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1 
The title may suggest that the book deals with the general theory 

of transcendental numbers. A complex number a is said to be al­
gebraic if it is a root of a polynomial f{x) = anxn H h axx + a0 

with rational coefficients and ƒ (JC) ^ 0. If a is not algebraic, it 
is called transcendental. In 1874, Cantor showed that the set of 
all algebraic numbers is countable so that transcendental numbers 
exist. The first rigorous proof of the existence of transcenden­
tal numbers was given thirty years earlier by Liouville. We say 
that a is of degree n, if the smallest degree of polynomials ƒ 
as described above equals n. Liouville proved the existence of 
a positive constant c(a) such that every pair of rational integers 
p, q with q > 0 and p/q ^ a satisfies 

(1) 
C(a) / • j r \ 

> - V 1 (fl is degree of a). 
q 

It is an easy consequence that numbers with very good ratio­
nal approximations, such as ]C^Li 2 " , are transcendental. After 
successive improvements of the exponent n due to Thue (1909), 
Siegel (1921) and Dyson, Gelfond (1947/1948), Roth (1955) 
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proved, for any e > 0, the existence of a constant c(a, e) > 0 
such that for every pair p, g as described above 

(2) r-tr'T*'-
The number 2 in the exponent cannot be further improved. It 

is a direct consequence that a = X^jli 2~ and similar numbers 
are transcendental. Roth's result (2) was generalized by Schmidt 
in 1971 to the case of approximation of an algebraic number by 
algebraic numbers of lower degree. This deep and useful branch 
of the theory of Diophantine approximations, which is still in fast 
development, is only touched upon in Chapter 1 of the book under 
review. A reader interested in this area is referred to lecture notes 
of W. M. Schmidt [9]. 

Proving the transcendence of specific numbers, such as e, n, 
en, log2, log 3/ log2, C(3) = Y%L\ n~3 and the constant of Euler, 
y, is a completely different problem. (The transcendence of the 
latter two numbers is still undecided.) In 1744, Euler stated with­
out proof that a number of the form logé/ log a, where a and b 
are positive rational numbers with b not equal to a rational power 
of a, must be a transcendental number. In 1837, Wantzel showed 
that the line segments which can be constructed by ruler and com­
pass have lengths which can be expressed in terms of numbers ob­
tained by successively solving a series of quadratic equations and 
are therefore algebraic. Thus the transcendence of n implies the 
impossibility of "squaring the circle" by ruler and compass, thereby 
solving a problem of antiquity in the negative. Hermite proved the 
transcendence of e in 1873, Lindemann the transcendence of n 
in 1882 by developing Hermite's method further. These results are 
contained in the theorem of Lindemann-Weierstrass: if the alge­
braic numbers ax, . . . , an are linearly independent over Q, then 
the numbers e"1, . . . , ea" are algebraically independent over Q. 
(Complex numbers cx, . . . , cn are said to be algebraically inde­
pendent over a field K if P(c{, . . . , cn) / 0 for any polynomial 
P(z{, . . . , z ) which is not identically zero and has coefficients 
from K.) 

In 1929, Gelfond showed that en is transcendental by a new 
analytic method involving interpolation techniques. By pursuing 
Gelfond's ideas, Gelfond and Schneider derived in 1934, indepen­
dently of each other, a proof of Euler's assertion on logé/ log a. 


