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The ties between holomorphic functions and the distributions
of Laurent Schwartz originated long before distributions were even
discovered. According to Daniele Struppa [15] it was Francesco
Severi who in 1924 suggested to Luigi Fantappig to study the func-
tional which associates with a function its derivative at some point,
i.e., what we call now the distributional derivative of the Dirac
measure.

Inspired by this suggestion, Fantappie created the theory of ana-
lytic functionals [3]. He considers holomorphic functions f, each
having as its domain of definition M a region of the Riemann
sphere P (C). It is assumed that M # P, (C), and if the point at
infinity @ belongs to M, then f(w) = 0. An analytic line is a
function y(¢, z) of two variables, holomorphic in each variable.
An analytic functional is a map F which associates with each f
a scalar F[f] such that if F acts on the analytic line y(z, z)
considered as a function of ¢, the resulting function F[y(-, z)]
shall be holomorphic in z. A particular analytic line is given by
s--L, and F|[5--L] is called the Fantappi¢ indicatrix of F .

The Portuguese mathematician José Sebastido e Silva, who stud-
ied in Rome during several years, made the first attempt to apply
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the methods of modern linear functional analysis to Fantappié’s
theory [10]. He considers a fixed closed subset C of P,(C) and
the holomorphic functions f defined in some neighborhood U
of C. In the set of all pairs (f, U) he introduces the following
equivalence relation; (f, U,) ~ (f,, U,) if there exists an open
neighborhood U of C contained in U NU, such that f| and f,
coincide in U . He calls an equivalence class “an analytic function
attached to the set C ”[12, §16]; it is now called a germ of an ana-
lytic function on C. In the vector space H(C) of these germs he
defines the convergence of a sequence (f,) to f as follows: there
exists an open neighborhood U of C on which all the functions
f, and f are defined and bounded, and f, tends to f uniformly
on U [12, §17]. An analytic functional can then be defined as a
continuous linear form on H(C).

In the meanwhile distributions were discovered, and related to
them the theory of locally convex spaces, in particular of (Z%)-
spaces, was developed. G. Kothe [8], A. Grothendieck [4], and the
Brazilian mathematician C. L. da Silva Dias [13] simultaneously
saw the possibility of applying the new concepts to the ideas of
Sebastido e Silva. Let C be, as above, a closed subset of P,(C),
and A4 its complement in P (C). Denote by H(A4) the vector
space of all holomorphic functions in 4. Consider a sequence
(K,) of compact subsets of 4 such that each K, is contained
in the interior of K, _,, and K, = 4. The sequence of norms
l/Nl, = sup,cx |f(2)| defines a metrizable, complete, locally con-
vex topology on H (A4), i.e., H(A) is a Fréchet space. It is even
a Montel space (i.e. every bounded subset is relatively compact),
and therefore reflexive. On H(C) one defines a topology as fol-
lows: Let (U,) be a decreasing sequence of open neighborhoods
of C such that U, = C. Denote by H(U,) the vector space
of all functions holomorphic in U, and continuous on its closure
U,. Equipped with the max-norm, H(U,) is a Banach space.
There is a natural map j,: H ('(7”) — H(C) which associates with
each element of H (Un) the germ on C it defines, and one puts
on H(C) the finest locally convex topology for which the j, are
continuous. The convergence on H(C) introduced by Sebastido e
Silva is the convergence in the sense of this topology.

Let F be a continuous linear form on H(C). For each z € 4
the function
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2niz—t
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defines an element of H(C), and the Fantappi¢ indicatrix

ﬁ(z):F[L. L ]

2riz—t
is an element of H(A). Given any f € H(C) there corresponds

to it a function, also denoted by f, defined in some neighborhood
U of C, and

FIfl= /r F(2)f(2)dz,

where I is a finite system of closed curves in U N A4 surrounding
C. Themap F — F isan isomorphism of H(C)' equipped with
the strong topology onto H(A4).

Let now C be a simple closed analytic curve not going through
. Then H(C) is a dense subspace of the space &(C) of in-
finitely differentiable functions on C, hence the transpose of the
injection H(C) — &(C) is an injective map from the space &' (C)
of distributions on C into H(C)' = H(A). Koéthe points out that
the elements of H (C)' are more general than distributions [9, p.
15]; it is therefore surprising to read in [1]: “C’est Sato qui le pre-
mier a étudié des fonctions généralisées définies a priori comme
“valeurs au bord” de fonctions holomorphes.” Kothe calls the el-
ements of H(C)' boundary distributions (Randvertellungen) for
the following reason: If F € H (C)', then F is a pair of functions
(F1 , F ») » Where F is defined in the domain 4, inside C, and F
in the domam A4, outs1de C. Letfora moment C be the unit cir-
cle |z]=1, s0 Al ={z;|z| <1} and 4, ={z;|z| > 1}. Choos-
ing 0 < r < 1, the functions ¢ — fl(rt) and ¢t — ﬁz(t/r) are
elements of H(C), and can be considered as elements of H(C)'
through the map which with g € H(C) associates the linear form
f— [cf(t)g(t)dt. Then fl(rt) + Fz(t/r) converges in the sense
of the topology of H(C)' to F as r — 1. The general case, when
C is not the unit circle, is taken care of by a conformal mapping,
which takes the circles |z| = r and |z| = 1/r into certain curves
I', and T, respectively.

Not only the elements of H(C) but any continuous function f
on C can be considered as an element of H(C)', and therefore
we can consider its Fantappi¢ indicatrix f = (f,, f;), where

fl(z)—zm/ f(t) dt Z€EA,
5(2) = 27”/ f(t) dt,  zed,
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The Slovenian mathematician J. Plemelj proved in 1908 that if f
is Holder-continuous and z tends to a point ¢ € C, then

lim f,(z) - lim £,(z) = f(¢)
and )
lim £, (¢) + lim £,(¢) = n—l.'up/c {(_i)t dt,

where vp indicates the Cauchy principal value of the integral.

The first half of the book under review is concerned with the
analogues of the above considerations when C is replaced by
the real line R, and also with the distributional analogue of the
Plemel;j relations. The pioneering work was done by Kothe’s stu-
dent H. G. Tillmann, and continued by his students, the Mainz
school: G. Bengel, P. P. Konder, R. Meise, E. Schmidt, D. Vogt,
and W. Wild. An account of their work, with references, can be
found in [11]. The book surveys in a fairly self-contained way most
of these results, and also the extensive work done by the authors
themselves.

The representation problem for a distribution 7 € 2'(R) con-
sists in finding a function F “locally” holomorphic in C\R such
that

(1) (T, p)=lim / LF (x + ie) — F(x — i&)]p(x) dx

for appropriate test functions ¢ . The adverb “locally” is meant
to indicate that F is in fact a pair (F,, F,) of holomorphic func-
tions, one defined in the upper and one in the lower half-plane.
The solution is simple if T € & ’(R) , i.e., T has compact sup-
port, since then one takes for F the Fantappi¢ indicatrix T of T
defined by

@ 7(2) = 37 (T 725 )-

The authors call 7 the Cauchy integral of 7 ; the name Stieltjes
transform would also be justified, and the expression
1 1
2nit—z
is the Cauchy kernel. The linear map which associates with F the
distribution T given by (1) is a surjection from the space H(C\R)
of locally holomorphic functions satisfying |F(z)| < M|y|™"
(z=x+iy,y#0,M >0,v > 0) onto &'(R). Its kernel is
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the subspace Hy(C) of those F for which F, and F, have the
same boundary values on R and can therefore, by a theorem of
Painlevé (a distributional version of which is proved in the book),
be extended to an entire function. The resulting isomorphism

3) &'(R) ~ Hy(C\R)/H,(C)

has far-reaching consequences.

Tillmann proved the existence of functions F representing tem-
pered distributions, some other classes of distributions, and finally
the most general distributions. The authors also consider the rep-
resentation of distributions belonging to a certain space @’; intro-
duced by Bremermann.

A completely different connection between Schwartz distribu-
tions and functions of complex variables was discovered by
L. Ehrenpreis. The Fourier transformation # maps the Schwartz
space . (R") of rapidly decreasing infinitely differentiable func-
tions isomorphically onto itself. It maps the subspace 2 (R") of
functions with compact support onto a subspace Z(R") which by
the Paley-Wiener-Schwartz theorem consists of restrictions to R”
of entire functions of exponential type on C" and which therefore
satisfies Z(R") N Z(R") = {0}. On Z(R") Ehrenpreis defines a
locally convex topology such that & is a topological isomorphism
from 2 (R") onto Z(R"). This makes it possible to introduce the
dual space Z '(R”) , and by transposition the Fourier transform of
any distribution which will be an element of Z'(R"). This concept
helped Ehrenpreis to prove the existence of a fundamental solution
of any linear partial differential operator with constant coefficients
[2). The elements of Z'(R") are called sometimes ultradistribu-
tions, sometimes analytic functionals, and they were introduced
independently also by Gel'fand and Shilov.

Another development was the definition by Laurent Schwartz of
the Laplace transformation in a paper published in 1952 in honor
of Marcel Riesz, which he included as Chapter VIII of the 1966
edition of his book on distribution theory. Let us denote by z =

(zy5...,2,) =x+iy apoint of C" where x = (x,,...,x,) €
R', y=@,....,»)€R and z; =x;+iy;, (1<j<n). If
t=(t,...,t,) €R" then y-t=yt,+---+y,t, and z-t =

z,t; + -+ z,t, . The Laplace transform ZT of T € @'(R") is
defined for all z € C” such that x € R” and y belongs to the set






