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BOOK REVIEW

Differential topology and quantum field theory, by Charles Nash. Academic Press,
New York, 1991, 386 pp., $59.95. ISBN 0-12-514075-4.

Over the last fifteen years there has been a renaissance in the interaction between
geometry and theoretical particle physics. Here “geometry” includes but is not
limited to: the differential geometry of connections, now called “gauge theory” after
the physics terminology; the global analysis of elliptic operators, including the ideas
surrounding the Atiyah-Singer index theorem; the global analysis of a function on
a manifold—Morse theory; the geometry of Riemann surfaces and their moduli;
the geometry of special varieties in higher dimensions; symplectic geometry; and
the topology of manifolds in dimensions three and four. Here “theoretical particle
physics” includes quantum field theory in all of its forms—including conformal field
theories in two dimensions and topological field theories in two, three, and four
dimensions—and string theory. Although the book under review mostly covers
these geometric and physical topics, this interaction extends to many other fields of
mathematics, including the representation theory of infinite-dimensional groups and
algebras, quantum groups, and category theory. On the physics side it also includes
ideas from condensed matter theory. My brief account in this review will omit these
additional topics. As in any such account, my choice of examples, references, and
names mentioned is determined by personal bias and whim and so is by no means
definitive or even representative.

Historically, geometry has always benefitted from an infusion of physical ideas.
This has been true from the earliest times: Egyptian geometry was created to mea-
sure the size of fields. Later the Alexandrian school developed trigonometry to make
astronomical calculations and to assist in more down-to-earth matters such as the
telling of time, navigation, and geography. Certainly observations of classical me-
chanics (apples!), as well as Kepler’s laws of planetary motion, motivated Newton in
his creation of the calculus. Gauss’s theory of surfaces and Riemann’s fundamental
ideas about higher-dimensional space were in part motivated by physics, as was
much of the subsequent development of Riemannian geometry. The most impor-
tant influence in this century on differential geometry is Einstein’s general theory of
relativity. Other parts of differential geometry developed independently but in the
end relate in a fundamental way to classical physics. Thus the geometry of connec-
tions and the nonabelian gauge theory of Yang and Mills turn out to be intimately
related. While general relativity and the classical theory of fields has permeated
our geometric thinking, one great advance in twentieth century physics—Quantum
Theory—which stimulated 50 years of growth in functional analysis, has until the
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last few years had little influence in geometry (Wigner’s influence on representation
theory excluded).

The renaissance under discussion began in the mid 1970s with the discovery
that nonabelian gauge theory can be phrased in terms of the differential geometry
of connections. One of the early achievements was the application of the Atiyah-
Singer index theorem to count the dimension of the space of instantons (self-dual
connections) [AHS] and the application of algebraic geometry to construct solutions
[ADHM]. This early period saw many applications of global analysis and topology to
quantum field theory. In the 1980s a variety of mathematical techniques, including
the index theorem, were used to elucidate the “anomalies” in quantum field theory
[AS]. It secems safe to say that most of the interaction during this period was an
application of existing mathematics to physical problems:

geometry—physics.

There are some notable exceptions, however. For example, Witten’s formula for
the global anomaly [W1] led to new developments in index theory.

During this period classical gauge theory made itself felt in mathematics, just
by virtue of giving us a great set of equations! An influential study by Atiyah
and Bott of the Yang-Mills equations in two dimensions [AB] made some advances
in understanding the topology of moduli spaces of stable bundles. (Very recently
ideas from quantum physics have been used to solve some of the outstanding prob-
lems here.!) The self-duality equations in four dimensions led to more startling
results, mainly due to Donaldson. His thesis [D1] uses these equations to show that
many topological 4-manifolds are not smoothable. One immediate consequence is
the existence of exotic differentiable structures on R*. This has blossomed into a
tremendously active area of research [DK] and has led to fundamental advances in
our understanding of differential topology in four dimensions.

String theory gained prominence in the mid 1980s, and this led theoretical physi-
cists to use a wider variety of mathematics. Young physicists were no longer trained
merely in traditional mathematical topics like special functions; many could now
calculate the cohomology of homogeneous spaces more effectively than their mathe-
matical counterparts! Moreover, the mathematics they used went beyond the index
theorem to all sorts of questions about Riemann surfaces and infinite-dimensional
algebras. Closely related to string theory is conformal field theory in two dimen-
sions and the more special rational conformal field theories. As these developed the
interaction between the mathematics and the physics became more balanced; not
only did existing mathematics apply to physical problems, but now physical ideas
also contributed new ideas into mathematics:

geometry«physics.

Field theory often connects parts of mathematics that mathematicians had always
seen as distinct. For example, the Verlinde conjecture computes a Riemann-Roch
formula (certain intersection pairings) on the moduli space of stable bundles men-
tioned above in terms of the representation theory of Kac-Moody Lie algebras.
(This conjecture is now proved in some cases.) Also, the diffeomorphism group of

1Some of the people involved are Bertram, Donaldson, Kirwan, Szenes, Thaddeus, and Witten.
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the circle was suddenly intimately connected with the moduli space of Riemann
surfaces. In both examples it is the relationship of the Lagrangian and Hamil-
tonian points of view, which in classical mechanics proceeds through the Legendre
transform, that leads to the new insights.

With the advent of topological quantum field theory [W2, W3] and topological
gravity [W4] there can be no doubt as to the centrality of these quantum ideas in
certain geometrical problems:

physics—geometry.

(I will not comment about the possible physical applications of these theories.)
These topological theories have much the same mathematical structure as usual
quantum theories like the Standard Model, but instead of making predictions about
elementary particles that can be measured in large accelerators, they make predic-
tions about topology that can be tested against known mathematics. Many of the
new low-dimensional topological invariants developed in the 1980s—Donaldson’s
invariants for 4-manifolds [D2], the Jones polynomial for knots [J], Casson’s invari-
ant of a 3-manifold [AM], the Floer homology of a 3-manifold [F]—are all formally
defined via quantum field theory. Notice that Donaldson started with the classi-
cal self-duality equations and ended up discovering invariants that belong to the
quantum theory! These topological theories have not led to major new results in
geometry and topology, though I am optimistic for the future. We shall see. It
certainly has led to a flurry among mathematicians,? who have proved many of the
predictions made by these theories. Although this is certainly an important step
in the absorption of these quantum ideas into mathematics, it should be said that
most of these mathematical proofs use techniques that do not reflect the physical
origins of the ideas. I fear that we mathematicians still understand little about the
fundamental notions of quantum field theory—the path integral, the relationship to
canonical quantization, locality, etc.—and how they have something to say about
low-dimensional geometry and topology.

The first two-thirds of Nash’s book is a rather intensive compilation of some of
the mathematics that has played a role in quantum field theory and string theory.
By page 90 we have already breezed through basic algebraic topology, smoothing
theory for manifolds, elliptic pseudodifferential operators, sheaf cohomology, char-
acteristic classes, and K-theory. Before long we meet the index theorem (with sev-
eral variations), the algebraic geometry of Riemann surfaces, infinite-dimensional
groups, and Morse theory. The last third of the book covers some basics about
string theory, anomalies, conformal field theory, and topological field theory. This
density of material is characteristic of the subject, which draws on many mathe-
matical disciplines. Indeed, it is one of the strengths of the book: the reader quickly
gets a feel for some mathematical ideas that permeate work in this area. However,
the book also suffers through its attempt to treat so many topics. I found several
wrong or misleading statements. There is a lack of expository material. One wishes
for more cohesion among the different topics.

I have always believed that one of the main skills we learn in graduate school
is how to sit profitably through a lecture, or to read mathematics, without under-
standing everything. For better or for worse it is a skill we use increasingly after

2Tt is hopeless to compile a representative list. Suffice it to say that such a list covers a wide
range of traditional disciplines in mathematics.
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graduate school! Those who have mastered this technique will profit greatly by
browsing in Nash’s book. Different sections can be absorbed at different levels,
depending on the proclivities of the particular reader, but all will learn something
about the interaction between quantum field theory and geometry. Detailed study
of most topics must be undertaken elsewhere; Nash’s book serves as a guide for
what to study. Graduate students who tackle this book may have difficulty with
the breadth of material, but I still recommend it as one of the entry points into
this lively field.
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