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NEW TYPES OF SOLITON SOLUTIONS

F. GEszTESY, W. KARWOWSKI, AND Z. ZHAO

ABSTRACT. We announce a detailed investigation of limits of N-soliton solutions
of the Korteweg-deVries (KdV) equation as N tends to infinity. Our main results
provide new classes of KdV-solutions including in particular new types of soliton-like
(reflectionless) solutions. As a byproduct we solve an inverse spectral problem for one-
dimensional Schrodinger operators and explicitly construct smooth and real-valued
potentials that yield a purely absolutely continuous spectrum on the nonnegative real
axis and give rise to an eigenvalue spectrum that includes any prescribed countable
and bounded subset of the negative real axis.

INTRODUCTION

In this note we announce the construction of new types of soliton-like solutions
of the Korteweg-de Vries (KdV)-equation. More precisely, we offer a solution to
the following problem:

Construct new classes of KdV-solutions by taking limits of N-soliton solutions
as N — oo.

As it turns out, our solution to this problem is intimately connected with a solu-
tion to the following inverse spectral problem in connection with one-dimensional
Schrédinger operators H = — d?/dx? + V in L?(R):

Given any bounded and countable subset {—k3}jen of (—00,0), construct a (smooth
and real-valued) potential V such that H = —d?/dx* + V has a purely absolutely
continuous spectrum equal to [0,00) and the set of eigenvalues of H includes the
prescribed set {—rK3}jen.

In addition, we also construct a new class of reflectionless KdV-solutions in
which the underlying Schrédinger operator has infinitely many negative eigenvalues
accumulating at zero.

Although we present our results exclusively in the KdV-context, it will become
clear later on that our methods are not confined to KdV-type equations but are
widely applicable in the field of integrable systems.
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Before formulating our results in detail we briefly review some background ma-
terial. The celebrated N-soliton solutions Vi (¢, z) of the KdV-equation

(1) KAV(V) = V; — 6VV, + Vyuy = 0
described, e.g., in [1, 2, 4]
Vn(t,z) = —202Indet[1y + Cy(t, )], (t,x) € R?,
N
(2) C’N(t, a:) _ CjCp e4(f§?+n?)t—(f€j+,‘w)x ,
Kj+ ke =1

¢;>0,k;>0,1<j<N, NeN

are well known to be isospectral and reflectionless potentials Vi (¢, z) in connection
with the one-dimensional Schrédinger operator

2

(3) Hy(t) = —% + Vn(t,.)

in L2(R). In particular, the spectrum o(Hy(t)) of Hy(t) is independent of ¢ and
is given by
(4) a(Hy(t)) = {=#7}51 U0, 00)

with purely absolutely continuous spectrum [0, c0). Hence Hy (t) are isospectral de-
formations of Hy(0), which is clear from the Lax formalism connecting (1) and (3).
The reflectionless property of Viy manifests itself in the (¢-independent) scattering
matrix Sy (k) in C? associated with the pair (Hx(t), Hp)

N .
S (k) = (TNO(k) TNO(k)>, T (k) -1I Zfz:j ke C\fin}V,

J

where Hy = —d?/dz? and z = k? is the spectral parameter corresponding to Hy.
Here T (k) denotes the transmission coefficient and the vanishing of the off-diagonal
terms in Sy (k) exhibits reflection coefficients identical to zero at all energies. In
more intuitive terms this remarkable and highly exceptional behavior can be de-
scribed as follows: If one views V as representing an “obstacle” for an incoming
“signal” (wave, etc.) then the outgoing signal generically consists of two parts, a
transmitted and a reflected one. It is in the exceptional case of N-soliton poten-
tials Viy such as (2) that the reflected part of the outgoing signal is entirely missing
and hence the obstacle appears to be completely transparent independently of the
wavelength of the incoming signal.

Incidentally, (4) offers a solution to the following inverse spectral problem: Given
the finite set {—x7 §-V:1 C (—00,0), construct (smooth and real-valued) potentials
Vi such that Hy = —d?/dx® + Vi has a purely absolutely continuous spectrum
equal to [0,00) and precisely the eigenvalues {—r7} ;.

A natural generalization of this fact would be to ask whether one can choose a
sequence {¢; > 0};en such that for an arbitrarily prescribed bounded and countable
set {—k7}jen C (—00,0), Vi(t, ) converge to a smooth KdV-solution Vi (t,z) as
N — oo with the associated Schrédinger operator Hoo(t) = —d?/dx? + Vo (t,.)
having the purely absolutely continuous spectrum [0,00) and containing the set
{_H?}jEN in its point spectrum.

The main goal of this note is to present an affirmative answer to this question.
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MAIN RESULTS

Theorem 1. Assume {k; > O}jen € (°(N), k; # K¢ for j # {, and choose
{cj > 0}jen such that {c5/r;}jen € £'(N). Then Vi converges pointwise to some
Voo € C*°(R%) N L2 (R?) as N — oo and

(i) limg— 400 Voo (t,2) = 0 and

(5) lim sup (9700 Vn(t,x) — 0700 Veo(t, z)] =0, m,n € No,
N—=o0 (4 a)eK

for any compact subset K C R?. Moreover,
(6) KdV(Vy) =0.

(ii) Denoting Hu(t) = —d? /dx® + Vao(t,.) we have

(7) Oess(Hoo () = {*ﬂ?};eN U [0, 00),
(8) Tac(Hoo (1)) = [0, 00),

(9) [0p(Hoo(t)) U o (Hoo(t))] N (0, 00) = 0,
(10) {=K7}jen C op(Hoo(1)) € {—+]}jen.

The spectral multiplicity of H(t) on (0,00) equals two while 0,(Hs(t)) is
simple. In addition, if {x;} en is a discrete subset of (0,00) (i.e., if 0 is its only
limit point) then

(11) USC(HOO(t)) =0,
(12) 0(Hoo (1)) N (=00,0) = 04(Hoo (1)) = {—#7}}jen.

More generally, if {3}y is countable then (11) holds.

Here A denotes the closure of A C R, A’ is the derived set of A (i.e., the set
of accumulation points of A), Ng = NU {0}, and 0ess(.), 0ac(.), 0sc(.), 0a(.), and
op(.) denote the essential, absolutely continuous, singularly continuous, discrete,
and point spectrum (the set of eigenvalues) respectively.

Under stronger assumptions on {x;};jen we obtain

Theorem 2. Assume {r;>0};en € (1(N), k; # k¢ for j # £, and choose {c; >
0}jen such that {c;/k;}jen € L1(N). Then in addition to (5) and (6) we have
(i)

(13) A}im 10700 Vi (t,.) — 07 0% Vo (t, )||p = 0, m,n € Ny, 1 <p < 0.
—00
(i)

Ooss(Hoo(t)) = 0ac(Hoo(t)) = [0,00),
UP(HOO(t)) n (07 OO) = Usc(Hoo(t)) = @,
oa(Hoo(t)) = {—K3}jen-
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(iii) The (t-independent) scattering matriz Su (k) in C? associated with the pair
(Hoo(t), Hy) is reflectionless and given by

Seo(k) = (Tmo(k) Tj(k)) ,

oo

Tk =TT 552, k€ C\{fins}ien U {0}),

]
1K

j=1

While Theorem 1 solves the two problems stated in the introduction, Theo-
rem 2 constructs a new class of reflectionless potentials in connection with one-
dimensional Schrodinger operators involving an infinite negative point spectrum
accumulating at zero. Moreover, suppose V € C®(R?) to be real-valued with
oMV (t,.) € L*(R), m € N, and either V (¢,.) € L'(R; (1+|z|?) dz) for some £ > 0 or
that T'(k), k € R\{0}, the transmission coefficient associated with the pair (H(t) =
—d?/dx®+V (t,.), Hp), has an analytic continuation into {(C+\{mj}_,£§e(,d(H(0))} U
{k € C\{0}| k| < n,Imk < 0} for some > 0 (C4 = {k € C|Imk > 0}). Intro-
ducing the KdV-invariants x, € C*°(R?) by

n—1
x1=V, x2=-V,, Xn+1 = =0z Xn — Z Xn—mXm) n > 2,
m=1

an extension of the results in [5, 13] yields the conservation laws (trace relations)

p 92(n+1) 1
- n t, = "
/R D (b0) =5 ZZ i
(14) —k3€oq(H)
1 o0
+(—1)”22(n+1>—/ dkk*" In|T(K)|,  neNg
™ Jo

assuming Z—RZeod(H) k; < oo (see [6] for details). Since |T'(k)| < 1 for k > 0 by

the unitarity of the associated scattering matrix, this yields the bounds

22(2m+1) 4m+1
(15) _/R drXam+1(t,r) < m Z K; ) m € Ny,
—K,?EUJ(H)
22(2m+2) A3
(16) _/]R dl‘X4m+3(t7!L‘) > m Z ij+ , m € Np.
—H?EO’d(H)

For m = 0 the bound (15) can be found in [12]. In the case where 9"V (t,.) €
LY(R; (1+]x]) dx), m € Np, and hence o4(H(t)) is finite, (15) and (16) are discussed,
e.g., in [8, 10]. By (14), the bounds (15) and (16) saturate iff |T'(k)| = 1 for k > 0,
i.e., iff V is reflectionless. Consequently, the bounds (15) and (16) saturate if V'
equals the N-soliton solutions Vy in (2) and, in particular, if V' is an element of
our new class of reflectionless KdV-solutions V. described in Theorem 2.
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SKETCH OF PROOFS

The hypotheses in Theorem 1 guarantee that Cy (¢, x) (viewed as an operator in
¢%(N)) converges for any fixed (¢, z) € R? in trace norm to some trace class operator
Coo(t,x) € B1(¢*(N)) as N — oo and hence

Nlim Vi (t,z) = Voo (t, 2) = —20% Indet[1 + Coo(t, z)],
—00

where detq(.) denotes the corresponding Fredholm determinant. A crucial identity
in proving (5) and (6) is

(17) Voo (t, ) = —42%1"(/}00’]'(15,1')2,

Jj=1

where {9 ;(t,2)}jen turn out to be the eigenfunctions of H(t) corresponding to
the eigenvalues {fn?} jen, determined by

Voo (t,2) =[1 + Coo(t,2)] 1 (¢, 2),
(18) WO (t,x) ={cje "}y,
Voo (t, ) ={thoo,j (t,2)} en

in /2(N). Equations (17) and (18) are well known in the context of Vy and can
be obtained by pointwise limits as N — oo. Equation (10) then follows from
strong resolvent convergence of Hy(f) to Hoo(t) and oess(Hoo(t)) 2 [0,00) is a
consequence of Voo (t,2) —z— 100 0. Next one constructs the Weyl m-functions
mE (t, z) associated with HE ,(#), the restriction of Hy,(t) to the interval (0, 400)
with a Dirichlet boundary condition at 0. One obtains

mL(t2) =iV F[LFi Y (Vzting)  cjthee;(t,0)]7"

Jj=1

o Z(\/Z + inj)ilcj [63577[}007] (t’ O) - K’j/lv[}oo,j (ta O)]a S C\R,
j=1

defining the branch of /z by lim. o /[N £ie = £|A\2, lim. o /—|\ £ic =
i|\|'/2. Since mZ (t,.) are bounded on any region of the type Js.ri Ry = {2 =

oo

A+iv|Ry <A< Ry, 0<v <48}, 6 R, Ry>0and

lim | Im[m= (t, X + ie)]|
el0

is bounded away from zero for A € (R, Rg), the spectrum of H(t) in (0,00) is
purely absolutely continuous by Theorem 3.1 of [11] and hence (9) and o4c(Hoo(t)) D
(0,00) follow. Next one proves the following lemma on the basis of HP-theory,
0<p<1(see eg., [3]).
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Lemma 3.3. Let {a;}jen, {bj}jen C R, {a;}jen € (*(N). Then there exists a
real-valued function f on [0,00) with

m({z € [O,oo)‘f(x) =c})=0 foreachceR

such that

o0

.
li —t =
2 e, 1@

=1

for m-a.e. x > 0.

(Here m denotes the Lebesgue measure on R.) Identifying x = —X, A <0, b; =
FEj, a; = Yoo, (t,0) resp. a; = ¢;j[0z%00,;(t,0) — Ko ;(0,1)], Lemma 3 applied
to mE (¢,.) yields the existence of real-valued and finite limits of mZ (¢, \ + ie) for
a.e. A\ <0ase|0. Thus

,u:oto,ac((_oov O)) =0,

where ufo_’ac is the absolutely continuous part (with respect to m) of the Stieltjes
measure generated by the spectral function of H Oio p(t). Consequently oac(H, oio p(t)),
being the topological support of ,ufo’ac, is contained in [0, 00). This together with

Oac(Hoo () = UaC(H:o,D(t)) U UaC(H;qD(t)) yields
Tac(Hoo(t)) N (—00,0) =0

and hence (8). The rest of Theorem 1 is plain.

Finally we turn to Theorem 2. Due to (17), the fact that 9210 ; = (Voo +
#3)1so,; and the KdV-equation (6) for Vi one can show it suffices to prove (13) for
0 <m < 2and n = 0. This is accomplished in a series of steps. First one proves

the crucial identity
/ dxVyo(t,x) = —425]-,

which follows from

Lemma 4. Assume the hypotheses in Theorem 1. Then

detl[l —+ COO(O,x)] =1 + Z GOOVIC_QZJ'EIHJ‘I,
IeP

where P is the family of all finite, nonempty subsets of N and a1 > 0 are positive
numbers (whose precise value turns out to be immaterial for the proof of Theorem 2)

and a detailed study of the asymptotic behavior of det;[1 + C (0, )] as |z| — oo.

In the sequel one repeatedly invokes the identity (17) and Vitali’s theorem (|9,
p. 203]). The rest of Theorem 2 follows from Theorem 1(ii) and scattering theory
for L'(R)-potentials.

Detailed proofs can be found in [7].

We feel that the simplicity of constructing KdV-solutions producing these re-
markable spectral (resp. scattering) properties represents a significant result that
deserves further investigations. In particular, generalizations, replacing the N-
soliton KdV-solutions Viy by N-gap quasi-periodic KdV-solutions and studying the
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limit N — oo involving accumulations of spectral gaps and bands, appear to offer
a variety of interesting and challenging problems.

Due to the close resemblance of the determinant structure of the N-soliton solu-
tions of (hierarchies of) integrable systems such as the AKNS-class (particularly the
nonlinear Schrédinger and Sine-Gordon equations), the Toda lattice, and especially
the Kadomtsev-Petviashvili equation, the methods in this paper are by no means
confined to KdV-type equations but are widely applicable in this field.
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