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BOOK REVIEW

Nonlinear wave equations , by Walter A. Strauss. American Mathematical Society,
Providence, RI, 1989, 91 pp. $21.00. ISBN 0-8218-0725-0

This book is 73rd in the series published by AMS and each one is based on a one
week series of lectures concentrated on a part of a field. This volume deals with
a very fundamental area of nonlinear equations to which the author himself has
contributed very much. A linear wave equation is defined to be an equation with
periodic solutions and a nonlinear wave equation, as exemplified by the nonlinear
wave equation UH −∆U + f(U) = 0 and the nonlinear Schrödinger iUt −∆U +
f(U) = 0, has lower order terms added to the linear part. The investigation of such
equations was first suggested by Heisenberg, with f = U + U3 for the nonlinear
Klein Gordon equation, as a first attempt to understand nonlinear scattering. What
is surprising is the width of phenomena these equations display. Some have a
scattering theory, some have blow-up, some have nonexistence. The book in hand
is an excellent guide to the subject distinguishing the five points of the solution
behavior. It is also a handy reference book to have on your shelf. It begins with
an introduction consisting of a short instructive survey and a useful review of the
key linear estimates. A chapter on invariant transformations and conservation
laws follows. From these laws a great many solution properties can be derived. In
Chapter 3, various existence theories are presented along with some brief but crucial
proofs. Chapter 4 deals with the phenomena of “blow-up,” the study of which goes
back to a 1957 paper of J. B. Keller but which was placed on a firm analytic basis
by the work of F. John. The author points out that most results of this kind
show that the solution does not exist beyond some time but a few do demonstrate
that the solution becomes singular. All this is of interest to physicists because of
the connection still not quite understood to relativity. Chapter 5 presents small
amplitude (this corresponds to weak nonlinearity) theory, which is often the only
theory that has been completed. Chapter 6 is on scattering theory where the author
presents current results and a version of our joint work for the NLKG equation.

Since many of these nonlinear wave equations can easily be seen to have solitary
waves, for completeness we have Chapter 7, which looks at their stability.

Chapter 8 branches out to look at the Yang Mills equation. These can be some-
what untidy but the author presents this system in an elegant way (equation (5) p.
68 should have B for H) and describes the important properties.

The final chapter branches in another direction to the relativistic Maxwell-Vlasov
system, which describes rarefied plasmas with some higher speed charged particles.
This system is nonlinear hyperbolic of the semilinear kind. But it has some very
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special properties. Ron Di Perna, to whose memory this book is dedicated, and P.
L. Lions have an interesting brief proof of the existence of a weak solution for the
initial value problem that is given here. The chapter ends with companion results
connected also to uniqueness.

Because of its briefness, 86 packed pages, there is little background and a limited
connection to physical problems. One can only hope that Strauss will some day
write a longer book that will have much more background material and display his
excellent expository abilities again.
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