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In the early 1970s many mathematicians, especially number the-
orists, learned that they were secretly in love with GL(2). This
circumstance was brought to light in large part by the publication
in 1970 of the book Automorphic forms on GL(2) by H. Jacquet
and R. P. Langlands [JL]. The last year has seen the publication of
no fewer than three introductory books, with completely different
tables of contents, on the subject of Jacquet-Langlands’ formidable
monograph: Modular forms by T. Miyake, Hilbert modular forms
by E. Freitag, and the book under review. Of the three, Miyake’s
book, which treats only the case of GL(2, Q), is closest in con-
tent, if not in spirit, to Jacquet-Langlands; Freitag and Garrett
cover much of the same ground but have quite different destina-
tions in mind.
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The stated purpose of Garrett’s very readable book is to review
older, mostly German material in the light of “modern methods,”
and to provide the technical background for some more recent
work, of special interest to number theorists, on the arithmetic of
L-functions. Garrett’s “modernism” views automorphic forms as
functions on adéle groups, and in this his framework most con-
spicuously diverges from those of Miyake and Freitag, as well as
from Shimura’s classic Introduction to the arithmetic theory of au-
tomorphic functions [Sh], the obvious point of comparison for any
introductory text on the subject.

The adéles are now an object in their own right, without which
modern number theory would be inconceivable. But in the be-
ginning they were a technical device for encoding the observation
that, in the arithmetic of global fields (i.e., number fields or fi-
nite extensions of the field k(7T), where k is a finite field), all
absolute values, whether archimedean or p-adic, should be con-
sidered equally important. If F is a global field, then the adéle
ring A, is the ring whose elements are infinite vectors (a,) , where
v runs through the set of inequivalent absolute values ||, on F,
a, belongs to the completion F, of v with respect to v, and
la,l, <1 for all but finitely many v. Then F imbeds naturally
as a subring of Ay, so if G is an algebraic group over F, then
the group G(A;) of Ap-valued points of G is defined. In par-
ticular, the multiplicative group A; of A, is called the group of
idéles; Ay consists of (a,) such that a, # 0 for all v, and such
that |a,|, = 1 for all but finitely many v. Thus the idéle norm
l(a )l =1, |a,l, is well defined.

An (adélic) automorphic form on GL(2) over a global field F
is a complex-valued function f on the adéle group GL(2, Ap)
which is locally constant in the nonarchimedean variables, C* in
the archimedean variables, and which satisfies the following addi-
tional conditions, introduced by Harish-Chandra in the context of
automorphic forms on real Lie groups:

(i) f(vg)=f(g) forall ye GL(2, F), g € GL(2, A),

(ii)) Let G, = GL(2, F ®QR) C GL(2, Ay), g the complexified
Lie algebra of G, and Z(g) the center of the universal envelop-
ing algebra U(g) of g. Let K be a maximal compact subgroup
of G . Then Z(g) (resp. K_) acts by left-differentiation (resp.
left-translation) on the space of smooth functions on GL(2, A;),
and the Z(g)-module (resp. K_-module) generated by f is finite-
dimensional.
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(ii1) f is slowly increasing with respect to a certain natural norm
on GL(2,Ap).

Ask a specialist to point to an automorphic form and you will
probably be shown one of the two basic examples treated in Gar-
rett’s book:

(1)

Eh,s, g) = > h(yg)-la(yg)l’ (an Eisenstein series)
yEB(F)\GL(2, F)

or

(2) 8(p,8)= )Y (r(g)9)(v) (atheta series).

veV(Q)

This notation requires explanation. Let B = {(3:
upper triangular Borel subgroup of GL(2), N = {(}

)} be the
1)
any g € GL(2, A;) has an Iwasawa decomposition

} C B;

g=n(e)-|“¥ ) ke (@)

with n(g) € N(Az), a(g) € A; , k(g) e K_-TIGL(2, &,) (here
the product runs over all nonarchimedean places v of F, and &,
is the maximal order at v), and z(g) a diagonal matrix. The idéle
a(g) is not uniquely determined, but its idéle norm ||a(g)|| is, and
the formula for the Eisenstein series makes sense and converges
absolutely if 4 is a smooth function on B(F)-N(Ap)\GL(2, Ap)
which transforms on the left by a character of B(A;)/N(Ap), and
s is a complex number whose real part is sufficiently large.

The theta series is written as in Weil’s papers on the meta-
plectic group and Siegel’s formula. Here for simplicity F = Q,
and V is a Q-vector space of even dimension, endowed with a
positive-definite quadratic form. To any nontrivial character
of the compact group AQ/Q, Weil associates an action ry of
SL(2, Agy) on the space S(V,) of Schwartz-Bruhat functions on
Vy =V ®q Aq- This action can be extended naturally to a sub-
group G° of finite index in GL(2, Ay). If ¢ € 5(V,), then the
formula (2) converges absolutely and defines a function ©(¢, g)
on G°. An application of the Poisson summation formula shows
that ©(¢, g) is left-invariant under G’n GL(2, Q); it is then
easy to extend ©(¢, g) to an automorphic form on GL(2) over
Q. In Garrett’s book theta series serve as nontrivial examples
of cusp forms; whendim(V) = 2, Garrett constructs the theta
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functions attached to Hecke characters of totally imaginary qua-
dratic extensions of F .

The algebra U(g), the group K__, and the group GL(2, Aﬁ) of
nonarchimedean adéles in GL(2, A;) act by left-differentiation
and left-translation, respectively, on the space 2. of automor-
phic forms on GL(2) over F. Since Jacquet-Langlands, the ba-
sic object of study has been the automorphic representation of
GL(2, F): a subspace m of 2, (more generally, a subquotient
of ) which is invariant and irreducible with respect to the com-
bined action of U(g), K, and GL(2, A,f,). Most important
are the cuspidal automorphic representations, those which cannot
be embedded as subquotients of the representations constructed
from Eisenstein series. The vectors in 7 are, of course, auto-
morphic forms, and are cusp forms when =# is cuspidal; they
are Hilbert modular forms when F is a totally real number field.
The name “Hilbert modular form” is often reserved for holomor-
phic elements of 7#, when such exist, but following the title of
Garrett’s book, we make this into an extra condition. Thus, if
F is totally real of degree d over Q, the identity component
K' of K_ is isomorphic to SO(2)?. The representations of

K:o are thus parametrized by Z¢. If © contains an irreducible
U(g) x GL(2, A})-submodule " whose restriction to K lies
in the octant (Z>0)d , then 7 is said to be of holomorphic type.
Then 7™ contains a representation K:o of smallest parameter
k=(k,, k,, ..., k;), with each k, >0, and the elements of 7"
with parameter k are called holomorphic Hilbert modular forms
of weight k.

A standard change of variables identifies a holomorphic Hilbert
modular form as above with a more familiar object. Let § denote
the upper half-plane in C, and let 0;, i =1, ..., d, denote the
real embeddings of F. The identity component GL(2, R)* of
GL(2, R) acts on b by linear fractional transformations. If we
denote by GL(2, F)* the subgroup of y € GL(2, F) such that
g,(y) € GL2,R)*, i=1,...,d, GL(2, F)* then acts on b’
by the formula

¥(@) = (0,(1)(2,), ..., 0,(0)(2y) fz=(z,,..., 2,).

Then we may identify holomorphic Hilbert modular forms with
functions f = f(z, g), z € l)d, g€ GL(2, Aﬁ), holomorphic in
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z, locally constant in g, and satisfying the functional equation
d
k;
3 fO@,r8)= (H(cjzj+d,-) ’) -f(z, 8),
j=1

whereaj(y)=[‘;f bf] j=1,...,d.

. d.

i %
Then f has the following Fourier expansion:
(4) f(z, 8) =D W,(f,ge™™"

a€EF

where a-z = Z ;=10;(a)z; and the Whittaker function W,(f, g)
has a factorization over the finite primes

(5) W,(f, ( HW o> &)

Then f is a cusp form iff Wa(f, g) =0 unless g;(a) > 0 for
all . Formula (3) is the definition which best lends itself to
arithmetic applications, whereas the group theoretic formalism is
more convenient for nearly everything else. Much of Garrett’s
book is taken up with exhibiting the relative advantages of the two
approaches.

The subordination of the classical theory of Hilbert modular
forms to group theory did not begin with Jacquet-Langlands. The
equivalence of the theory of Hecke operators with that of spher-
ical representations of GL(2, Q,) was first observed in the late
1950s. At the Boulder conference of 1966, Satake explained how
the Ramanujan-Petersson conjecture on the Fourier coefficients of
modular forms could be formulated naturally in terms of the clas-
sification of unitary representations of GL(2, Q,) [Sa]. By the
time Jacquet-Langlands appeared, the influential book [GGP] of
Gelfand, Graev, and Piatetski-Shapiro, as well as the papers of
Weil mentioned above, had already argued persuasively in favor
of the adélic approach.

The principal innovation of Jacquet-Langlands was the system-
atic use of representation theory to attach L-functions to auto-
morphic representations, and to derive their analytic properties.
An automorphic representation 7 of GL(2, F) is isomorphic to
a (restricted) tensor product @, #,, where v runs through the
places of F and x, is an irreducible representation of GL(2, F,)
(v nonarchimedean) or the enveloping algebra of the Lie algebra
of GL(2, F,) (v archimedean). Each =, is admissible, which






