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A hyponormal operator is a bounded operator T on a Hubert 
space %f such that T*T> TT*. This rather innocent definition 
was introduced by Paul Halmos [11] in 1950 and generalizes the 
concept of a normal operator (where T*T = TT*). Why not 
consider the condition T*T < TT*, you ask? In fact, people 
do; such operators are called cohyponormaL (Needless to say, the 
two theories are related, though one is not a trivial adaptation 
of the other since many properties do not travel well when taking 
adjoints.) The important thing is that there is a prominent example 
of a hyponormal operator, the unilateral shift. If I2 is the Hubert 
space of square summable sequences and T is defined on I2 by 
T(a0, ax , . . . ) = (0, a0, a{, . . . ) , then T is called the unilateral 
shift and is the most basic of hyponormal operators. 

Normal operators are completely understood. Indeed, it is pos­
sible to define a complete set of unitary invariants for normal op­
erators; equivalently, it is possible to give a model for an arbi­
trary normal operator. Specifically, in the case that the underly­
ing Hubert space %? is separable, given any compactly supported 
regular Borel measure fi on the complex plane and a Borel func­
tion m defined on C with values in {oo, 0 , 1 , 2 , . . . } such that 
m = 0 off the support of fi, there is a canonically associated nor­
mal operator N m and each normal operator is unitarily equiva­
lent to one of these models. That is, for each normal operator N 
there is a fi, such a function m, and a unitary operator U with 
N= J7*A^ mU. Moreover, two such models N and Nv rt,are 
unitarily equivalent if and only if [fi] = [u] (that is, fi and v are 
equivalent measures in the sense that they have the same sets of 
measure 0) and m — n a.e. [fi]. The details of this can be found 
in [10], §IX.10. In the case of a nonseparable Hubert space the 
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theory exists but the measure theory becomes more complicated. 
This is the subject of the last chapter of [12]. 

In this way, any question concerning normal operators can be 
reduced to a question concerning measure theory from which an 
answer can usually be derived. What about operators that are not 
normal? The general problem is impossible. In fact, even if the 
Hubert space is finite dimensional, the answer is unknown. That 
is, what are necessary and sufficient conditions for two matrices to 
be unitarily equivalent? 

As it turns out the unilateral shift is a well understood nonnor-
mal operator; it is arguably the best understood nonnormal op­
erator on an infinite dimensional space. For example, in [3] the 
invariant subspaces of the shift are completely determined. (An in­
variant subspace for an operator T is a closed subspace Jf of %? 
such that TJ£ c Jf.) This paper, a milestone in the development 
of operator theory, was the first instance where complete informa­
tion about the invariant subspaces of a nonnormal operator was 
obtained. In addition, the method of proof involved the use of 
significant results about analytic functions. The consequences of 
these two facts are still prevalent in operator theory today. 

Success breeds success. Paul Halmos began a strategic attack on 
operator theory by extracting two properties of the shift in [11]. 
One was the definition of hyponormal operators and the other the 
idea of a subnormal operator. A subnormal operator is one that 
has a normal extension; every subnormal operator is hyponormal. 
Sometimes success also breeds other things and there is a plethora 
of definitions of classes of operators where a prefix or suffix is 
attached to the word normal. Some of these definitions are useful 
and important and others lack the necessary stock of examples 
to guarantee their viability. In this review we will concentrate 
on hyponormal operators, with only occasional references to the 
theory of subnormal operators. 

Any operator T can be written as T = N 0 Tl9 where N is 
a normal operator and Tx is an operator with no normal direct 
summand. Such an operator Tx is said to be pure; T is a pure 
operator if no such nontrivial direct sum decomposition can be 
found. Many, but not all, questions concerning hyponormal oper­
ators can be reduced to the study of pure hyponormal operators. 
So throughout this review it will be assumed that T is pure. 

Write T in its Cartesian decomposition. T = X+iY, where X 
and Y are self-adjoint operators. One of the first important results 


