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A COMPLETE SOLUTION 
TO THE POLYNOMIAL 3-PRIMES PROBLEM 

GOVE W. EFFINGER AND DAVID R. HAYES 

I. INTRODUCTION 

By the "classical 3-primes problem" we mean: can every odd 
number > 7 be written as a sum of three prime numbers! This 
problem was attacked with spectacular success by Hardy and Lit-
tlewood [8] in 1923. Using their famous Circle Method and assum­
ing the Generalized Riemann Hypothesis, they proved that there 
exists a positive number N such that every odd integer n > N 
is a sum of three primes. In 1937, Vinogradov [12] employed his 
ingenious methods for estimating exponential sums to prove the 
Hardy-Littlewood conclusion without invoking the Riemann Hy­
pothesis. The result is therefore known as Vinogradov's Theorem. 
Vinogradov's proof actually implies a computable value for N, 
raising the possibility that the classical 3-primes problem can be 
completely settled by computation. For example, by carefully es­
timating the errors in Vinogradov's proof, Borodzkin [2] showed 
that one can take 
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JV = 33 . 
Unfortunately, this value is far beyond the minimum that would 
make the problem accessible to even the fastest computers. 

If instead of Z we consider the ring Fq[x] of polynomials in 
a single variable x over the finite field F^ of q elements, we can 
easily formulate, in direct analogy to the classical 3-primes prob­
lem, a polynomial 3-primes problem. To this end we observe that 
the analog of prime number is irreducible polynomial, of positive 
number is monic polynomial, and we need also: 
Definition. A monic polynomial M over F^ is called even if 
q = 2 and if M is divisible by x or x + 1 ; otherwise M is 
called odd (so, for all q ^ 2, all M are odd). 
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It is easy to show that there exist even monic polynomials of 
arbitrarily high degree which cannot be written as a sum of three 
monic irreducibles [5]. Moreover, just as 1, 3, and 5 in the classical 
setting are "too small" to have the desired representation, so in the 
polynomial setting are all linear polynomials (over all finite fields) 
and quadratic polynomials of the form x2 + a over even finite 
fields "too small" to have the desired representation [5]. Thus we 
must omit these cases from consideration. 

Definition. A monic polynomial M over F^ of degree r is said 
to be a 3-primes polynomial if it can be written as a sum of three 
irreducible monic polynomials over F^ , one of degree r and the 
other two of lesser degree. 

The following theorem provides a complete solution to the poly­
nomial 3-primes problem: 

The Polynomial 3-Primes Theorem. Every odd monic polynomial 
M of degree r > 2 over every finite field Fq (except the case 
M = x2 + a with q even) is a 3-primes polynomial 

The proof of this theorem falls naturally into three parts: 

1. An Asymptotic Theorem analogous to Vinogradov's The­
orem in the classical setting. 

2. Subtheorems which reduce the cases not covered by the 
Asymptotic Theorem to a finite, tractable number. 

3. A computer check of all remaining cases. 

In the remainder of this announcement, we summarize these 
three parts. 

II. THE ASYMPTOTIC THEOREM 

A complete exposition of the proof of the following theorem is 
contained in [7]. See also [3] and [10]. 

Asymptotic Theorem. For every degree r > 5 there exists a qr, 
depending on r and decreasing as r increases, such that if q >qr, 
then every odd monic polynomial of degree r over Fq is a 3-primes 
polynomial. Moreover, we have qr = 2 for all sufficiently large r. 

The method of proof is the Hardy-Littlewood Circle Method 
adapted to the function field setting. The analog for the unit circle 
T is the adéle class group Ck = Ak/k with k = F (x) (cf. [11]). 


