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REALIZATION SPACES OF
4-POLYTOPES ARE UNIVERSAL

JURGEN RICHTER-GEBERT AND GUNTER M. ZIEGLER

ABsTrRACT. Let P C R? be a d-dimensional polytope. The realization space
of P is the space of all polytopes P’ C R¢ that are combinatorially equivalent
to P, modulo affine transformations. We report on work by the first author,
which shows that realization spaces of 4-dimensional polytopes can be “arbi-
trarily bad”: namely, for every primary semialgebraic set V' defined over Z,
there is a 4-polytope P(V) whose realization space is “stably equivalent”
to V. This implies that the realization space of a 4-polytope can have the
homotopy type of an arbitrary finite simplicial complex, and that all algebraic
numbers are needed to realize all 4-polytopes. The proof is constructive.

These results sharply contrast the 3-dimensional case, where realization
spaces are contractible and all polytopes are realizable with integral coor-
dinates (Steinitz’s Theorem). No similar universality result was previously
known in any fixed dimension.

1. POLYTOPES AND THEIR REALIZATION SPACES

Polytopes have a long tradition as objects of mathematical study. Their historical
roots reach back to the ancient Greek mathematicians, having a first highlight
in the enumeration of the famous Platonic Solids. Already at this point strong
impetus came from the fact that polytopes intimately relate topics from geometry,
algebra and combinatorics. (The Platonic Solids solve a first enumerative question
in polytopal geometry: to find all polytopes with a flag transitive symmetry group
— a combinatorial concept.)
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(a) (b)
Figure 1
Definition 1. Let P = (p1, ... , pn) € R¥" be a finite collection of points that
affinely span R?. The set
P = conv(P) := {Z)\ipﬂ Z)\izland)\i >0fori=1,... ,n},
i=1 i=1

the convex hull of the point set P | is called a d-dimensional polytope (a ‘d-polytope”
for short). The faces of P are the intersections P N A, where A is an affine
hyperplane that does not meet the relative interior of P. The face lattice of P is
the set of all faces of P, partially ordered by inclusion.

While a polytope is a geometric object, its face lattice is purely combinatorial
in nature. Figure 1(a) illustrates a 2-polytope as the convex hull of finitely many
points in the plane. We see that those points that are not in an extreme position
have no contribution to the polytope itself. The points in extreme position (i.e.,
the O-dimensional faces) are the vertices of a polytope. Figure 1(b) shows a cube
as an example of a 3-dimensional polytope.

The need to structure the set of all polytopes of a fixed dimension leads to two
main lines of study:

e to list all possible combinatorial types of polytopes (in other words, to decide
which finite lattices correspond to polytopes and which do not),
e to describe the set of all realizations of a given combinatorial type.

The “set of all realizations” of a combinatorial type is formalized below by the
concept of the realization space of a polytope. Besides their intrinsic importance
for questions of real discrete geometry, such spaces appear in subjects as diverse as
algebraic geometry (moduli spaces), differential topology (see Cairns’s smoothing
theory [8]), and nonlinear optimization (see Giinzel et al. [10]).

Assume that in Definition 1 each point p; for i =1, ... | n is a vertex of P.
A realization of a polytope P is a polytope @ = conv(q, ..., q,) such that
the face lattices of P and ) are isomorphic under the correspondence p; — q; .
The sequence of vertices B = (p1, ... , Pa+1) is a basis of P if these points are
affinely independent in any realization of P .

Definition 2. Let P = conv(ps, ... , pn) C R? bea d-polytope with n vertices
and with a basis B = (p1, ... , Pa+1) .- The realization space R(P, B) is the set
of all matrices Q = (qi, ... , qn) € R¥™ for which conv(Q) is a realization of

P and q=p; fore=1,... ,d+1.
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It turns out that the realization space R(P, B) is essentially (up to “stable
equivalence,” see below) independent of the choice of a basis. Hence it makes sense
to speak of the realization space R(P) of a polytope.

Every realization space is a primary semialgebraic set defined over Z: it is
the set of solutions of a finite system of polynomial equations f;(x) = 0 and
strict inequalities g;(z) > 0, where the f; and g; are polynomials with integer
coefficients on some R . To see this, one checks that the realization space is the
set of all matrices Q € R%™ for which some entries are fixed, and the determinants
of certain d x d minors have to be positive, or negative, or zero. For a general
semialgebraic set one also admits non-strict inequalities hy > 0. Thus, for example,
the set {0, 1} and the open interval ]0, 1[C R are primary semialgebraic sets,
while the closed interval [0, 1] is a semialgebraic set in R that is not primary.

In this research report we present a Universality Theorem proved by the first
author [17], stating that all primary semialgebraic sets are in a suitable sense “stably
equivalent” (see Section 3) to the realization spaces of suitable 4-polytopes.

2. OLD AND NEW RESULTS ON REALIZATION SPACES

What does the realization space of a polytope look like? Which algebraic num-
bers are needed to coordinatize the vertex set of a given d-dimensional polytope?
How can one tell whether a finite lattice is the face lattice of a polytope or not?

For 3-dimensional polytopes, Steinitz’s work [19, 20] answered these basic ques-
tions about realization spaces more then seventy years ago. In particular, Steinitz’s
“Fundamentalsatz der konvexen Typen” (today known as Steinitz’s Theorem) and
its modern relatives (see [9] and [23]) provide complete answers to these questions
for this special case.

Steinitz’s Theorem, 1922. A graph G is the edge graph of a 3-polytope if and
only if G 1is simple, planar and 3-connected.

Here simple means that G contains no “parallel edges” and no “loops”. A
graph G is planar if it can be drawn in the plane without intersections, and it is
3-connected if between any two vertices there are three disjoint paths in G .

As corollaries and by inspection of the proof of Steinitz’s Theorem one obtains:

e For every 3-polytope P C R? the realization space R(P) is a smooth open
ball. (This ball has dimension e — 6, if P has e edges.)

e For every 3-polytope P the space R(P) contains rational points, that is,
every 3-polytope can be realized with integral vertex coordinates.

e The shape of one 2-face in the boundary of a 3-polytope P can be arbi-
trarily prescribed, that is, the canonical map R(P) — R(F) is surjective
for every facet F' C P (Barnette & Griinbaum [2]).

Similar statements for d-polytopes that have at most d+ 3 vertices were proved
by Mani [14] and Kleinschmidt [13].

Over the years, it became increasingly clear that no similar positive answer
could be expected for high-dimensional polytopes. Duality theory (“Gale diagrams”
[9, 23]) was used to construct a non-rational 8-polytope with 12 vertices (Perles,
1967 [9]). Also Mnév’s famous Universality Theorem for oriented matroids [15, 16,
5, 10] via Gale diagrams implies a universality theorem for d-polytopes with d + 4
vertices: in general for such polytopes the realization spaces can be arbitrarily
complicated.
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Mnév’s Universality Theorem for Polytopes, 1986. For every primary semialge-

braic set V defined over 7Z there is some d € N and a d-polytope P with d+ 4
vertices whose realization space is stably equivalent to V.

In particular, stable equivalence implies homotopy equivalence. Stable equiva-
lence also preserves “algebraic complexity” (see Lemma 4 below). As a consequence,
all algebraic numbers are needed to coordinatize all d-polytopes with d + 4 ver-
tices.

However, Gale diagram techniques and their variants (such as “Lawrence ex-
tensions”, see Section 4) do not provide systematic construction methods for d-
polytopes in any fixed dimension d. Only a “sporadic” example of a 4-polytope
with disconnected realization space was constructed (Bokowski, Ewald, and Klein-
schmidt [6, 15, 7]). More sporadic examples showed that the shapes of 3-faces of 4-
polytopes (Kleinschmidt [12], Barnette [1]) and of 2-faces of 5-polytopes (Ziegler [23])
cannot be prescribed arbitrarily. Until now no general construction techniques to
produce polytopes with controllably bad behavior for any fixed dimension d were
known. The o-construction presented in [21] for that purpose turned out to be
incorrect [23].

In the following we report on the first author’s recent work [17] that produces a
complete systematic Universality Theorem for polytopes of dimension 4 (and thus
for d-polytopes of any fixed dimension d > 4). In this work, all the “sporadic”
examples of 4- and 5-polytopes are explained in terms of Lawrence extensions of
planar and 3-dimensional point configurations (see Section 4). Sporadic examples
(such as a new 4-polytope for which the shape of a hexagonal 2-face cannot be
prescribed) are used as the “basic building blocks” of the construction for the
following result [17].

Main Theorem (Richter-Gebert, 1994). For every primary semi-algebraic set 'V
defined over Z there is a 4-polytope P(V) whose realization space R(P(V)) is
stably equivalent to V . Moreover, the face lattice of P(V) can be generated from
the defining equations of V in polynomial time.

Corollaries of the Main Theorem and its construction techniques.

There is a non-rational 4-polytope with 34 vertices.

All algebraic numbers are needed to coordinatize all 4-polytopes.

The realizability problem for 4-polytopes is NP-hard.

The realizability problem for 4-polytopes is (polynomial time) equivalent to

the “Existential Theory of the Reals”.

o For every finite simplicial complex A | there is a 4-polytope whose realization
space is homotopy equivalent to A .

o There is a 4-polytope for which the shape of a 2-face cannot be arbitrarily
prescribed.

e Boundary complexes of 4-polytopes cannot be characterized by excluding a
finite set of “forbidden minors”.

e In order to realize all combinatorial types of rational n-vertexr 4-polytopes

with vertez coordinates in {0, 1, ..., f(n)}, the “coordinate size” function

f(n) has to be at least a doubly exponential function in n .
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In particular these implications solve all the problems that were recently empha-
sized in “Three problems about 4-polytopes” [22]. They also solve [23, Problems
5.11%, 6.10*, and 6.11%].

3. STABLE EQUIVALENCE

The concept we use to compare realization spaces with general primary semi-
algebraic sets is stable equivalence. Although such a concept has been used by
different authors, the precise definitions they used (see [11, 10, 15, 16, 18]) vary
substantially in their technical content. The common idea is that semialgebraic
sets that only differ by a “trivial fibration” and a rational change of coordinates
should be considered as stably equivalent, while semialgebraic sets that differ in
certain “characteristic properties” should turn out not to be stably equivalent. In
particular, stable equivalence should preserve the homotopy type and respect the
algebraic complexity and the singularity structure. We now present a concept of
stable equivalence that is stronger than all previously used notions.

Let V CR™ and W C R"*9¢ be semialgebraic sets with 7(W) =V, where
is the canonical projection 7 : R"T¢ — R™ that deletes the last d coordinates. V
is a stable projection of W if W has the form

W:{(v,v’) eR"™ |veVand ¢;(v)-v >0; ¢j(v)-v =0
for all i € X ; jeY}.

Here X and Y denote finite (possibly empty) index sets. For ¢ € X and j €Y
the functions ¢; and 1; have to be polynomial functions

bi = (b7, ..., d1) : R™ — (RN* with ¢F € Z[wy, ... , )
and

Vi = (), ..., ) R" = (RN with F € Z[zy, ..., xn],

that associate to every element of R™ a linear functional on R? .
Two semialgebraic sets V' and W are rationally equivalent if there exists a
homeomorphism f:V — W such that both f and f~! are rational functions.

Definition 3. Two semialgebraic sets V' and W are stably equivalent, denoted
V =~ W, if they are in the same equivalence class with respect to the equivalence
relation generated by stable projections and rational equivalence.

Lemma 1. Let V= W, with V CR" and W CR™ | be a pair of stably equiv-
alent semialgebraic sets, and let A be a subfield of the algebraic numbers. We
have

(i) V and W are homotopy equivalent.

(i) VNA" =0 < WnA™=19.

(iii) V and W have equivalent “singularity structure”.

4. POLYTOPAL TOOLS

Lawrence extensions and connected sums are elementary geometric operations
on polytopes that form the basis for the constructions presented in [17]. They are
very simple and innocent-looking operations, but still very powerful.
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RZ

Figure 2

For Lawrence extensions the basic operation is the following: take a point p in a
d-dimensional point configuration, and replace it by two new points p and p that
lie on a ray that starts at the original point but goes off in some “new” direction
into (d 4 1)-dimensional space (see Figure 2).

Every such Lawrence extension increases both the dimension of a point config-
uration, and its number of points, by 1. Note that although the original point is
deleted in the construction, it is still implicitly present: it can be “reconstructed”
as the intersection of the line spanned by the two new points with the d-hyperplane
spanned by the original point configuration.

The “classical” use of Lawrence extensions [4, 3, 15] starts with a 2-dimensional
configuration of n points and performs Lawrence extensions on all these points,
one after the other.

The resulting configuration of 2n points is the vertex set of an (n + 2)-dimensional
polytope, the Lawrence polytope of the point configuration.

Every realization of the Lawrence polytope determines a realization of the origi-
nal point configuration, including all collinearities and all orientations of triples. In
fact, the realization spaces of the Lawrence polytope and the planar configuration
can be shown to be stably equivalent. This can be used to lift Mnév’s Universality
Theorem from planar point configurations (oriented matroids) to d-polytopes.

If one wants to stay within the realm of 4-polytopes, then it is not permissible
to use more than two Lawrence extensions. However, careful use of just one or two
Lawrence extensions on some points outside a 2- or 3-polytope leads to extremely
interesting and useful polytopes — among them are the basic building blocks for the
Main Theorem. Here space permits us only to sketch two such examples from [17].

First consider Pascal’s theorem: if the vertices of a hexagon H lie on an ellipse,
then the intersection points of the lines spanned by opposite edges are
collinear. If one takes the vertices of the hexagon together with the three intersec-
tion points as the initial configuration and performs Lawrence extensions on the
three intersection points, then one obtains a 5-dimensional polytope with 12 ver-
tices that has the original hexagon as a 2-face (Figure 3(a)). Furthermore, the six
new points that are generated by the Lawrence extensions are affinely dependent
and form a facet F' of the resulting 5-polytope.
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Figure 3

PI#FPZ

Figure 4

The combinatorics of Lawrence extensions, together with Pascal’s Theorem, im-
ply that in every realization of this 5-polytope, the hexagon has to have its vertices
on an ellipse. (This is the 5-polytope constructed in [23, p. 175].)

This is quite surprising — see the corresponding corollary of Steinitz’s Theo-
rem for 3-polytopes. However, what was needed for the Main Theorem was a
4-dimensional polytope with the same property. The search for such an example
was an open problem in [23, Problem 5.11]. It is now solved by performing a
Lawrence extension on the point q in Figure 3(b), outside a “tent” over a hexagon
(a 3-polytope that arises by performing a Lawrence extension on a certain point
outside a hexagon). We leave the proof for this example to the reader (see [17])
and proceed from Lawrence extensions to the other basic construction method.

Connected sums of polytopes are obtained as follows. Assume that one is given
two d-polytopes, P; and Ps, that have projectively equivalent facets F; and F5 .
We use F to denote the combinatorial type of F} = F5. Then, using a projective
transformation, one can “merge” P; and P, into a more complicated polytope,
the connected sum @Q := P1#,P>. The polytope @ has all the facets of P, and
Ps , except for Fy and Fy. However, the boundary complex OF', consisting of all
the proper faces of F', is still present in @ (Figure 4).
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Now, if one takes an arbitrary realization of @, then it is not in general true
that this realization arises as a connected sum of realizations of P; and of P:
in a “bad” realization of @ the boundary complex OF may not be flat. In fact,
in dimension d = 3 one can see that the complex OF in @ is necessarily flat if
and only if F' is a triangle facet. In dimension 4, there are several other types
of facets that are “necessarily flat”, among them are pyramids, prisms, and tents.
Only such necessarily flat facets are used in connected sum operations for the proof
of the Main Theorem.

5. SKETCH OF THE PROOF

The proof of the Main Theorem is constructive. It starts with the defining
equations of a semialgebraic set and uses them to explicitly construct the face
lattice of a 4-polytope. A result of Shor [18] is used, which states that every
primary semialgebraic set V' is stably equivalent to a semialgebraic set V' € R
whose defining inequalities fix a total order

l=x1 < <z3<...<IH
on the variables and for which all defining equations have the form
Ti+xj =T OF X;j*Tj =2k

for certain 1 < i< j <k <n. Such a set of defining equations and inequalities is
a Shor normal form of V . Thus only elementary addition and multiplication have
to be modelled: they are encoded into certain polytopes for which certain 2-faces
are not prescribable.

In the following we briefly describe how for a given primary semialgebraic set V'
in Shor normal form a corresponding polytope P(V) can be constructed whose
realization space is stably equivalent to V' . While Lawrence extensions are used to
generate “basic building blocks”, the connected sum operation is used to combine
these blocks to larger semantic units.

(i) The initial building blocks generated by Lawrence extensions are
e a 4-polytope that contains a hexagonal 2-face with vertices 1, ... , 6,
in this order, such that in every realization of X the lines 1V 4, 2V 3 and
5V 6, are concurrent (see Section 4, Figure 3(b));
o “forgetful transmitter” polytopes 7T;, that contain as faces an n-gon G
and an (n—1)-gon G’, such that in every realization of T}, the configuration
of the lines that are supported by the edges of G’ is projectively equivalent
to the configuration of lines that is determined by certain n—1 edges of G ;
e “connector” polytopes C, that contain three n-gons G;, Gy and Gj
that are projectively equivalent to each other in every realization of C,, .

(ii) Taking connected sums of the basic building blocks in (i), we obtain poly-
topes PT and P* that model addition and multiplication. These two
polytopes both contain 12-gons G with edges labelled by

0,1,i,j,]€,00,0/,1/,i/,j/,]€/,00/

in this order. In each realization of Pt or PX the six intersections o* =
ana’ of opposite edge supporting lines of G lie on a line ¢. The points
0*, 1* and oo* define a projective scale o on ¢. Furthermore, PT (resp.
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P*) is realizable if and only if ¢(i*) + o(j*) = o(k*) (resp. o(i*)-o(5*) =
o(k*)). (Special care has to be taken in the case i =j.)

(iii) Again by connected sum operations these addition and multiplication poly-
topes are composed to obtain the polytope P(V) that contains a (2n+6)-
gon G with edges labelled by

/ / / / /
0,1,2,... ,n,00,0,1,2" ..., n, 0

in this order. In each realization of P(V) the n + 3 intersections ao* =
anNa’ of opposite edge supporting lines of G lie on a line ¢. The points
0*, 1* and oo* define a projective scale o on £. Addition and multipli-
cation polytopes are adjoined according to the defining equations of V' . In
this way the points of V' are in one-to-one correspondence with the values
o(1*), ..., o(n*) in all possible realizations of P (V).
Thus, modulo projective equivalence, P(V) contains a centrally symmetric
(2n + 6)-gon whose slopes of opposite edges in any realization of P(V) encode
the coordinates of the corresponding point in the semialgebraic set V' :

R(P(V)) =~ {(0(1),...,0@m*) | PeRPV)} = V =~ V.
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