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The classical theory of Gelfand pairs has found a wide range 
of applications, ranging from harmonic analysis on Riemannian 
symmetric spaces to coding theory. Here we discuss a general­
ization of this theory, due to Gelfand-Kazhdan, and Bernstein, 
which was developed to study the representation theory of p-adic 
groups. We also present some recent number-theoretic results, on 
local e-factors and on the central critical values of automorphic 
L-functions, which fit nicely into this framework. 

1. COMPACT PAIRS 

Let G be a compact topological group. By a representation of 
G we will mean a continuous homomorphism from G to the group 
of unitary operators on a Hilbert space V. If V and W are two 
representations of G, the complex vector space HomG(F, W) 
consists of all continuous linear transformations from V to W 
which commute with the action of G. 

We say V is an irreducible representation of G if and only 
if there are no nontrivial closed subspaces of V which are G-
invariant. The irreducible representations of G are all finite di­
mensional [D, Chapter 3]. Let F be a fixed irreducible representa­
tion. Then V has, up to scaling, a unique G-invariant Hermitian 
structure, and any linear map from F to a Hilbert space W is 
continuous. If W is a representation of G, we define the multi­
plicity oî V in W as the dimension of the complex vector space 
Homö(K, W). We will only consider those representations W 
(often called admissible) such that dt = dimHomG(^., W) is fi­
nite, for all irreducible representations Vi of G. In this case, W 
decomposes as a Hilbert space direct sum: W ~ (B/^/P/ . We say 
W is multiplicity-free if dt < 1 for all i. 
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Lemma 1.1. W is multiplicity-free if and only if HomG(W, W) = 
EndG(W) is a commutative algebra. 

Proof EndG(W) contains the direct sum of matrix rings 

EndG(rf,F,) = Mat(rfpC) 
and is contained in their direct product, by Schur's lemma. Hence 
it is commutative iff all dx < 1. 

Let H be a closed subgroup of G, so H is also compact. We 
say that (G, H) is a Gelfand pair, or that H is a Gelfand sub­
group of G, if the following three equivalent conditions hold. 

(1.2) For every irreducible representation V of G the 
space Hom^(K, C) of //-invariant linear forms 
has dimension < 1. 

(1.3) The representation of G by right translations on 
W = L2(H \ G) is multiplicity free. 

( 1.4) The sub-algebra Ll{H\ G/H) of bi- //-invariant 
functions in Ll(G) is commutative under convo­
lution. 

In (1.3) and (1.4) the spaces L2 and Ll are defined using the 
unique Haar measure of volume 1 on G, and the associated G-
invariant measure on H\G. The equivalence of (1.2) and (1.3) 
follows from Frobenius reciprocity, which gives an isomorphism 

H o m G ( F , L 2 ( / / \ G ) ) ^ H o m ^ F , C). 

The equivalence of (1.3) and (1.4) follows from the injection 

Ll(H\G/H) C-> EndG(L2( / / \G)) , 

where L1 acts on L2 by convolution. Since the image contains 
the G-endomorphisms of finite rank, the commutativity of 

Ll(H\G/H) 

forces the commutativity of EndG(L2(H \G)). 
Since V is finite dimensional, and gives a semisimple represen­

tation of H, condition (1.2) is equivalent to 

(1.5) For every irreducible representation V of G,the 
space VH of //-invariant vectors has dimension 
< 1. 
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which is the usual definition of Gelfand pairs. Indeed, Hom# ( V, C) 
is canonically identified with the dual space (VH)*, as any H-
invariant linear form vanishes identically on the orthogonal com­
plement of VH in V. 

2 . GELFAND'S LEMMA 

If one knows the irreducible representations of G explicitly, 
condition ( 1.5) is probably the easiest to check. But condition ( 1.4) 
is extremely attractive, as it only makes reference to the internal 
structure of the pair (G, H). Recall that an anti-involution i of 
G is a bijection i : G -• G which satisfies i(gh) = i(h)i(g) and 
i2 = 1 ; a typical anti-involution is inversion i(g) = g~l. 

Lemma 2.1 (Gelfand [Ge]). Assume that i is an anti-involution of 
G, which stabilizes H and acts trivially on the double coset space 
H \ G/H. Then the algebra Ll(H \ G/H) is commutative and 
(G, H) is a Gelfand pair. 

We omit the proof, which can be found in [L, p. 53]. Here 
is a typical application [Di, p. 59]. Assume G acts two-point 
transitively on a metric space X. By this we mean that if (x, y) 
and {x , y') are pairs of points in X with d(x, y) = d{x , y'), 
then there is an element g e G such that gx = x and gy - y . 
Let H be the stabilizer of the point x0. Then G/H = X and the 
class of g in H\G/H depends only on the distance d(x0, gxQ). 
Since d(x, gx) = d(g~lx, x) - d(x, g~lx), we see that i(g) = 
g~l is an anti-involution which acts trivially on H\G/H. Hence, 
by Gelfand's lemma, we have shown the following. 

Proposition 2.2. If G acts 2-point transitively on a metric space X 
and H is the stabilizer of a point, then (G, H) is a Gelfand pair. 

Another application of Gelfand's lemma is 

Proposition 2.3. Assume that a is an involution of G such that 
every element g G G can be written in the form g - h* z with 
a(h) = h and a(z) = z" 1 . Then the subgroup H fixed by a is a 
Gelfand subgroup of G. 

Proof. Let i be the anti-involution i(g) = <r(g~"1); then i acts 
trivially on H \ G/H. 

To make new pairs from old, the following result is useful. 

Lemma 2.4. (a) If (G{, Hx) and (G2, H2) are Gelfand pairs, so is 
{G = GxxG2, H = HxxH2). 
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(b) If (G, H) is a Gelfand pair and H -+ H' is a continuous 
group homomorphism, then the subgroup H diagonally embedded 
in H'xG is Gelfand if and only if: for every pair of irreducible repre­
sentations W of H' and V of G we have dimHom#(W, V)< 1. 

(c) The subgroup H diagonally embedded in HxG is Gelfand 
if and only if the restriction of every irreducible representation V 
of G to H is multiplicity free. 
Proof, (a) This follows from (1.5). The irreducible representations 
F of G all have the form VX®V2, where Vx is an irreducible 
representation of G{ and V2 is an irreducible representation of 
G2. We have dim VH = dim Vx

Hl • dim V2
2. 

(b) The irreducible representations of H' X G have the form 
W ® V. But (W ® V)H = HomH(W*, V). 

(c) This follows from (b), taking W an arbitrary irreducible 
representation of H = H'. 

Proposition 2.5 (cf. [M]). Let H be a compact group. Then H is 
a Gelfand subgroup (diagonally embedded) of G = H x H. Fur­
thermore, H is a Gelfand subgroup of H x H x H if and only if 
the tensor product U{ <g> U2 of any two irreducible representations 
of H is multiplicity-free. 
Proof. The first claim follows trivially from part (c) of Lemma 
2.4. The second also follows from this lemma, as the restriction 
of the representation Ux <g> U2 of G to H is precisely the tensor 
product UX<8>U2. 

Note 2.6. One can also show that H is a Gelfand subgroup of G -
H x H using Lemma 2.1. Indeed, the anti-involution i(hx, h2) = 
(h2

l, AJ"1) of G acts trivially on the double coset space H\G/H. 
We remark that this double coset space may be identified with the 
set of conjugacy classes in H, under the map taking the double 
class of g = (hx, h2) to the conjugacy class of hxh2

l. 

3. SOME COMPACT EXAMPLES 
We use the results of the previous section to give some concrete 

examples. Let X be the n-sphere in Rn+l, with its standard 
geometry. The special orthogonal group G = SOn+l acts 2-point 
transitively on X with stabilizer H = SOn , and the double coset 
space H \ G/H is identified with the interval of distances [0, n] 
from gx0 to x0. Hence, by Proposition 2.2, (SOn+l, SOn) is a 
Gelfand pair. 
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In fact, the restriction of any irreducible representation of 
SOn+l to SOn is multiplicity-free (cf. [D, Chapter 2] for the case 
n = 2 ), so (SOn+l x SOn, SOn) is a Gelfand pair by Lemma 2.4, 
part (c). We note that 503 = H*/R*, where H is the algebra of 
Hamilton's quaternions, and S02 = C*/R* • This is a special case 
(F = R) of 

Proposition 3.1. Let F be a local field, with F ^ C. Lèt D be a 
quaternion division algebra with center F, and let K be a separable 
quadratic field extension of F. Then K embeds as a subfield of 
D, and H = K*/F* is a closed subgroup of the compact group 
G = D*/F*. 

The group H is a Gelfand subgroup of H x G, and the group 
G is a Gelfand subgroup of GxGxG. 
Proof. The first paragraph follows from the arithmetic of local 
quaternion algebras [V, Chapter II], which also shows that the 
normalizer of H in G is generated by a nontrivial involution 
aeG-H. 

To show (H x G, H) is Gelfand, we use the anti-involution 
i(h, g) = (h, ag~la~l). To show (GxGxG,G) is Gelfand, 
we use the anti-involution i(g{, g2, g3) = (g~l, g2

l, £3~
1). We 

leave the details of checking that these anti-involutions act trivially 
on the respective double coset spaces to the reader. 

Note 3.2. When F = R the above proposition shows that the ten­
sor product of any two irreducible representations of G = S03 is 
multiplicity-free. This is also true for its universal covering group 
G = SU2, by the Clebsch-Gordan formula [D, p. 13]. 

If G is a compact, connected, semisimple Lie group with invo­
lution a, the fixed subgroup H is always a Gelfand subgroup of 
G. This is proved using the action of a on the Lie algebra g and 
Proposition 2.3; the involutions which can occur were classified 
by Cartan (cf. [H, Chapter X, §3]). These Gelfand pairs (G, H) 
are called symmetric: they include (SOn+l, SOn) - take a to be 

conjugation by the reflection ( n . j in On+l. 

When G is a compact, connected, semisimple Lie group, let 
Gc be the complexified group, which is a semisimple algebraic 
group over C. Let Bc be a Borel subgroup of Gc and ^(C) = 
Gc/Bc the associated (projective) flag variety of Gc. Let H 
be a reductive, closed subgroup of G with complexification Hc. 
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Then {G, H) is a Gelfand pair if and only if Hc has an open 
orbit on X(C) [K-V]. The pairs (G9H) with G simple have 
been determined by Kramer [K], who also determines which ir­
reducible representations VofG have an H -fixed vector. These 
include the familiar symmetric pairs, but also some others, such 
as (S02n+l, U„) • 

Some interesting Gelfand pairs of finite groups correspond to 
miniscule representations M of simple Lie algebras g over C [Bo, 
§13]. Let G be the Weyl group of g ; then G permutes the weights 
in M 2-point transitively, given the metric d(x ,y) = \x-y\ in­
duced from the Euclidean structure on the weight lattice. If H is 
the stabilizer of a weight, then (G, H) is a Gelfand pair. Taking 
0 = s£n and M = A^C" gives the pair (Sn, Sk x Sn_k) where 
Sn is the symmetric group on n letters. Taking g = so2nJrX and 
M the spinorial representation of dimension 2n gives the pair 
(Sn x (Z/2)", Sn). Taking g = sp2n and M the standard rep­
resentation of dimension 2n gives the pair (Sn x (Z/2)n, Sn_x x 
(Z/2)"-1). 

For more examples of specific compact Gelfand pairs, see [Di, 
p. 59ff.] and the references cited therein. 

4. TOTALLY DISCONNECTED GROUPS 

Many authors have considered the generalization of Gelfand 
pairs to locally compact groups G, but the closed subgroup H is 
usually assumed to be compact [D, Chapter 8]. This hypothesis 
is too restrictive for various applications in number theory. We 
will consider the case when G is locally compact and totally dis­
connected, following Gelfand-Kazhdan [Ge-K] and Bernstein [B]. 
This gives a reasonable generalization of Gelfand pairs, assum­
ing only that H is closed and that H \ G carries a G-invariant 
measure. 

By a (smooth) representation of a locally compact, totally dis­
connected group G we mean a homomorphism from G to the 
group of invertible linear transformations of a complex vector 
space V, such that every vector v e V has an open stabilizer 
in G. We only consider representations which are admissible: by 
this we mean that the subspace VK fixed by any compact open 
subgroup K oî G has finite dimension. As usual, we say V is 
irreducible if there are no nontrivial G-invariant subspaces in V. 
If V and W are two representations of G, we let HomG!(F, W) 


