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SPECTRAL THEORY OF REINHARDT MEASURES 

RAUL E. CURTO AND KEREN YAN 

Let /a be a finite positive Borel measure on C n ( n > 1), with 
compact support K, let P2(/u) be the norm closure in L2{fi) 
of the algebra of complex polynomials in zx,..., zn , and let 
M. = (Af_ , ... , M_ ) be the «-tuple of multiplication operators 

Z Zj Zn 

y 

by the coordinate functions zl9 ... 9 z^ acting on P (//). Mz 

is the universal model for cyclic subnormal «-tuples of operators 
acting on a separable Hubert space. For n = 1, the spectral and 
algebraic properties of Mz have been the focus of extensive study 
(see [Con] for a survey account of the basic results in this area). 
One important instance, the case dfi(reld) = dp(r) x ^ (where p 
is a positive Borel measure on [0, +oo)), gives rise to the class of 
subnormal weighted shifts, via Berger's Theorem [Con, III.8.16]. 
Here, the spectral picture of Mz admits a very simple description: 

(i) o(Mz), the spectrum of Mz, equals D := {X e C: |A| < 
sap{\z\:zeK}}; 

(ii) The Fredholm domain of Mz is C\ôD/l ; and 
(iii) index(Mz - X) = -1 whenever A e int(Z> ). 
The circular symmetry of weighted shifts, reflected in the above 

description, appears in several variables in the notion of Reinhardt 
set; F C C " is Reinhardt if F = T _ 1 (T(F)) , where T:C" -> R" is 
given by z -> flzj, ... , | z j ) . Correspondingly, a compactly sup­
ported positive Borel measure // is Reinhardt if it admits a decom­
position d/i(reld) - dp(r)xdd/(2n)n , where p is a positive Borel 
measure on R" . For instance, volumetric Lebesgue measure on a 
complete bounded Reinhardt domain Q c C " is a Reinhardt mea­
sure, in which case P2{p) is actually A2(Q), the Bergman space 
over ÇI. 
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The spectral and C*-algebraic properties of Mz on A2(Q), 
for flç C" Reinhardt or pseudoconvex, have been extensively 
investigated, as have been those of Mz acting on the Hardy spaces 
over the Shilov boundary of bounded symmetric domains (e.g., 
[BC, BCK, BCZ, BdeM, Cob, CM, CS, DH, MR, P, Ra, SSU, 
U, V]). In this note we announce a complete description of the 
spectral picture of Mz in case // is a Reinhardt measure on C2 

whose associated weight sequences have limits at infinity in all 
directions (a notion to be defined later). 

To describe our results, we need some notation. Let 

V:={(zl,...,zn)eCn:zl z„ = 0}. 

Without loss of generality, we can, and shall, assume that K ç 
25" and that K is not contained in V, since otherwise Mz is 
unitarily equivalent to the orthogonal direct sum of «-tuples of 
the form (M(z ,, 0, ... , 0). For fi Reinhardt, the set of 
bounded point evaluations for JU is b.p.e. (/z) := {A € Cn:p -+ 
p(A), p e C[z], extends boundedly to P2(/u)}. The Taylor spec­
trum of Mz> oT{Mz), is a nonempty compact subset of C" de­
fined in terms of the exactness of a cochain complex, called the 
Koszul complex, built from the exterior algebra on n genera­
tors and the coordinates Mz , / = 1 , . . . ,« . The Taylor spec­
trum enjoys most of the usual properties of the spectrum of a 
single Hubert space operator, and supports an analytic functional 
calculus. There is also a notion of Fredholmness and of index 
for commuting «-tuples of operators. (For basic facts on joint 
spectral systems, the reader is referred to [Cu].) Finally, for a 
compact subset F of Cn, we let F denote the polynomially 
convex hull of F. If F is Reinhardt and 0 e F, then F = 
T_1{exp[convex hull(log(t(i7)\F))]}"". In particular, if z £ F 
then the polydisk {w e Cn: \w(\ < \z.\, i = 1, ... , n} is contained 
in F. 

Theorem 1. Let ft be a Reinhardt measure on Cn. Then 
(i) int£çb.p.e.(//) ç £ ; 
(ii) a r (M^) = £ . 

To prove Theorem l(i), we construct a dense-range operator 
from P2(ju) to the Hardy space of the «-torus, H2(Tn), and we 
then use it to pull back the Szegö kernel function from H2(Tn) 
to P2{n) ; part (ii) requires a spectral inclusion [Cu, Theorem 


