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GLOBAL ORDER FROM LOCAL SOURCES 

CHARLES RADIN 

1. INTRODUCTION 

This article contains introductions to three open problems of 
significant research interest, taken from number theory, logic, and 
condensed matter physics. All three problems will be shown to 
have at their core special cases of one simply-stated optimization 
problem. Our goal is to use the intuition gained from these three 
perspectives to direct attention to this common core, which consti­
tutes, in fact, one problem of remarkable depth and importance. 
We will also show that some of the tools developed in the separate 
problems are of real value in the others. 

Since each of the three problems uses jargon peculiar to its field, 
we will give an informal introduction to each, together with all 
relevant definitions, in the following section. However it may be 
useful to include here a very brief description of each of them to 
give some idea of our eventual goal. 

Our first problem is "sphere packing," in which we consider ar­
rangements of infinitely many unit diameter spheres, each sphere 
having a variable position in R , and try to determine those "opti­
mal" arrangements in which the spheres are disjoint and yet occupy 
the largest possible fraction of space. 

The problem from logic was originally concerned with the "de­
cidability of AEA formulas." It then expanded to the area now 
known loosely as "tiling theory," in which one analyzes the tilings 
of the plane which are possible from a given set of tiles. Neigh­
boring tiles must satisfy color (or matching) rules, and we try to 
optimize agreement of these rules. 

From physics we consider the "crystal problem." Here the con­
cern is to understand why real matter seems, experimentally, to 
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have a strong tendency to have crystalline order at low temperature 
and high pressure. The problem is modeled using the equilibrium 
statistical mechanics of interacting particles, and a concise way to 
summarize that theory is that the state of the particles must be a 
minimum of the free energy. 

A common theme for all three problems is that they involve a 
system of many objects (spheres, tiles, particles) each of whose 
position in space has some influence on the others nearby, and 
we seek those arrangements in space of the objects which opti­
mize something (density, agreement of matching rules, free en­
ergy). One remarkable feature which generates interest in these 
problems is the conviction, based on a variety of evidence, that 
in optimal arrangements the objects tend to be very regularly po­
sitioned in space—although the mechanism causing this tendency 
is completely unknown. This will be formalized in §3, leading to 
natural measures of "regularity" or "order." 

In the above snapshots of the problems we have used the jargon 
of the relevant fields. In the next section we will flesh out the snap­
shots with the appropriate definitions needed by a nonspecialist. 

2. THREE OPEN PROBLEMS 

2a. Sphere packing.1 In sphere packing we try to find that arrange­
ment in space of unit diameter spheres or balls which are nonover-
lapping and yet cover the highest possible fraction of space. (This 
is part of problem 18 in Hubert's celebrated list of open problems 
[17]. A solution has recently been announced by Wu-Yi Hsiang, 
though no manuscript is generally available yet.) 

First let us be more precise about the meaning of "cover the 
highest possible fraction of space." Take the balls to be open— 
that is, translates of {{x{, x2, x3) e R3 : x\ + x\ + x\ < 1/4}— 
and, given an arrangement A of infinitely many disjoint balls, 
consider an increasing sequence S(n), of spheres of radius n, all 
centered at the origin in R . Let d{A) (the "density of A ") be 
the fraction of the volume of S(n) which is contained in those 

*In the Spring of 1990, W.-Y. Hsiang announced a solution of the 3-dimensional 
packing problem. As is frequently the case in such matters, the original writeup was 
somewhat sketchy, and it was not seen as fully convincing. As this article goes to 
press, Hsiang has circulated a far longer and more detailed paper that is currently 
being scrutinized by experts, so while this long outstanding conjecture may perhaps 
soon be considered a theorem, the jury is still out on the matter. 
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balls of A which are inside S(n), asymptotically in n , namely 

volume of balls of A in S(n) 
d(A) = liminf-

volume of S(n) 

What is then desired is the supremum of d(A) over all possible 
arrangements A, and those "optimal" arrangements A' such that 
d{A!) - sup^ d(A). (It is not hard to see that such optimal ar­
rangements exist: the supremum is really a maximum.) 

The sphere packing problem is old (going back at least to Gauss 
[13]) and unsolved, though for many years it has been gener­
ally accepted [34] that one optimal arrangement (among others) 
has the centers of the balls at the points of a "face-centered cu­
bic lattice", which, using a Euclidean basis of R3, can be given 
by: {ax(0, s, s) + a2(s, 0, s) + a3(s, s, 0) : s = ^(1/2) , aj e 

Z } . (This collection of points is called a "lattice" because it is 
of the form {alvl + a2v2 H h anvn : a. e Z} for some basis 
{vx, v2, • • • , vn} of R" ; see Figure 1(a) on p. 338. Since we 
will frequently refer to the centers of balls, from now on we will 
use the word "configuration" for the set of points which are the 
centers of the balls in some "arrangement." Also, it is not hard to 
show that there are other ways to arrange spheres in R3 to obtain 
the same density as that of the "optimal" face-centered cubic lat­
tice. This degeneracy is something we will need to discuss further 
in §2d.) The simpler problem concerning disjoint unit diameter 
disks in R2 has a complicated history going back to Thue in 1910 
[39], and has as an optimal configuration the "hexagonal lattice": 
\ax{\, 0) + a2(V(l/2), >/(3/2)) : a- e Z} ; see Figure 1(b) on 
p. 338. 

Mathematical interest in sphere packing was originally due to 
a connection with minimization of quadratic forms. Specifically, 
there is a direct connection between the lattice {alvl + a2v2 -\ h 
anvn ' aj e Z} W ^ basis {v{, . . . , vn} , and the quadratic form 

j,k=\ 

in the integer variables ax, . . . , an , where i;. • vk refers to the 
inner product in Rn . Forms are called "integrally equivalent" if 
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(a) (b) Hexagonal lattice 

FIGURE 1. Two lattices in the plane, with bases (vl9v2). 

they correspond to the same lattice under a change of basis. The 
density d(A) of the corresponding lattices A is therefore an in­
variant for this equivalence, and the forms corresponding to the 
"densest lattice packing" have a natural place in this theory. (The 
difference between a "densest packing" and a "densest lattice pack­
ing" is that in the latter we only consider lattice configurations A 
when minimizing the density d(A).) Sphere packing, especially 
when restricted to lattice packings, has also played a role in coding 
theory and several other allies of number theory. For an encyclo­
pedic survey of the uses of lattice packings see [8]. 

As a separate subject the sphere packing problem owes its depth 
to the highly ordered or regular structure of the known optimal 
configurations; it is appropriate to restrict consideration to lat­
tice configurations in number theory, but not here. To clarify the 
meaning of "optimal" then, it is convenient to reformulate the 
sphere packing problem in the following terms. We have at our 
disposal many variables (the centers of the balls in Rn)9 summa­
rized in the one quantity we call a configuration. For arbitrarily 
large bounded regions R in Rn we are trying to optimize certain 
functions FR over all possible configurations A, where FR(A) is 
defined to be: +oo if there is a point of A which is both in R 
and also separated by a distance less than 1 from some other point 
of A, and otherwise FR(A) is defined to be the negative of the 
number of points of A which are in R. ( FR basically counts the 
contribution to the density of the spheres of A in R, subject to a 
"penalty" if two spheres overlap.) In these terms then, the inter-

We repeat that the conjectured optimal configuration, the face centered cubic 
lattice, is not unique; there are other configurations, which are not lattices or even 
periodic, with the same density as the face centered cubic lattice [29,8]. This 
degeneracy is not central to our discussion however [29]. The role of degeneracy 
in our problem will be discussed below. 

> / 
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esting fact is that in order to minimize the function FR for large R 
we are lead to configurations A which are highly ordered (lattices)2 

2b. AEA formulas and tiling. The relevant analysis of our logic 
problem was initiated by Hao Wang, and originally concerned the 
"decidability" of the class of all "AEA formulas" [43, 44]. AEA 
formulas are sentences that begin "For every x there exists a y 
such that for every z... ," followed by a logical combination of 
predicates not containing the quantifiers "for every" or "there ex­
ists". (For example: For every subset x there exists a least upper 
bound y such that for every upper bound z it follows that z > y.) 
And a class of formulas is said to be decidable if (informally) there 
is an algorithm by which, given any member of the class, we can 
determine in finitely many steps if the formula is consistent, i.e. 
not self-contradictory. Wang found a way to analyze this decision 
problem for the class of AEA formulas through a game he invented 
called "tiling." 

In the game of tiling one uses (an unlimited number of) trans­
lates, called "tiles," of each of a finite set of "prototiles." A tile 
or prototile is a unit square in the plane, with each edge having 
some specified color, and with edges parallel to a fixed set of axes. 
For each color there is defined a "complementary" color. The ob­
ject of the game is to cover the plane with tiles in checkerboard 
fashion (that is, abutting tiles touch full edge to full edge), with 
the condition—called the color (or matching) rules—that abutting 
edges must have complementary colors; see Figures 2(a) and 2(b) 
on p. 340. We will use the word "configuration" for a covering 
of the plane by tiles in checkerboard fashion and reserve the term 
"tiling" for a configuration in which abutting tiles also satisfy the 
color rules; see Figure 2(c). (Given a set of prototiles there may 
or may not be any tilings of course—see Figure 2(d), but there 
are always configurations. Also, note that in placing tiles in the 
plane one may translate but not rotate or reflect them from the 
prototile.) One of the remarkable features of this tiling game is 
its versatility, and much of this is due to its relation with Turing 
machines, to which we now give an informal introduction. 

A Turing machine is an imaginary computer consisting of a 
"tape," a "head," and a "program." The tape is one dimensional, 
oriented as to right and left, and consists of "cells" one of which 
is said to be "under" the head at any time. There are infinitely 
many cells to the left and right of this cell. Each cell is marked by 
one symbol from the finite set {sQ, s{, ... , sp} , and cells marked 
with symbol sQ are called "blank." The program is a permanent, 
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(c) Configuration (not a tiling) with 
fault line (dotted) 

FIGURE 2. Prototiles; complementary colors are de­
noted by bar, so 2 and 2 are complementary. 

finite, labeled list {q0, q{, . . . , qr} of "instructions" for the head, 
of which one is "current" at any given time. The instruction in 
operation at a given time is that of the "current" instruction of 
the program and may depend in its effect on the mark of the cell 
under the head. Each single operation of the machine takes one 
second for completion and is of two types; either it replaces the 
contents of the cell under the head with a given mark, then moves 
the tape one cell to the left or right, and installs a specified instruc­
tion as the next "current" instruction, or else it causes the machine 
to Halt! (permanently). We can represent the nonhalting opera­
tions by quintuples of the form (q., sj9 sk, M, qt), which means 
that if the current instruction is qt and the cell under the head is 
marked s*, then the mark in that cell is made to be sk , the tape 
is moved M (a variable taking the values "left" or "right"), and 

LZJ2 VJ 

A, B (of (a)); A unit cell is in dark 
outline 

1 2 

H2 Q 
(d) Set of prototiles which cannot 

tile the plane 


