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The primary concern of the theory of large deviations is the pre­
cise estimation of the probabilities of certain classes of rare events. 
There is usually a natural parameter in the problem which can be 
assumed to be large. For example, this parameter could denote the 
size of the system, or if one is dealing with random perturbation 
of deterministic systems, the noise level could be related to the 
inverse of this parameter. Either the model or the event or some­
times both depend on this parameter, and the probability usually 
goes to zero exponentially fast in the parameter. The theory is 
concerned with the determination of the exact exponential decay 
rate. Very often the constant can be calculated explicitly in terms 
of quantities of physical significance. It is the existence of explicit 
formulae that makes the subject attractive to mathematicians and 
physicists. Many of the problems of equilibrium and nonequi-
librium statistical mechanics have interpretations in terms of the 
theory of large deviations. 

Here are two typical examples of the theory. Let xx, x2, ... xn 

be n independent identically distributed (i.i.d.) random variables 
having JF(JC) for their common distribution function. Cramer [1] 
proved in 1937 that 

lim - logP 
n-+oo n 

a< -> a- <b = -c 

exists for - o o < a < £ < o o and the constant c can be explicitly 
calculated in terms of F according to the following recipe: 

c = inf I{x) 
a<x<b 

where 
7(jc) = sup[0;c-logM(0)] 

e 
and 

M(d) = J e6xdF(x). 

The Scandinavian school in the 1930s was interested in the calcu­
lation of risks in the insurance business and Cramer's theorem was 
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an outgrowth of that. The second example which was proved by 
Schilder [4] in 1964 is concerned with the distribution of y/efi(-) 
on C0[0, 1] where /?(•) is standard Brownian motion and e > 0 is 
a small parameter. The distribution of >/£/?(•) is a scaled Wiener 
measure on the space C0[0, 1] of continuous functions on [0, 1] 
which vanish at the origin. We denote this measure by Pe. If 
A is a set of trajectories not containing the function identically 
zero, then we expect Pe(A) to tend to zero, and Schilderes theo­
rem roughly speaking states that 

time log PA A) = -c(A) 

exists for nice sets A and 

c(A) = inf 1(f) 

where 1(f) = \^[f\t)fdt if /(O) = 0 and f(t) is absolutely 
continuous with a square integrable derivative. 1(f) = oo other­
wise. The function ƒ ( ƒ) is of course the classical action function 
and its appearance is significant. 

The developments in the theory of large deviations over the last 
twenty-five years have been regarding generalizations and varia­
tions of these two types of results. An abstract formulation of the 
principle of large deviation is the following. 

We have a family Px of probability measures on a topological 
space X and a rate function I(x) on X satisfying 

(1) 0< I(x)<oo. 
(2) I(x) is lower semicontinuous. 
(3) For every £ < oo, {x : I(x) <£} is a compact subset of X. 

One says that Px satisfies a large deviation principle with rate 
function I(•) if the following holds: 

(i) For every closed set C c X 

limsupT logiVC) < - inf I(x). 
A—oo ^ x^c 

(ii) For every open set G c X 

liminf \\ogPAG) > - inf I(x). 
A->oo A A x€G 

The book by Deuschel and Stroock which grew out of earlier lec­
ture notes by Stroock starts out with the two basic examples. Then 
it goes into the Ventcel-Freidlin theory of small random perturba­
tions, where one considers a stochastic differential equation of the 


