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GEOMETRIC AND DIFFERENTIAL PROPERTIES 
OF SUBANALYTIC SETS 

EDWARD BIERSTONE AND PIERRE D. MILMAN 

ABSTRACT. We announce solutions of two fundamental prob­
lems in differential analysis and real analytic geometry, on com­
posite differentiable functions and on semicoherence of suban-
alytic sets. Our main theorem asserts that the problems are 
equivalent and gives several natural necessary and sufficient 
conditions in terms of semicontinuity of discrete local invari­
ants and metric properties of a closed subanalytic set. 

1. INTRODUCTION 

The results announced here include solutions of two fundamen­
tal problems in differential analysis and real analytic geometry, 
on fê00 functions composed with a proper real analytic mapping, 
and on formal semicoherence of subanalytic sets (a stratified real 
version of the coherence theory of Oka and Cartan). 

The composite function problem. Let q* : M —• N be a proper 
(or semiproper) real analytic mapping, and let ç>* : W°°(N) -+ 
W°°(M) denote the homomorphism of rings of 8*°° functions 
given by composition with <p. Is (p*W°°(N) closed in W°°(M) 
(where the spaces have the W00 topology)? This problem was 
formulated by Thorn and Glaeser [10]. It depends only on the 
image of cp , which is a closed subanalytic set [2, 3.5]. 

Subanalytic sets are the real analytic analogues of complex ana­
lytic and real semialgebraic sets, and share many of their important 
properties. (See, for example, [6].) But real algebraic sets already 
do not enjoy the coherence properties of complex analytic sets. 
And subanalytic sets, in general, differ in a crucial way from semi­
algebraic (or semianalytic) sets: The local topological dimension 
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of a subanalytic set and the dimensions of its local analytic and 
formal closures may all be distinct [7]. Hironaka [11] announced 
that every subanalytic set satisfies a formal semicoherence prop­
erty (weaker than that considered here or in [5, §6]) but Pawlucki 
has given a counterexample to Hironaka's assertion [15]. 

Let ^b{X) denote the ideal in âb of the formal closure of a 
subanalytic subset X of Rn , at a point b e Rn . (See Lemma 1 
below. ffb is the ring of formal power series at b.) If X is semi-
analytic, then ^b{X) is generated by the ideal sfb(X) of germs of 
analytic functions that vanish on X near b. Local properties of X 
are studied classically in terms of the variation of these ideals with 
respect to b. (For example, coherence of complex analytic X, or 
Zariski semicontinuity of local invariants like the Hilbert-Samuel 
function of ^/^(X), for complex or coherent real analytic X.) 
An important local metric characteristic of X is the relationship 
between the order of vanishing of a germ of an analytic function 
ƒ at b when restricted to X, and its order of vanishing modulo 
the formal local ideal; i.e., the relationship between the numbers 

fixb(f) = sup{/? e R: |/(.x)| < const \x - b\p, x e X}, 

vXJ){f) = max{/7 e N: ƒ e mp
b +^b(X)}, 

where m̂  denotes the maximal ideal of âb (cf. [12]). 
Our main result (Theorem 3 below) not only asserts that the 

composite function and formal semicoherence properties of a 
closed subanalytic set X are equivalent, but also gives several 
natural necessary and sufficient conditions for these properties in 
terms of the variation of the ideals ^b{X) ; for example, semi-
continuity (in a subanalytic sense) of the Hilbert-Samuel function 
of âbl^b[X), and bounds that are uniform with respect to b on 
fix b(f) in terms of vx b(f). By Pawlucki's counterexample to 
semicoherence, none of the properties of Theorem 3 holds in gen­
eral. (Pawlucki has shown directly that the composite function 
property fails for his example.) Closed subanalytic sets satisfying 
the composite function property have an important linear exten­
sion property (Corollary 4). 

The class of closed Nash subanalytic sets (see §3) is the largest 
class previously known to satisfy the conditions of Theorem 3; 
see [2-5] for proofs and for complete histories of the problems 
treated here. Theorem 3 completes the program begun in these 
articles. Every semianalytic set is Nash. If X is Nash, then for 


