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GEODESIC FLOWS, INTERVAL MAPS,
AND SYMBOLIC DYNAMICS
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1. INTRODUCTION

Geodesic flows and interval maps are two topics in the theory of
dynamical systems with a long mathematical history. The first of
these seems to have originated with Jacobi who related the flows
to the study of Hamiltonian systems (for a detailed description
of the connection, see [CFS]). The second arises in diverse set-
tings, such as the modelling of population genetics [Ma] and the
frequency count of digits in continued fraction expansions [Bi].
In both subjects the main problem is to describe the distribution
of orbits. Thus we wish to know how the geodesics spread over
the manifold containing them and how iterates of points under
an interval map vary over the interval. Ergodic theory provides
answers to these questions, particularly the notions of ergodicity
and invariant measure which will be elaborated below.

At first sight the two topics seem unrelated, geodesic flow being a
continuous time action and interval map a discrete one. Neverthe-
less, we shall relate them and their associated symbolic dynamics
when the flow takes place on a compact surface of constant nega-
tive curvature. In this case we use a graphic approach enabling us
to find a series of reductions from geodesic flow to interval map.
In relating the topics, we show how each sheds light on the other.
We use ergodicity of interval maps to prove ergodicity of flows and
conversely. Furthermore, explicit formulas for invariant measures
of interval maps can be derived from invariant measures for flows.
This fact is interesting as there is a paucity of explicit formulas for
invariant measures of interval maps.

The steps in our reduction scheme are known to exist abstractly.
However, for the dynamical systems considered here, the reduc-
tions are carried out by means of elementary geometry. Our graphic
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approach puts into evidence certain facts not easily discernible
otherwise, e.g. the existence of a Markovian partition and of fac-
tors for the cross section map which we associate with the flow.
An attractive feature of our graphic approach is that it renders
concrete, by means of simple geometric examples, many abstract
notions of ergodic theory. However, the method seems intrinsi-
cally two-dimensional and it is not clear how to extend it to higher
dimensions.

We describe in detail the main concepts employed in our work,
obtaining at the same time an overview of the paper.

Ergodicity. The ergodic theorem describes the long term average
behavior of certain systems evolving in time. The theorem has
two versions, a discrete and a continuous one. We first describe
the discrete one.

Let X be a measure space—meaning there exists a nonnegative,
not identically zero, countably additive measure m assigned to
certain subsets of X which are designated as measurable. We
assume from now on that all sets under discussion are measurable.
A transformation T of X to itself is measurable if for any set E,
sois T'E = {x: Tx € E}. If, in addition, m(T~'E) = m(E),
then T is measure preserving. A measurable transformation 7 is
ergodic if 77'E = E implies either m(E) =0 or m(X —E) =0.
We assume X to be o-finite, i.e. X is a countable union of sets
of finite measure. Let T"(x) denote the nth iterate of x € X
under T, with T°(x) = x. The sequence {T"x} is called the
T-orbit of x.

Ergodic theorem (discrete version). (i) Let T be a measure preserv-

ing transformation of X . Then for any integrable function f(x),
| V=l .

(1.1) A}Egoﬁ ngof(T x) exists for almost all x € X.

(ii) If, in addition, T is ergodic, then the limit in (1.1) equals
the constant (1/m(X)) [ f(x)dm(x).

In (1.1) the phrase “for almost all” refers to the invariant mea-
sure m (this meaning is adopted throughout the paper).

The ergodic theorem asserts that if 7T is ergodic, then for al-
most all x the time average lim,__(1/N) Zﬁ:’:—ol f(T"x) equals
the space average (1/m(X)) [ f(x)dm(x) . Ergodicity of T is cru-
cial for this fact. Indeed it is easily shown that (1.1), with right
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side equaling (1/m(X)) [ f(x)dm(x), implies ergodicity. In the
special case when f is the indicator function x. of a set E of
finite measure and 7T is ergodic, (1.1) gives the following formula
for the frequency of visits of T-iterates to E:

lim {n: T"x € E,0< n< N}| _ m(E)
N—oo N m(X )
where |-| denotes cardinality of a set.

We generalize (1.1) to the continuous case. Let {7,(x)}, 0 <

t < oo, be a one-parameter family of measure preserving transfor-
mations of X which form a semigroup. This means that T;,(x) =
x and T, (x) = T oT,(x) for s,¢t >0, T oT, denoting the
composition product. {7,} is a measurable flow on X if, for any
measurable function f(x) on X, f(T,x) is measurable on the
product space R x X, R denoting the real line. If, in addition,
T, is measure preserving for all ¢, then {7,} is a measure preserv-
ing flow on X . A measurable flow {7,} is ergodic if TZ'IE =F
for all ¢ implies either m(E) =0 or m(X — E) = 0. For given
x, the set {T,(x)}, 0 < ¢ < oo, is called the T,-orbit or flow
line through x. Both measurable transformations and flows are
referred to as measurable dynamical systems.

for almost all x € X

Ergodic theorem (continuous version). (i) Let T, be a measure
preserving flow on X . Then for any integrable function f(x),

t
(1.2) tlirglo % / f(T,x)du exists for almost all x € X.
- 0

(ii) If in addition, {T,} is ergodic, then the limit in (1.2) equals
the constant (1/m(X)) [ f(x)dm(x).

The ergodic theorem asserts that if {7} is ergodic, then for al-
most all x, the time average lim,_, _(1/7) fot Sf(T,x)du equals the
space average (1/m(X)) [ f(x)dm(x). In the special case when
f=xg, mE)<oo,and T is ergodic, (1.2) gives the following
formula for the proportion of time spent by 7,-orbits in E:

. Mu:T,(x)eE,0<u<t} m(E)
Toono z = m(X)
where A denotes Lebesgue measure on the real line.

In practice, ergodicity of transformations and flows becomes
difficult to check, thus limiting the applications of the ergodic the-
orem. It is therefore of interest to obtain examples for which

ergodicity can be verified. We describe a class of flows for which
this is the case.

for almost all x € X
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FIGURE 1.1. Geodesic flow.

Geodesic flows. Let S be a compact n-dimensional Riemannian
manifold and S its unit tangent bundle. For a given vector u €
S with base point p € S, let y be the unique geodesic passing
through p and tangent to u. Parametrize y as y(¢), ¢ being arc
length along y measured from p. Let G,(«) be the unit tangent
to y at y(t), —oo <t < oo, as shown in Figure 1.1.

The set of homeomorphisms of S: u — G,(#), —oo <t <00, is
called the geodesic flow on S. For given u, the curve § = G,(u),
—00 < t < 00, is called a flow line or G,-orbit in S (observe that
7 consists of unit tangents to y and is to be distinguished from
y). Liouville’s Theorem asserts that the geodesic flow preserves
the measure m on S induced on it by the metric of S. We refer
to m as the Liouville measure and, for S of constant negative
curvature, as the hyperbolic measure.

In the case where S is of negative curvature, Hedlund and Hopf
have shown the geodesic flow to be ergodic [H, Ho].

In the sequel we limit ourselves to S 2-dimensional and of
constant negative curvature. In this case our graphic approach
enables us to reduce the subject of geodesic flows to that of interval
maps.

Interval maps. This subject deals with the behavior of the iterates
of amap f(x) of an interval I to itself. We may assume I to be
the unit interval. We also assume that f(x) is noninvertible and
piecewise continuous. The subject centers mainly on two problems
(i) proving existence of an f-invariant measure m equivalent to
Lebesgue measure A—equivalence meaning that m and A have
the same sets of measure 0. (ii) proving ergodicity of f.

Observe that since m and A are equivalent, the phrase “for
almost all x” in (1.1) refers to either m or A. It is a simple
consequence of the ergodic theorem that any finite measure m
satisfying (i) and (ii) is uniquely determined up to a multiplicative
constant.

We give several examples of interval maps. Let (a) f(x) = (2x),
where (-) denotes the fractional part; (b) f(x) = (Bx) where
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B =(1+v5)/2;(c) f(x)=(1/x); (d) f(x)=(1/1-x). The
graphs of these functions are depicted in Figure 1.2.

The above maps are among those rare cases for which an explicit
formula is known for the invariant measure. We have (a) m is
Lebesgue measure; (b) dm = fdx, 0<x < B~',and dm =dx,
B l<x<1;(c) dm=dx/(1+x);(d) dm=dx/x.

Formulas (a), (b) are easily guessed. (c) is a famous formula
due to Gauss and (d) is due to Renyi [R]. The measures (a)-(c)
are finite and (d) is infinite. (c) is called the continued fraction map
because of its relation to continued fractions (for the relation and
some interesting consequences about continued fractions, consult
[Bi]). The graph of (d) is obtained from that of (c) by reflecting
about the line x = 1. Hence we call it the backward continued
Sfraction map.

In this paper we deal exclusively with Markovian interval maps
defined below. For this case we prove in Appendix B a theorem
of obscure origin, which we refer to as the folklore theorem, giving
conditions guaranteeing that (i), (ii) hold and that m be finite.

Let X be a one dimensional space—i.e. an interval or a circle—
and {I;} afinite partition of X into subintervals. Let f: X — X

1/
0 1 0 1
0 1/2 0 1/p 1
(a) ®
2\ 1 1 |2
01748 12 1 0 1/213/41
1/3 2/3
© d

FIGURE 1.2. Interval maps.






