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A function u : Q —• [-00, oo), where Q is a domain in Rm , 
is said to be subharmonic (s.h.) if it is upper semicontinuous, not 
identically -oo, and satisfies the sub mean value inequality: its 
average over the boundary of each ball contained in il is greater 
than or equal to its value at the center. For m = 1 the s.h. func­
tions are the convex ones. 

S.h. functions were introduced by F. Riesz in the 1920s. They 
have come to play a central role in several branches of analysis, 
notably potential and complex function theories. The book under 
review is a sequel to Subharmonic functions, vol. 1, which Hayman 
co-authored with P. B. Kennedy [HK]. Volume 1 was devoted to 
development of the rudiments of potential theory, such as solution 
of the Dirichlet problem for Au = 0, and to the basic properties of 
subharmonic functions, such as the Riesz decomposition theorem. 
(If u is s.h. in Q then its distributional Laplacian Aw, known 
as the Riesz mass, is a locally finite positive measure on Q, and, 
loosely speaking, u equals a potential of Aw plus a harmonic 
function.) The theory expounded there works pretty much the 
same in Rm for every m > 2. 

Volume 2, at 590 pages, is twice as long as Volume 1. Its princi­
pal aim is to study, in depth, certain families of extremal problems 
about entire and meromorphic functions of one complex variable. 
Most of these questions first arose in the early part of the twentieth 
century. If ƒ is analytic in fi c C = I 2 then log | ƒ| is s.h., while 
if ƒ is meromorphic then log | ƒ | is " <5-subharmonic," that is, the 
difference of two s.h. functions. The problems treated here turn 
out often to be most naturally posed in the more general s.h. or 
£-s.h. context. Thus, the emphasis in Volume 2 is on functions s.h. 
in all of C, although there are also numerous results for functions 
in the unit disk of C, as well as some that still hold in Em for 
m > 3. 

One of the book's main themes is the relation between the max­
imum and minimum values of s.h. functions on circles. Let u be 
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s.h. in C. Define functions A, B : [0, oo) -> [-00, 00) by 
if) if) 

A{r) = A(r, u) = inf u(re ), B(r) = B(r, u) = sup w(re ). 
0 9 

Then, by the maximum principle, B{r) increases as r increases, 
but the behavior of A(r) is often erratic. For instance, it can be 
-00 for some values of r. Nevertheless, if B(r) increases not 
too rapidly, then there are senses in which the growth of B is 
controlled by that of A. The most primitive manifestation is 
when l im^^ B(r) < 00, so that u is bounded above in C. Then 
u must be constant and hence A(r) = B(r). This phenomenon is 
peculiar to two dimensions. For m > 3 there exist nonconstant 
s.h. functions u on Rm which are bounded above, and there exist 
functions for which A(r) = -00. Thus, the "A controls 2?" 
results discussed below have no immediate analogues in Rm for 
m > 3, although there are kindred results, such as the analogue of 
"Paley's conjecture," in which B{r) is controlled by a mean value 
of u on spheres \x\ — r. 

The order X of a s.h. function u on C is defined by 

r->oo l o g r 

Following up earlier work by A. Wiman, Littlewood (1908) 
proved the existence of constants C(A) > -00 such that if u is 
s.h. in C with finite order A then 

v Mm-C(A)-
Littlewood stated his result for functions of the form u = 

log I ƒ I, with ƒ entire. (Remember, Riesz's introduction of s.h. 
functions was eighteen years in the future.) His technique still 
works, though, for general s.h. u. Similar considerations exist for 
some of the other events appearing in the history below. Hence­
forth, we shall attribute to various authors s.h. or £-s.h. statements 
which they actually made in terms of entire or meromorphic func­
tions. A method developed by B. Kjellberg, P. B. Kennedy, and 
W. al Katifi for approximating s.h. u by functions log | ƒ| often 
enables one to find extremal functions of the latter form for the 
problems considered here, and thereby shows that the inequalities 
proved are still sharp within the originally stated context. 

Let us return now to Littlewood's inequality (1), and let C(X) 
denote also the largest possible such constant. Littlewood showed 


