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This text will be most useful to those who need a brief and light
introduction to modern developments in numerical techniques for
initial value odes and for those who wish to explore some of the
less widely known techniques for special problems. For a deeper
understanding of the subject, the reader may need to turn to one
of the other texts mentioned above. There is a good bibliography
of over 600 references. Peculiarly, the page numbering in the text
does not correspond to that in the list of contents.
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Classically, crossed products of arbitrary finite groups over fields
were introduced by E. Noether in 1929 in her lectures in Géttingen
[vdW]. Earlier, the special case of cyclic algebras was defined by
Dickson in 1906 [D1, D2]; the first significant result about them
was proved by Wedderburn in 1914 [W]. These crossed products
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arose naturally as follows: let D be a division algebra finite-
dimensional over its center K, and assume D contains a maximal
subfield F O K such that the extension F /K is Galois with Galois
group G. For each x € G, it follows from the Skolem-Noether
theorem that the action of x on F becomes inner when extended
to D; thus there exists 0 # X € D such that a”* = % lax for all
a € F. The elements {X|x € G} are linearly independent over F,
and thus since dim, D = (dimg F)?, D = @, ;FX. Since X7
and Xy both induce xy € G, it follows that fy(x_y"l) € F, the
centralizer of F in D. Thus we may write Xy = d(x, )Xy,
where o(x,y) € F*, the nonzero elements of F. The map
0:Gx G— F* satisfies

(1) o(x,yz)a(y, z) = a(xy, 2)a(x, )",

for all x, y, z € G, and thus is a 2-cocycle for the action of G
on F. In this situation D is called a crossed product of the group
G over the field F. More generally, given any finite Galois field
extension F /K with Galois group G, and a 2-cocycle g: G x G
— F*, Noether constructed a crossed product 4 = ®x€G FX =
(F, G, a), where A is the F-vector space with basis {X|x € G}
and multiplication given by

@) (a%)(b7) = ab* o (x, y)%7,

forall a,be F,x,y € G. Then A is a central simple algebra
of dimension |G|2 over its center K .

A fundamental question then arose: Can every central simple
algebra 4 be written as a crossed product? By work of Albert,
Brauer, Hasse, and Noether [BHN, AH], it is true if the field K
is an algebraic number field. However, the general question was
open for 40 more years until Amitsur provided a counterexample
in 1972 [Am]. Crossed products are still of great importance for
central simple algebras, however, since in the Brauer group any
such algebra is equivalent to a crossed product.

Extending the notion of crossed products to allow coefficient
rings other than fields was done by Jacobson in the early 1940s; he
was motivated by the study of projective representations of groups
into vector spaces over division rings. Although he was working
over a division ring D, all the essential ingredients for the general
case appear in his work. Here is his construction [J2]: Let G be
a group, and a: G — AutD and o: G x G — D* be two maps
satisfying the condition (1) for a € D and z € G (replacing a°®
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with ¢*?) and a new condition
(3) aa(xJ’) - a(x , y)aa(x)a(.)’)a.(x , y)_l ,

forall a€ D, x, y € G. Then the D-vector space 4 =@, .; DX
= (D, G, a, g) is an associative algebra with multiplication de-
fined as in (2); A4 is a crossed product of G over D. Note that
a is not assumed to be a group homomorphism, and so D is not
necessarily a G-module; in fact (3) says that D is a G-module
precisely when o has values in the center of D. If one replaces
the division ring by an arbitrary ring R with 1, the only additional
condition needed to define a crossed product of G over R is that
o take values in U(R), the group of units of R, rather than in
R* . With this change, the product in (2) is associative if and only
if (1) and (3) hold. However, this does not seem to have been no-
ticed until 20 years later, by Bovdi [B]. For simplicity, we suppress
the particular action and cocycle, and will write a crossed product
of G over R as R«xG.

In fact, a more general construction than a crossed product was
defined by Levitzki in 1931 [L]. He considers “normal products”
RA of two finite-dimensional algebras R and A: RA is a finite
free R-module with a normalizing basis of elements of 4. He
proves that RA is semisimple if and only if both R and A4 are
semisimple with their centers separable over the base field. How-
ever, he does not explicitly describe either the cocycle condition
(1) or the “twisted” module condition (3).

Jacobson also was interested in semisimplicity. He proves that
if G is finite and H the subgroup of elements of G which are
inner on D, then D x G is semisimple if and only if D x H is
semisimple; in fact he shows that any nonzero ideal of DxG inter-
sects D x H nontrivially. As a consequence if H is trivial, D« H
is simple; moreover if ¢ = 1, then Dx G 2 M, (D), n = |G|,
where Mn(D’) is the ring of n x n matrices over some other di-
vision ring D’ . These “trivial” crossed products were used earlier
in proving a Galois correspondence theorem for a finite group of
outer automorphisms of a division ring [J1].

This special case of a crossed product with trivial cocycle is
now called a skew group ring, and denoted by RG . Following up
on Jacobson’s work, the skew group ring was used by Azumaya
and Nakayama in the later 1940s to give a Galois correspondence
theorem for simple Artinian rings [Az, NA]; there was also work by
Hochschild on this problem. Among Azumaya’s results is the fact
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that if R is simple and G outer, then RG is simple. Moreover
if R is also Artinian and G is finite, then R isa simple ring.

Crossed products over general rings do not seem to have ap-
peared again until the 1960s when they were considered by Bovdi,
as mentioned above; his interest in them seemed to be as gen-
eralizations of group rings. They also made their appearance in
the late 1960s in work of Miyashita [Mi], who made a connection
between crossed products and Galois extensions in the sense of
Chase-Harrison-Rosenberg, although for noncommutative rings.

Finally in the 1970s crossed products began to be studied more
intensively, as a result of two separate developments. One was
the study of finite group actions on noncommutative rings; this
area had been given a big boost by work of Bergman-Isaacs and
Kharchenko proving the existence of fixed elements in some fairly
general situation. The skew group ring then proved very useful
in studying the fixed ring R®. In particular when |G|~' € R,
RG and RY are very closely related. For then the element e =
G|~ Y xegX 1s an idempotent in RG and e(RG)e = R®. This
elementary fact enables one to study R® by passing through the
skew group ring RG . Although perhaps it was known earlier (and
in fact Jacobson observed e¢(RG) = eR), this very useful trick
seemed to appear explicitly only about 1975 [ZN, FO]. Even if
|G| is not a unit in R, there is still a strong connection between
RG and R®. Thus RG itself became an interesting object of
study.

The second development concerned ordinary group rings R[G].
A lot of progress had already been made in the 1960s and early
1970s in group rings, much of it by Passman (the best reference is
his earlier book [P1]). In some of the remaining difficult problems,
it seemed that a more general object might be useful in order to
do inductive arguments. That is, consider an arbitrary group G
with normal subgroup N. Intuitively, the group ring R[G] is
“made up” from the subgrouping R[N] and the quotient group
G/N. If we could regard R[G] as a crossed product of G/N
over R[N], and prove results for crossed products, then induction
could be used to prove results about R[G]. In fact the definition
of crossed product is just general enough to cover this situation.
For, write S = R[N] and H=G/N. Foreach xe H,let X € G
be a fixed coset representative. Then R[G] = @,y RINIX =
D,y SX, and so {X|x € H} is an S-basis for R[G]. Since






