 

1 1 1 1 

The action preserves the hyperbolic metric ds = (dx +dy )/y , 
and in fact G is the full group of orientation-preserving isometries 
of H+ . The analytic criterion uses the function h : G —• R+ given 
by h(g) = Qxp(-d(g • /, /)), where rf(-, •) is hyperbolic distance 
on H . This function belongs to Ll+e(G) for any e > 0 but not 
to Ll(G). Similarly, if A. : T —• R+ is the composition of h with 
ij, then hj belongs to ll+€(T) for any e > 0 but not to ll(T). 

Theorem 1. Fix s, 0 < s < 1. The inclusions i{ and i2 are 
equivalent if and only if 

J2h\(Y)h{
2~\y) = +oc. 

yer 

For the representation theoretic criterion, we let n{ and n2 be 
nontrivial irreducible unitary representations of G (see [K]) which 
don't belong to the discrete series. (That is n{ and n2 belong to 
the principal or complementary spherical series.) According to 
[C-S], 7tj o i is an irreducible representation of T for j = I or 
2. As usual, two irreducible unitary representations of a group are 


