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ON THE LEBESGUE MEASURABILITY OF CONTINUOUS 
FUNCTIONS IN CONSTRUCTIVE ANALYSIS 

DOUGLAS BRIDGES AND OSVALD DEMUTH 

ABSTRACT. The paper opens with a discussion of the distinc­
tion between the classical and the constructive notions of "com­
putable function." There then follows a description of the three 
main varieties of modern constructive mathematics: Bishop's 
constructive mathematics, the recursive constructive mathemat­
ics of the Russian School, and Brouwer's intuitionistic mathe­
matics. The main purpose of the paper is to prove the indepen­
dence, relative to Bishop's constructive mathematics, of each 
of the following statements: 

There exists a bounded, pointwise continuous map of [0, 1] 
into R that is not Lebesgue measurable. 
If ju is a positive measure on a locally compact space, then 
every real-valued map denned on a full set is measurable 
with respect to ju . 

1 
The purpose of this article is to answer the following question 

within a framework which makes the discussion accessible to math­
ematicians who know little or nothing about the foundational tech­
nicalities of modern constructive mathematics: 

In constructive mathematics, are there any real-
valued functions defined on [0, 1] that are not 
Lebesgue measurable! 

As we shall see, the answer to this question depends on the vari­
ety of constructive mathematics within which measure theory is 
developed. 

We first explain the difference between constructive mathemat­
ics and the "classical" mathematics practised by the majority of 
our colleagues today, and describe the three varieties of construc­
tive mathematics with which this paper is concerned. The reader 
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may find it helpful to consult Chapters 1 and 2 of Bridges-Richman 
at this stage. 

The main difference between constructive and classical mathe­
matics lies in the information considered sufficient to characterize 
mathematical objects and their properties. In particular, the con­
structive mathematician pays close attention to the interpretation 
of the phrase "there exists:" if he says that there exists an object x 
with the property P, he means that he has an algorithm for con­
structing, to any desired degree of approximation, a certain object 
x and for verifying that x has the property P ; it is not enough 
for him to establish that the assumption "there does not exist an 
object x with the property P " leads to a contradiction, as an ar­
gument of that sort does not, of itself, provide a construction of 
the required object x. 

To illustrate these distinctions, let us consider a comparatively 
simple mathematical notion: that of a binary sequence. Classi­
cally, this is simply a sequence in which each term belongs to 
{0, 1} ; but from our constructive point of view a binary sequence 
(an) is an algorithm which, applied to any positive integer n, pro­
duces an output an belonging to {0, 1}. 

Note that, in order to justify constructively the assertion that 
an belongs to {0, 1}, we must be able to tell whether an = 0 or 
an = 1 ; it does not suffice to prove that an cannot fail to belong to 
{0, 1} . Consider, for example, the following putative specification 
of a binary sequence (fn) : 

fn = 0 if Fermat's conjecture is false, 
= 1 if Fermat's conjecture is true. 

This is an acceptable classical definition of a binary sequence; 
moreover, traditional computability theory says that (fn) is a com­
putable bimxy sequence, since, classically, there exists an algorithm 
—either the algorithm with constant output 0, or that with con­
stant output 1—which, applied to any positive integer n, outputs 
fn [Kfoury et al, p. 2; cf. Rogers, pp. 9-10]. However, the above 
information does not specify a constructive binary sequence, since, 
in the absence of a resolution of Fermat's conjecture, we cannot tell 
which of the two algorithms in question computes the terms fn . 
Of course, if Fermat's conjecture were resolved tomorrow, then 
we would be able to say which algorithm produced the sequence 
(fn), which would then be constructively defined. 


