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1. INTRODUCTION

It is some years since a research level book on “pure” cate-
gory theory has appeared, and perhaps that is sufficient reason
to review it here. Category theory was invented in the 1940s by
S. Eilenberg and S. Mac Lane and has gone through a number of
transformations since then. At one point, it appeared to be part
of homological algebra, while at another point, topos theory swept
away all other concerns. It may be that the intensity with which
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these topics were investigated used up the available results, or it
may be that fashions simply changed. The present book contin-
ues a different long tradition in category theory, beginning with
Gabriel and Ulmer in 1971 and Artin, Grothendieck, and Verdier
in 1972, and continuing through the work of Makkai and Reyes
[12], 1977, Diers [4], 1980, and Guitart and Lair [7, 8, 11], 1980-
1981, to mention only the major contributors. It is concerned
neither with homological algebra nor with topos theory, but in-
stead, it seeks to unify several trends in category theory that were
always viewed as somewhat peripheral to the main concerns of the
day; namely, locally presentable categories, 2-categories, sketches,
and categorical logic. It has prompted some thoughts about history
and mathematics.

2. THE ROLE OF HISTORY IN MODERN MATHEMATICS

“The business of mathematicians is to prove theorems.” This
view was promulgated by mathematicians of the generation of my
teachers; that is, those mathematicians who were active during and
after World War II. (My degree was in 1957.) What this slogan
means is that mathematicians, especially young ones, should not
think too much about many aspects of their work which an outsider
might consider important, such as: where does their particular
topic come from, what is it good for, what other relevant work is
there other than obvious sources, what is it really about, etc.

It is certainly true that spending overly much time investigat-
ing the history of previous work can get in the way of making
new advances. So, “don’t worry about it,” is what we, conditioned
by our own history, tell PhD students; just do your work—prove
your theorems—get a degree—there is plenty of time later to worry
about the “meaning of it all.” The argument for this slogan is that
it works. It may produce a lot of dross, but every once in a while
there is a gem. The main practical defense for this line of reasoning
lies in arguments about “the unreasonable effectiveness of mathe-
matics.” Just when scientists or engineers need some new kind of
mathematics, there it is, developed either long ago or recently by
mathematicians who worked on the required mathematical struc-
tures just for the joy of it. Furthermore, it seems that efforts to
concentrate on specific problems from science or engineering usu-
ally do not produce “good” mathematics. Mathematically, such
concentration leads to results that are too specific to be of further
interest.
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On the other hand, there is the equally familiar assertion that
mathematicians have been on an ego trip for the last twenty or
thirty years—meaning that they are pretty much useless in general
scientific discourse because they just want to feed on their own
work and let the rest of the world go by. The theories that are
constructed are so general that the path from them to anything that
conceivably could concern the rest of the world is impossibly long.
From this viewpoint, much of current mathematics is irrelevant,
particularly in subjects like algebraic topology, algebraic geometry,
and category theory. Category theory is especially suspect just
because it searches for unifying trends and common threads in
various branches of mathematics, which appears to add another
level of abstractness to the whole subject.

The problem here lies in a strange isolation and provincialism
of mathematics as a whole. I would distinguish three kinds of
provincialism: historical, scientific, and mathematical.

(i) Historical provincialism means ignorance of the continuing
flow and interplay of mathematical developments and science over
a span of decades or centuries.

(ii) Scientific provincialism means ignorance of the interrela-
tions between mathematical work and work going on in scientific
and engineering fields.

(iii) Mathematical provincialism means ignorance at the most
basic level of developments in mathematics outside the realm of a
particular mathematical speciality.

How is one to balance the need to be absolutely knowledgable
about mathematical developments in one’s own field, develop-
ments which have not yet even appeared in preprint form, with the
equally pressing need to be part of a larger, coherent mathematical
culture? The existing mathematical culture is so vast and diverse
that no one can hope to be conversant with more that a small part
of it. Thus, mathematical provincialism seems to be a necessary
prerequesite for serious advances in research. But it can happen
that mathematical work never gets beyond preprint form, or pub-
lication in a journal with very restricted circulation. In this age of
financial crunch for libraries, when even the UTUC with one of the
biggest mathematical journal libraries in the world is steadily cut-
ting back on journal subscriptions, only main-stream papers have
a chance at wide circulation. (Perhaps this problem will be solved
by electronic publication, but it has not happened yet.) This means
that early work on what is later perceived as a main-stream topic
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may be lost, or at least misplaced. This is an interesting aspect of
the present book (see below). From the point of view of current
research, knowledge in a book is dead, but a book at least pro-
vides a context. In fact, by the time a particular piece of work
in a rapidly developing field has appeared in published form, it is
already too late to contemplate contributing to the future develop-
ment of this work. Physicists at least commission review articles
to codify advances that are thought to be worth adding to general
knowledge. Mathematicians have conferences, colloquia, visiting
lecturers, and occasional review articles that somehow elude topi-
cality, etc. But, all too often, these attempts at building a general
mathematical culture are “context-free” in the sense of not being
placed in a mathematical context, much less being placed in a more
general scientific cultural context.

The mathematical community is not even close to solving the
problem of mathematical provincialism, much less that of scien-
tific and historical provincialism. It is not even clear that a solu-
tion is desired, or desirable. Scientific provincialism and historical
provincialism are overcome only by a few individuals. The equally
context-free education we offer our graduate students serves to per-
petuate this tradition by handing on from one generation of math-
ematicians to the next the idea that there is no cultural tradition
in which they are expected to participate. For a discussion of pi-
oneering effort to ameliorate this condition, see [3].

There is also the problem of fashion. So called good mathe-
matics, at a particular time, often means that which is currently
fashionable. In category theory, homological algebra was fashion-
able and then topos theory had its turn. Right now, it may be
that categorical computer science is becoming fashionable, at least
in certain categorical and theoretical computer science circles. As
in all aspects of human existence, what is fashionable is deter-
mined by certain leaders of fashion. Sociology has yet to explain
how these leaders achieve their rank, but their existence cannot
be denied. In mathematics, we like to think that leadership fol-
lows merit, and often, but not always, that is so. Fortunately, the
sources of funding for mathematics are relatively uncontaminated
by the urge to build large empires devoted to a single subject, so
we are spared embarrassments like that being suffered by the as-
tronomers.

As an example of fashion and empire building, consider the
Weil conjectures, which were proved in 1974 by Deligne after a






