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CONVERGENCE GROUPS ARE FUCHSIAN GROUPS 

DAVID GABAI 

ABSTRACT. A group of homeomorphisms of the circle satisfy­
ing the "convergence property" is shown to be the restriction 
of a discrete group of Mobius transformations of the unit disk. 
This completes the proof of the Seifert fiber space conjecture 
and gives a new proof of the Nielson realization problem. 

A Fuchsian group F is a discrete subgroup of the group of Mo­
bius transformations on the unit disc D2 in R2 . F restricts to 
a subgroup G of Homeo(5'1) which satisfies the following con­
vergence property [GM]. Given a sequence of distinct elements of 
G, then there exists x, y e S1 and a subsequence {f.} such that 
on Sl - {x, y} f. -• y, f~l -> x uniformly on compact sets. 
A group G c Homeo(5'1) with this property is called a conver­
gence group. We announce the following result. The details can 
be found in [G]. 

Theorem 1. G is a convergence group if and only if G is conjugate 
in Homeo(51) to the restriction of a Fuchsian group.* 

A Seifert fibred space is a compact 3-manifold M which is 
almost an Sl bundle over a compact surface, i.e. there exists a 
projection n : M —• TV such that for each x e N there exists 
a D2 neighborhood of x such that n~l(D2) = D2 x Sl and 
7t((r, 6X)9 (1, 02)) = (r9pOx + Q62) where p ^ O and p, q are 
relatively prime and depend on x and 6 e Rmod27t. 

Corollary 2 (Seifert Fibred Space Conjecture). Let M be a com-
pact, orientable, irreducible {i.e. every smooth embedded S bounds 
a 3-cell) 3-manifold with infinite nx, then M is a Seifert fibred 
space if and only if nx(M) contains a cyclic normal subgroup. 
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Idea of Proof. Mess [M] reduced the Seifert fibred space conjec­
ture as follows to showing that convergence groups are isomorphic 
to Fuchsian groups. If / is a cyclic normal subgroup and M 
is closed, then he first shows that the covering space of M with 

° 2 1 

fundamental group J is D x S . The action of G = n{(M)/J 
o 2 i 

on D x S via covering transformations, descends to a vaguely 
o 2 

defined action on D . It turns out that the action is (in Mess' 
words) coarse quasi-isometric to either the Euclidean plane or the 
hyperbolic plane. In the first case G is isomorphic to the fun­
damental group of an Euclidean orbifold. In the latter case G 
induces a well-defined convergence group action on the circle at 
infinity. Theorem 1 implies that G is isomorphic to a Fuchsian 
group, which is the fundamental group of a hyperbolic orbifold. 
Thus nx(M) is isomorphic to the fundamental group of a Seifert 
fibred space N. M and N are closed and aspherical, since they 
are both covered by R3, thus they are homotopy equivalent. By 
Scott [S2] they are homeomorphic. D 

The Seifert fibred space conjecture was established for Haken 
manifolds in [JS] using [Wl] and [GH]. 

The Thurston Geometrization conjecture [Th] asserts that the 
sphere [Kn, Mi] and torus decompositions [JS, J] cut an orientable 
3-manifold into geometric pieces. Thurston's monster theorem 
is the proof of this conjecture in the case that M is Haken. The 
unresolved cases were of three types: nx(M) is finite, nx(M) con­
tains an infinite cyclic normal subgroup, and nx (M) is infinite and 
does not contain an infinite cyclic normal subgroup. Manifolds of 
the first type are conjecturally quotients of S via orthogonal ac­
tions (this includes the Poincare Conjecture). The hyperbolization 
conjecture is that manifolds of the third type are hyperbolic man­
ifolds. The Seifert fibred space conjecture was that manifolds of 
the second type were Seifert fibred spaces. 
Corollary 3 (Torus Theorem). If M is an orientable, irreducible 
3-manifold and Z e Z c n^M3), then M is either Seifert fibred 
or contains an incompressible torus {Le. an embedded torus whose 
induced nx map is injective). 
Proof Waldhausen [W2] announced the (classical) torus theorem, 
i.e., if M is Haken and Z e Z c nx(M), then M is Seifert fibred 
or contains an incompressible torus. Feustel [FI, F2] wrote the 
first proofs. The torus theorem was generalized to the strong torus 


