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THE SELBERG ZETA FUNCTION 
AND SCATTERING POLES FOR 

KLEIMAN GROUPS 

PETER A. PERRY 

In this note we present a polynomial bound on the distribution 
of poles of the scattering operator for the Laplacian on certain 
hyperbolic manifolds Mn of infinite volume. The motivation is 
to understand more fully the geometry of the poles of the scat­
tering operator. The proof uses the relationship between poles of 
the scattering operator and zeros of the Selberg zeta function for 
geodesic flow on Mn . 

Recall that the classical Selberg zeta function Z(s) [30] is a 
meromorphic function which describes the lengths /(y) of closed 
geodesies y on a compact surface S : 

oo 

(1) Z(s) = n J ] {1 - «p(-(* + m)/{y))} 
y m=l 

where the product over y runs over primitive closed geodesies. 
Crude estimates on the distribution of lengths show that Z(s) is 
analytic for JR(s) > 1 ; an application of Selberg's trace formula 
shows that Z(s) extends to a meromorphic function on C with 
trivial zeros at the integers 1 , 0 , - 1 , . . . together with spectral 
zeros at the numbers sk where sk(l-sk) is an eigenvalue of the 
Laplacian on S [11, 20, 30]. 

Here we will be concerned with the Selberg zeta functions, in­
troduced by Patterson [25], for certain noncompact hyperbolic 
manifolds Mn of infinite hyperbolic volume. These zeta func­
tions are defined by an infinite product similar to (1) (identical 
when n = 2 ); they share important features with the classical zeta 
function. In particular, their analytic structure is closely tied to 
the spectrum of the Laplacian on Mn . However, the Laplacian 
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on Mn has at most finitely many discrete eigenvalues and abso­
lutely continuous spectrum of infinite multiplicity [13, 14, 15]; 
thus the dominant contribution to the spectrum is described by 
the scattering operator S(s) associated to the absolutely continu­
ous spectrum. S(s) is an operator-valued meromorphic function 
that relates the asymptotic behavior of incoming and outgoing gen­
eralized eigenfunctions of the Laplacian (see [1, 16, 17, 18, 19, 26, 
28]). The poles of S(s) play a role similar to the role played by 
eigenvalues of the Laplacian for a compact surface; the zeta func­
tion has spectral zeros at poles of the scattering operator together 
with an infinite sequence of trivial zeros or poles which appear to 
carry topological information [25, 27, 29]. 

In contrast to the eigenvalues of the Laplacian, the poles of 
the scattering operator are eigenvalues of a nonselfadjoint eigen­
value problem, so that very little is known about their nature and 
distribution. Recent studies of the scattering operator for acousti­
cal scattering have derived polynomial bounds on the distribution 
function 

N(r) = #{k e C: \k\ < r and k is a pole 
of the scattering operator} 

(see Melrose [21, 22]), Zworski [33, 34, 35] derives exact leading 
asymptotics for N(r) in the case of Schrödinger scattering by a 
compactly supported potential. 

Here we prove a polynomial bound for the distribution of poles 
of the scattering operator S(s). We know of no previous result 
of this type for the Laplacian on a hyperbolic manifold. Using 
this bound, one should be able to prove a trace formula involving 
the poles of the scattering operator and obtain finer information 
on the distribution of poles (cf. [21, 22, 3] for trace formulas in 
acoustical scattering and [10, 12] for their application to analysis 
of poles of the scattering operator in certain acoustical problems). 

To state our result more precisely, we first recall some notions 
of hyperbolic geometry. Model hyperbolic space Hn as the unit 
ball Bn c Rn with the Poincaré metric 

ds2 = 4\dx\2/(l-\x\2y , 

where \dx\2 is the Euclidean metric on Rn . Then Sn~l c Rn is 
the boundary at infinity for Hn, and the isometries of Hn are 


