BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 25, Number 1, July 1991

HARISH-CHANDRA AND HIS WORK

REBECCA A. HERB

I began to study representation theory while I was a graduate stu-
dent at the University of Washington in the early seventies. At that
time learning the theory of unitary representations of semisimple
Lie groups primarily meant learning Harish-Chandra’s work, and it
was not an easy task. By that time Harish-Chandra had published
over fifty papers, more than a thousand pages, on this subject. His
most important papers tended to consist of one or two pages of
introduction followed by fifty to a hundred pages of dense mathe-
matics. I was lucky because my thesis advisor, Garth Warner, knew
those papers well enough that instead of saying, “Read Harish-
Chandra’s papers,” or “Read Discrete series. 1,” he said, “Read p.
302 of Discrete series. 1.” The good thing about Harish-Chandra’s
papers was that if you knew what you were looking for and where
to start, everything was written down. There were no mistakes,
and the notation was always the same. You might have to refer
back to three or four of his earlier papers for results, or even defi-
nitions, but he told you exactly where to look. I started on p. 302
of Discrete series. 1 with Lemma 56 and worked my way backward
and forward, picking up a lemma here and there from earlier sec-
tions of the paper and from earlier papers. By the time I really
understood that page, I was ready to write the first part of my the-
sis. In the seventeen years since I finished my PhD thesis, I have
kept coming back to Harish-Chandra’s papers, gradually picking
up more and more pieces as I have needed to learn them for my
own work. I never knew Harish-Chandra well personally, although
I was lucky enough to spend two years at the Institute for Advanced
Study and attend his weekly lectures on work in progress, but he
has always been my mathematical hero, so I would like to take this
opportunity to introduce you to Harish-Chandra and his work. But
before I say anything about Harish-Chandra himself, I would like
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to give a brief introduction to the field of representation theory
and harmonic analysis.

The theory of harmonic analysis on groups originated in the
eighteenth century with the problem, motivated by physical con-
siderations, of representing an arbitrary function by a trigonomet-
ric series. In its modern version, the theory of Fourier series can
be formulated as follows. Let R denote the additive group of real
numbers, 27Z the subgroup of R consisting of all integer mul-
tiples of 27, and let T = R/2nZ be the quotient group. Then
functions on T can be thought of as functions on the interval
[0, 27] or as 2zm-periodic functions on the real line. Lebesgue
measure on [0, 2n] gives a measure on T which we normalize to
have total mass one. Thus

/f ) dx = - " ) d.
0

Instead of expanding real-valued functions on T in terms of the
functions sinnx, cosnx,n=0,1, 2, .., itis more convenient
to expand complex-valued functions on T in terms of the complex
exponential functions e'"* = cosnx + isinnx,ne€Z.

Suppose f: T — C is an integrable function, thatis f € L (T).
Then for each integer n we can define a Fourier coefficient

Fn) = /T f0)e ™ dx

We then attach to f the Fourier series

+o00 .
fe Y fme™.
n=-—00
The question is, in what sense does the Fourier series represent the
function f?

In two situations the answer is very nice. First, if f is suffi-
ciently smooth, for example if f is infinitely differentiable, then
the Fourier series of f converges to f uniformly and absolutely.
Thus for all f € C*°(T), x €T,

fx) =Y fme™.

neZ

Second, let LZ(T) denote the complex vector space of all mea-
sureable functions f such that

1= ([ If(x)lzdx>%
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is finite. We define an inner product on LZ(T) by
(f, 8= /Tf(x)g(x)dx.

Then L*(T) is a Hilbert space, and if we set e,(x) = ", then
{e,}=° . isan orthonormal basis for L*(T). Further, the Fourier

coefficient f(n) = (f, e,) so that the Fourier series of f € L*(T)
is just the expansion of f in terms of this orthonormal basis.
Thus the partial sums of the Fourier series converge to f in the
L? norm, and

f=Y" f(ne,

can be taken as an equality of L? functions.

I would now like to turn from the theory of harmonic analysis
to that of group representations. Originally, for example in Burn-
side’s classic Theory of groups of finite order published in 1897
[Bu], a group is defined to be a group of transformations of some
set, for example a group of permutations of a finite set, a group of
symmetries of some geometric object, or a group of linear trans-
formations of a vector space. Of course now we think of a group as
an abstract object which can be represented as a group of transfor-
mations. Because I want to discuss the connection between group
representations and harmonic analysis, I will discuss only unitary
linear representations of topological groups.

We will assume that G is a locally compact topological group.
That is, G is a Hausdorff, locally compact topological space with a
group structure which is compatible with the topology in the sense
that the group operations are continuous. Let W be a Hilbert
space, that is a finite or infinite-dimensional complex vector space
with inner product (, ), which is complete with respect to the
norm |lwl = (w, w)l/ Zwew, coming from the inner product.
A linear operator T : W — W is called unitary if T is onto
and (Tv, Tw) = (v, w) forall v,w € W. Let U(W) be the
group of unitary linear operators on W andlet n: G —» U(W)
be a group homomorphism. We assume that z is continuous in
the sense that for every v, w € W, the complex-valued function
x—(m(x)v, w) is continuous on G. Then n or (n, W) is called
a unitary representation of G.

Example 1. Suppose that dim W = 1. In this case U(W) is iso-
morphic to S' = {z € C:|z| = 1}, and using this identification,
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n:G— S' can be thought of as a continuous group homomor-
phism from G to S'. One-dimensional unitary representations
are called unitary characters.

Example 2. Since G is a locally compact topological group, there
is a unique (up to constant factor) right Haar measure on G. The
main property of Haar measure is that it is translation invariant.
That is, for every f € L'(G), g€ G,

/Gf(x) dx=fo(xg) dx.

Let LZ(G) be the Hilbert space of square-integrable functions on
G with respect to this measure and define

[R(2)f1(x) = f(xg), x, g€G, feL’q.
Since we use right Haar measure to define the inner product in

Lz(G), each operator R(g), g € G, is unitary. Thus we have a
group homomorphism

R:G - UL*G))

of G into the group of unitary operators on the Hilbert space
L’ (G). It is called the right regular representation of G.

Let (m, W) be a unitary representation of G. A closed sub-
space V' C W is called invariant if na(g)v € V forall ge G, v €
V . In this case we obtain a unitary representation of G on V by
restricting the operators n(g), g € G, to V. Further, if V is
invariant, so is

Vl={weW:(v,w):OforallveV}.

Thus we can regard (n, W) as the direct sum of representations
of Gon V and V. Thatis W=VeV" isa decomposition
of W into simpler pieces. Now (m, W) is called irreducible if it
has no proper invariant closed subspaces. For example, if W is
one-dimensional, (7w, W) is irreducible since W has no proper
subspaces. If G is abelian, these are the only irreducible repre-
sentations. However nonabelian groups have higher dimensional,
and even infinite-dimensional irreducible representations.

The two most important problems in representation theory are
the following.

(1) Given a locally compact group G, find G, the set of irre-
ducible unitary representations. Of course there is a natu-
ral notion of two representations being “the same” and so
we want a list of representations up to equivalence.
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(2) Given an arbitrary unitary representation of G, describe
how to decompose it into irreducible constituents. The
most important case here is the decomposition of the reg-
ular representation of G on L2(G). This is L* harmonic
analysis on G.

Example 3. Let G = T = R/2znZ. T is an abelian group so
T is the set of unitary characters of T. For each n € Z, the
function e,(x) = e, x € T, is a unitary character of T. It
is an advanced calculus exercise to prove that these are the only
continuous homomorphisms of T into S!'. Thus T = Z. For
each ne€ Z,Ce, C L’ (T) is an invariant subspace of L’ (T) and
the L2 theory of Fourier series says that
’m=@>. ce,
nez

is the decomposition of L? (T) into irreducible subspaces. Further,
for each n € Z, the projection of L? (T) onto Ce, is given by
fefne,, f e LXT).

Example 4. Suppose G is a compact group. Then every (n, W) €
G is finite-dimensional. The dimension d, of W is called the
degree of 7. We define a matrix coefficient of (7, W) € G to be
any function of the form x—(n(x)v,w), v, w € W. These are
all continuous functions by our continuity requirement on 7z, and
G is compact, so every matrix coefficient is in LZ(G) . Let L2(G)n
denote the subspace of LZ(G) spanned by the matrix coefficients
of = € G. It is an invariant subspace and the restriction of the
regular representation to L2(G)n is equivalent to d_ copies of
7. Functions in L2(G)n are regarded as elementary functions
because they transform in the simplest possible way with respect
to translations by elements of the group. The Peter-Weyl theorem

says that , ,
LG =@ > L(G),.
el
That is, I’ (G) decomposes as therrthogonal direct sum of irre-
ducible subspaces, and each n € G occurs with multiplicity d, .

The analogue of the Fourier series for a functionA fe€ L2(G) can
now be defined as follows. The character of © € G is the element
of L*(G), defined by

0, (x) = trace =n(x), x €G.






