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The classification of all finite simple groups was achieved about 
ten years ago, the fruit of many years of work by scores of mathe­
maticians and requiring thousands of journal pages for the proof. 
Besides the alternating groups and sixteen infinite families of 
groups of Lie type, there are twenty-six sporadic groups, the last 
and most glamorous being the Monster M, of order 

\M\ = 246-320-59-76.ll2.133-17-19-23-29-31.41-47.59.71 - 8-1053. 

Its existence was conjectured in 1973 by Fischer and by Griess, 
together with a nontrivial rational representation of (minimal) de­
gree 

d2= 196883 = 47 .59-71 . 

For a period of about eight years, the Monster, like its namesake in 
Loch Ness, was not known to exist, but enough observations had 
been made to support a considerable body of theory. In particular, 
Fischer, Livingstone, and Thorne had computed the character ta­
ble, and Norton knew that the representation space of dimension 
196883 must be an algebra of a certain kind. 

On the other hand, we have modular functions, a subject which 
has been flourishing for nearly two centuries, and doing especially 
well in recent years; it has always been central to number theory 
and with close ties to many parts of mathematics. For example, the 
elliptic modular invariant j(r) classifies the isomorphism classes 

425 



426 BOOK REVIEWS 

of elliptic curves over C, and has the Fourier expansion 
oo 

j{T) = q~l + 144 + Y<c{n)q\ 

where q = e2nlx and r is in the upper half-plane. The coefficients 
c(n) are positive integers, growing rapidly, with 

c(l) = 196884. 

The function j(r) is a "Hauptmodul" for the modular curve X, 
which is the upper half-plane divided by the modular group 
PSL(2, Z), completed by adding the cusp oo ; thus j(r) is an iso­
morphism of X onto the Riemann sphere, normalized to have the 
leading term q~l at oo ; it is unique up to the constant term c(0). 
We are also concerned with modular curves of higher level, espe­
cially the curves XQ(N), which parametrize pairs (E, C), where 
E is an elliptic curve and C is a cyclic subgroup of order N, 
corresponding to the subgroup of the modular group defined by 
the matrices ( a

c
 b
d ) with c divisible by TV, and the quotients 

X+(N) = X0(N)/W 

by a group of involutions W (or order 2r if r distinct primes 
divide N). The first indication that something strange was go­
ing on was the reviewer's light-hearted observation in 1975 that 
the fifteen primes which divide \M\ are exactly those primes p 
for which X^(p) has genus 0, or, equivalently, those for which 
the Hasse polynomial splits to linear factors over the field with p 
elements. Soon after, McKay made the striking observation that 

196884= 196883+1, 

or c(l) = d2 + dx, dx = 1 being the degree of the trivial repre­
sentation, and he and Thompson then found c(2) = dx + d2 + d3, 
and similar linear relations for the first few values of n , where dk 

is the degree of the kth irreducible rational representation of M. 
By 1979 Conway and Norton, in their amazing paper Monstrous 
moonshine, had shown (with help form Thompson, Atkin, Fong, 
and Smith) that there is a module Vn of dimension c(n) on which 
M acts, for n > 1, i.e. a graded M-module 

F=r_ 1 eK 1 eF 2 e . . . 
(V_{ has dimension 1), for which the formal series 

dim V = 53(dim Vn)q
n = q'1 + c(l)q + c(2)q2 + • • • 

n 


