
APPEARED IN BULLETIN OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 28, Number 2, April 1993, Pages 418-421

BOOK REVIEW

Perturbation methods, by E. J. Hinch. Cambridge University Press, Cambridge and
New York, 1991, xi + 160 pp., $59.50. ISBN 0-521-37310-7

Differential equations can be divided into those that can be solved and those that
cannot. The first class is nearly exhausted by a sophomore “cookbook” differential
equations course. The study of the second class is roughly divided into three ap-
proaches: qualitative, numerical, and asymptotic. The qualitative approach (which,
at least for initial value problems, more or less coincides with “dynamical systems
theory”) gives up the attempt to find solutions and instead seeks to describe the
behavior of the solutions. (In many cases this is what one wants the solutions for
anyway.) The numerical approach obtains approximate solutions in the form of ta-
bles or graphs. The asymptotic approach, otherwise known as perturbation theory,
also looks for approximate solutions but obtains them as formulas. When these
formulas are simple enough to comprehend, they can reveal a great deal about the
solution. At the simplest level, for instance, an approximate formula for a periodic
solution can immediately show the influence of each variable upon the period and
amplitude. At a deeper level, it is in the very nature of an asymptotic solution that
its terms are sorted into orders of importance. This forces the mathematician into
a style of thinking that is reminiscent of pragmatic common sense: when faced with
a complicated problem, one asks which features of the problem are most important
and attempts to incorporate them into the solution first. In this way, guesswork
(more politely known as heuristics) comes to play an important role in the con-
struction of solutions, and proofs of validity (that is, proof of error bounds) get
pushed to the end. Often, because the mind-set needed for heuristics differs from
that needed for proofs, the proofs get ignored altogether. For many authors, if a
solution “looks” asymptotic (that is, if it is “uniformly ordered”, as defined below)
and agrees well enough with numerical solutions, then it is good enough.

Is it good enough? Let us briefly examine what may be the paradigm case,
the case that gave rise to the name “perturbation theory”. Everyone knows that
Newton “discovered the law of gravity”. What this really means is that he unified
into one theory the previously separate subjects of “gravity” (falling objects on
earth) and the motions of the planets, thereby completing the breakdown (begun
by Copernicus and Galileo) of the classical/medieval barrier between sublunar and
superlunar phenomena. Newton was able to show that each planet individually
would move around the sun on a Keplerian ellipse, but he was also aware that
the planets would “perturb” each other’s orbits due to their own gravitational at-
traction. For this reason he postulated that God would intervene occasionally to
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restore the planets to their proper orbits. Laplace (and others) went on to calculate
the perturbations approximately, concluding that the solar system was stable and
God’s intervention was unnecessary. In fact, the conclusion that the solar system is
stable was unjustified, being based on just the sort of heuristic approximate solution
mentioned above. Clarification of the issue involves both the difficult Kolmogorov-
Arnol′d-Moser (KAM) theory of invariant tori (which shows that most solutions
behave as they would if the system were stable) together with the Nekhoroshev
theorem about Arnol′d diffusion (which shows that the remaining solutions never-
theless behave stably for very long periods of time, much longer than the age of
the solar system). So in this paradigm case, the conclusion based on heuristic ap-
proximations turns out to be essentially correct for all practical purposes, but only
after some very difficult theoretical work. In some sense this evidence supports the
validity of the heuristic theory, but there are two points that I think are important
to make. The first is that although Arnol′d diffusion is unimportant in the solar
system, there are other much more rapidly oscillating systems in which Arnol′d
diffusion can take place in a short enough time to be of practical importance. The
second is that several years ago (and this experience is not at all atypical) I received
for review a paper that purported to prove that Arnol′d diffusion does not exist.
The “proof” consisted of a heuristic approximation, essentially the same as that
done by Laplace (although much shorter, because of Hamiltonian formalism that
was not available at Laplace’s time). Evidently there are still large numbers of
people being trained in heuristic asymptotic methods who are not told any of the
dangers inherent in these methods or any of the history of the subject.

Admittedly, most topics in perturbation theory are not as delicate as KAM
tori and Arnol′d diffusion. For most purposes, it would be a sufficient advance if
everyone learning the subject was clearly taught the distinction between uniform
ordering and uniform validity. This distinction hinges on the following definitions.
Consider a function f(x, ε) defined for 0 < ε < ε0 (possibly also for ε = 0) and
for x (a scalar or vector) in a domain D(ε) which may depend upon ε. (A typical
example of such a domain would be 0 ≤ x ≤ ε or 0 ≤ x ≤ 1/ε, for x a scalar.)
Consider also a finite or infinite series of the form

g0(x, ε)δ0(ε) + g1(x, ε)δ1(ε) + · · · ,

where each gi has the same domain as f , and the δi(ε) are a sequence of monotone
increasing functions of ε, called gauges, defined for 0 < ε < ε0 and satisfying

lim
ε→0

δi+1(ε)
δi(ε)

= 0.

(The most common gauges are δi(ε) = εi.) Now the series is called uniformly
ordered if each gi(x, ε) with i > 0 is bounded (for x ∈ D(ε) and 0 < ε < ε0). This
guarantees that no term (except possibly the leading term) is of greater significance
(for small ε) than is indicated by its gauge. Roughly, the terms are arranged in
order of importance, and their importance is correctly indicated by their gauges.
(Strictly speaking, we allow a term to be of less importance than its gauge at
certain points or even everywhere, but, except possibly for the leading term, not of
more importance. It is possible, for instance, for gi to vanish at certain points x
without requiring that later terms also vanish there. Under certain circumstances
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a different set of definitions, involving relative rather than absolute error, are more
appropriate than are the definitions given above.) On the other hand, the same
series is called a uniformly valid approximation of f if, for each k,

lim
ε→0

f(x, ε)− g0(x, ε)δ0(ε)− · · · − gk(x, ε)δk(ε)
δk(ε)

= 0,

that is, if each truncation of the series gives an approximation to f with an error of
smaller order than the last gauge δk retained. Now it is quite clear from these def-
initions that uniform ordering is a property of the series itself, which can be easily
verified by examining the terms of the series, whereas uniform validity is a rela-
tionship between the series itself and a function that it approximates and can only
be checked by examining the error. It happens that uniform validity implies uni-
form ordering; in other words, failure of uniform ordering implies failure of uniform
validity. This fact motivates the most common procedure in perturbation theory:
one attempts to solve a differential equation by a series, rejects solutions that are
disordered (not uniformly ordered), and modifies the solution procedure (by using
heuristic reasoning) until a uniformly ordered series is obtained. If this procedure
can be carried out successfully, one has certainly found a reasonable candidate for
a uniformly valid approximation to a solution of the differential equation. It is
entirely permissible for anyone to stop here and to test the solution against experi-
mental or numerical data. What is not permissible is to claim that one has actually
found a uniformly valid approximation to a solution of the differential equation. To
make this stronger claim, one must first of all have in hand a proof of the existence
of the solution in question. (Even this is unknown for some nonlinear partial dif-
ferential equations that have been solved asymptotically.) Second, one must have
a proof of error bounds. This is not the place to go into this topic, except to point
out that for many classes of problems such proofs are known.

If these remarks are assumed to be understood, then it cannot be taken as a
fault that the book under review presents heuristic methods without proof of va-
lidity (and without acknowledgment that validity is even an issue); this is simply
the task that the author has assigned to himself. Among such books, this one is
unique in that it gets very quickly into some of the more difficult and touchy parts
of the heuristic theory. There are many examples here of gauges other than powers
of ε and particularly of logarithmic gauges. The useful suggestion is made that
for exploratory purposes, when the gauges are unknown, an iteration method may
reveal the correct gauges more easily than may a perturbation method. There are
examples showing the failure of “Van Dyke’s matching rules” (one of the heuris-
tic methods in boundary layer theory) when there are logarithmic gauges and the
superiority of the alternate (but equally heuristic) method called “matching in an
overlap domain” in this situation. There is a short derivation of the asymptotic
approximation to the limit cycle of a Van der Pol oscillator in the relaxation case,
a complicated problem involving several different matchings between different do-
mains. There is an example of the use of the WKB method to study an exponen-
tially small term in a boundary layer problem, which leads to paradoxical results
when it is treated by matching alone.

As these examples indicate, the strengths of the book lie in the area of boundary
layers and matching. There is a short chapter on asymptotic evaluation of integrals.
There is some, but very little, attention to the third major area within perturbation
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theory, namely, nonlinear oscillations. In contrast to the boundary layer problems,
all of the oscillatory problems treated in this book are extremely simple: Duffing’s
equation is solved by Lindstedt’s method, the Van der Pol equation (in the nearly
linear case, the opposite of the relaxation case mentioned above) is solved by mul-
tiple scales, and a nonlinear wave equation is solved by an averaged Lagrangian.
Aside from the last problem there is no mention of averaging, which is probably
the most useful method in nonlinear oscillations. (Nonlinear oscillations include
celestial mechanics, from which, as mentioned above, perturbation theory took its
name; there are no celestial mechanics included in this book.)

It is not entirely clear for which audience the book is intended; it would seem
to be difficult to find a reader who knows most of the things the author assumes
but not most of the things that he says. The book is much too short and sketchy
and hurries too rapidly into difficult examples to serve as an introduction. Yet it
does treat elementary topics, which would not be required by an advanced reader.
Most of the difficult examples are treated so briefly that they are best regarded as
exercises with ample hints. For the Van der Pol example, the reader is expected to
know immediately that K1/3 and I1/3 are Bessel functions (they are never identi-
fied), to know their asymptotic properties, and to know how they are used to solve
Airy equations; all of this is passed over in one line. An acquaintance with fluid
mechanics is also assumed. The book will probably find its greatest usefulness as a
reference book for those with considerable background, but, for this purpose, one
would wish for a better bibliography.
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