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AVERAGE CASE COMPLEXITY 
OF MULTIVARIATE INTEGRATION 

H. W02NIAKOWSKI 

ABSTRACT. We study the average case complexity of multivari­
ate integration for the class of continuous functions of d vari­
ables equipped with the classical Wiener sheet measure. To 
derive the average case complexity one needs to obtain opti­
mal sample points. This optimal design problem has long been 
open. All known designs guaranteeing average case error e lead 
to an exponential number of sample points, roughly 6(e~ ) . 
For d large this makes the problem intractable for even the 
fastest computers. 

Yet good designs have to exist since the average case com-
plexity is bounded by 0(e ) as can be proven by considering 
the Monte-Carlo algorithm. We just did not know how to con­
struct them. 

In this paper we prove that optimal design is closely related 
to discrepancy theory which has been extensively studied for 
many years. Of particular importance for our purpose are pa­
pers by Roth [10, 11], This relation enables us to show that op­
timal sample points can be derived from Hammersley points. 
Extending the result of Roth [10] and using the recent result of 
Wasilkowski [19], we conclude that the average case complexity 
ise(e-l(lne-lf-l)/2). 

1. INTRODUCTION 

The approximate computation of multivariate integrals has been 
extensively studied in many papers, see [5-7, 17] for hundreds 
of references. We assume that multivariate integrals are approx­
imated by evaluating integrands at finitely many sample points 
and by performing arithmetic operations and comparisons on real 
numbers. Assume that the cost of one integrand evaluation is c, 
and that the cost of one arithmetic operation or comparison is 
taken as 1. Usually c > 1. 
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We seek the computational complexity of multivariate integra­
tion, which is defined as the minimal cost of approximating mul­
tivariate integrals with error at most e for a given class F of 
integrands, see [17]. 

How we define cost and error depends on the setting. In the 
worst case setting, the cost of an approximation is defined as 

suptc^C/l + fl^/)), 

where n{(f) is the number of integrand evaluations and n2(f) is 
the number of arithmetic operations and comparisons needed to 
compute the approximation for ƒ e F. The error of the approxi­
mation is defined as the maximal absolute difference between the 
exact and approximate values of multivariate integrals over the 
class F . The computational complexity in the worst case setting 
is denoted by compwor(e, F) and is known for many classes F . 
For example, if F = Wr

p' is the Sobolev class of real functions 

defined on the ^-dimensional cube D = [0, l]d whose rth dis­
tributional derivatives exist and are bounded in the Lp norm by 

one, then for pr > d we have compwor(e, Wr
p' ) = 6(cs~ 'r), 

see [7] for a recent survey. For d large relative to r, the worst 
case complexity is huge even for moderate e. 

In the average case setting, which is the focus of this paper, the 
cost and error of approximations are defined as the expected cost 
and error with respect to some probability measure on the class 
F. The computational complexity in the average case setting is 
denoted by compavg(e, F). In contrast to the enormous literature 
for the worst case setting, the average case setting for multivariate 
integration has been studied in relatively few papers, see [1-4, 7-9, 
12-20]. 

We report briefly on what is known about compavg(e, F). For 
the scalar case d = 1, let F = Cr be the class of r times contin­
uously differentiate functions equipped with r-fold Wiener mea­
sure. Then 

avg/ ^r^ t -Kl/(r+l) 

comp 6 ( e , C ) - c(ae ) /v , 

where a = J\Blr+2\l(2r + 2)\ and B2r+2 is a Bernoulli number. 
Furthermore, optimal sample points and how to optimally com­
bine the integrand evaluations at these points are known, see [3, 
15, 17]. 


