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BOOK REVIEW

Fourier integrals in classical analysis , by Christopher Sogge. Cambridge University
Press, Cambridge, 1993, x+237 pp., $39.95. ISBN 0-521-43464-5

Recall the Euclidian Fourier transform,

(1) f̂(ξ) =
∫
Rn

e−ix·ξf(x) dx,

and the Fourier inversion formula,

(2) f(x) = (2π)−n

∫
Rn

eix·ξ f̂(ξ) dξ.

Initially, f̂ is defined and (2) is established for nice functions, say, f ∈ C∞0 (Rn); but
in asking in what sense (2) holds for general f ∈ Lp(Rn), one is led to an interesting
circle of problems. A central place is occupied by the Bochner-Riesz means, defined
for 0 < R <∞ and α > 0 by

(3) Sα
Rf(x) = (2π)−n

∫
Rn

eix·ξ(1− |ξ|
2

R2
)α
+f̂(ξ) dξ,

which are the higher-dimensional analogues of the familiar Cesàro means from
Fourier series of one variable. The key question is: for which α are the opera-
tors {Sα

R}0<R<∞ uniformly bounded on Lp(Rn)? (This allows one to interpret (2)
as: f = limR→+∞ Sα

Rf , with the limit being in the Lp norm.) This question has
been fully answered only in two dimensions and has been an important stimulus to
research in Fourier analysis for many years.

Related to (3) is the restriction operator, R, which gives the restriction of the
Fourier transform f̂(ξ) to the unit sphere Sn−1 = {ξ : |ξ| = 1}, and its adjoint,

(4) R∗g(x) =
∫

Sn−1
eix·ξg(ξ) dσ(ξ),

where dσ is the usual surface measure on the sphere. Naively, Rf should not even
be defined for f ∈ Lp, 1 < p ≤ 2, since f̂ ∈ Lp′ , 1/p + 1/p′ = 1, by the Hausdorff-
Young inequality, and an Lp′ function is only defined almost everywhere, but in
fact the Tomas-Stein restriction theorem holds:

(5) ||Rf ||L2(Sn−1) ≤ C||f ||Lp(Rn), 1 ≤ p ≤ 2(n+1)
n+3 ,
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and thus

(6) ||R∗g||Lq(Rn) ≤ C||g||L2(Sn−1),
2(n+1)

n−1 ≤ q ≤ ∞.

These and related results have applications to the boundedness of the Bochner-
Riesz means, estimates for solutions of the wave and Klein-Gordon equations, and
unique continuation for solutions of elliptic partial differential equations [4, 14, 6,
7].

Recall also a fundamental result of real variable theory, the Lebesgue differenti-
ation theorem: for f ∈ L1

loc(Rn),

(7) f(x) = limr→0
1

|B(x, r)|

∫
B(x,r)

f(y) dy, B(x, r) = {y : |y − x| ≤ r}.

Nowadays this is usually presented as a corollary of the Hardy-Littlewood maximal
theorem,

(8)

∥∥∥∥∥ sup
0<r<∞

1
|B(x, r)|

∫
B(x,r)

|f(y)| dy

∥∥∥∥∥
Lp(Rn)

≤ C||f ||Lp(Rn), 1 < p ≤ ∞.

In the mid-seventies Stein [13] showed that for sufficiently large values of p, the
set being integrated over can be changed from the solid ball B(x, r) to the sphere
S(x, r) = {y : |y − x| = r} :∥∥∥∥∥ sup

0<r<∞

1
|S(x, r)|

∫
S(x,r)

|f(y)| dσ(y)

∥∥∥∥∥
Lp(Rn)

≤ C||f ||Lp(Rn),(9)

n/n− 1 < p ≤ ∞, n ≥ 3.

(Again, since f ∈ Lp is not defined on sets of measure zero, it is not obvious that
these integrals of |f | are even defined.) The two-dimensional case of (9) remained
open for a decade, being finally proved by Bourgain [1].

These results, their “variable coefficient” generalizations, and much more are the
subject of Fourier integrals in classical analysis. The book focuses on estimates for
oscillatory integrals, which capture the curvature of Sn−1 which underlies (5) and
(9). Augmented by rescaling and orthogonality arguments, these estimates prove
to be powerful tools in establishing not just restriction and maximal theorems but
also convergence results for eigenfunction expansions on general compact riemann-
ian manifolds and space–time estimates for solutions of variable coefficient wave
equations.

After two chapters of introductory material, the book’s main themes are intro-
duced in Chapter 2. Given a phase function S(x, y) and an amplitude a(x, y) on
Rn × Rm , one is interested in the family of oscillatory integral operators

(10) Tλf(x) =
∫

eiλS(x,y)a(x, y)f(y) dy, λ ∈ R\0,

and in particular the decay rate (as λ → ∞) of the Lp(Rm) → Lq(Rn) operator
norm of Tλ. In the nondegenerate situation, where n = m and det(d2

x,yS) 6= 0,
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one has the estimate ||Tλ||Lp→Lp′ = O(λ−n/p′), 1 ≤ p ≤ 2. The case n = m + 1
relevant to the restriction theorem and Bochner-Riesz means is then dealt with
assuming the Carleson-Sjölin condition, which imposes nondegeneracy on both the
second and third derivatives of S(x, y). This is used to prove the Lp boundedness
of the Bochner-Riesz means in R2; the proof of the boundedness of the associated
maximal operators [2] then leads to a (new) proof of Bourgain’s theorem [9].

After a nice introduction to pseudodifferential operators in Chapter 3, a Weyl-
type theorem on the asymptotic distribution of eigenvalues of first-order pseudo-
differential operators and related results are proved in Chapter 4. The variable
coefficient spectral theory is continued in the next chapter, which contains results
on generalized Bochner-Riesz means and other functions of pseudodifferential op-
erators on compact manifolds. All of this can be readily specialized to the most
interesting case of functions of the Laplace-Beltrami operator on a riemannian man-
ifold, but the more general formulations allow one to see what is really needed for
the proofs.

In order to treat variable coefficient versions of the spherical and circular maximal
operators, and even more general maximal operators, Fourier integral operators
(FIOs) are introduced in Chapter 6. As the author states, this is not intended as
a comprehensive guide to FIOs, and the interested reader can find the material
presented from somewhat different points of view in [5] and [3].

Chapter 7 is the culmination of the book, where the recent results of Mock-
enhaupt, Seeger, and Sogge [10] on local smoothing for variable coefficient wave
equations are proved. Consider the solution of the Cauchy problem for the wave
equation in Rn+1,

(11)
( ∂2

∂t2
−

n∑
j=1

∂2

∂x2
j

)
u(x, t) = 0, u(x, 0) = f(x),

∂u

∂t
(x, 0) = g(x).

It has been known for some time [11, 8] that there is a fixed-time estimate

(12) ||u(·, t)||Lp(Rn) ≤ C(||f ||Lpα + ||g||Lpα−1
), 1 < p <∞,

where ||f ||Lpα = ||(I − ∆)α/2f ||Lp(Rn) is the usual norm on the Sobolev space of
distributions with α derivatives in Lp, and α = (n − 1)| 1p −

1
2 |. However, if one

integrates over both space and time, a markedly improved estimate, referred to as
local smoothing, is possible: if p > 2 and K ⊂⊂ Rn+1, the left-hand side of (12) can
be replaced by ||u(·, ·)||Lpε (K) for some ε = εp > 0. Similar estimates were previously
known for dispersive equations such as the Schrödinger equation; in the wave equa-
tion context they were introduced by Sogge [12]. This striking extra regularity can
be applied to obtain variable coefficient improvements of the spherical and circular
maximal theorems. Local smoothing holds for Fourier integral operators (including
the solution operator (f(·), g(·)) → u(·, ·) for (11)) which take functions of n vari-
ables to functions of n + 1 variables and satisfy a cinematic curvature condition,
which is an analogue of the Carleson-Sjölin condition. Cinematic curvature in two
variables was recognized by Sogge as a property of circles crucial to Bourgain’s
proof of the circular maximal theorem. He then reformulated it in the language of
Fourier integral operators and used it to prove variable coefficient versions of Bour-
gain’s theorem. This condition is easily translated into higher dimensions, and the
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local smoothing for solutions to (11) follows from Lp estimates for general FIOs
satisfying it [10]. All this, and more, is in Chapter 7.

Fourier integrals in classical analysis generally provides an excellent introduction
to oscillatory integral operators and a detailed treatment of some of the most recent
developments. Although based on notes of a graduate course, parts of it may be
rough going for students: some of the most technical material, especially in §§2.4,
7.1, and 7.2, has not been changed much from the original research articles and
would perhaps have benefited from a more relaxed pace, with more motivation of
the numerous decompositions which are employed. The book is remarkably free
of typos, but some pedagogic errors have crept in. On page 222, for example, the
transverse intersection calculus for FIOs, which has been proved, is invoked, while
what is actually needed is the clean intersection calculus, which has not.

But the above are quibbles; Fourier integrals in classical analysis rewards the
reader with a thorough account of some of the last decade’s most important de-
velopments in Fourier analysis, many of them due to its author. It belongs on the
bookshelf of anyone seriously interested in the subject.
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