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ABSTRACT. During his career, Bob Thomason was involved in an interesting
and varied group of mathematical endeavors. This is a retrospective survey of
his contributions.

Before his death in 1995, Bob Thomason was active in many diverse areas of
mathematics: homotopy theory, category theory, algebraic geometry and K-theory.
This article will show how closely related these fields are by describing several of
Thomason’s more interesting mathematical endeavors. Other aspects of his career
are described in his obituary [W].

THE HOMOTOPY THEORY OF CATEGORIES

Thomason’s early work concerned the homotopy theory of categories. In this
subject, one studies a category C' by analyzing the homotopy theory of its geometric
realization BC. If Cat denotes the category of small categories, this amounts to a
study of the geometric realization functor B from Cat to topological spaces.

His Ph.D. dissertation [T-th] [T1] describes and analyzes homotopy colimits,
using a simple but fundamental construction in category theory. Given a diagram
of small categories C;, where the subscript j runs through an indexing category
J, it is possible to construct a “canonical cofibered category” J[C. Formally,
this cofibered category is defined for every (lax) functor C': J — Cat. Using the
geometric realization functor B, we can translate the data into a diagram BC' of
topological spaces BC;. The main result in Thomason’s thesis is that the geometric
realization of J[C' is the homotopy colimit of the diagram BC. Because of the
elegance and thoroughness of his analysis, this construction has become a basic
tool used routinely by topologists.

One of Thomason’s recurrent themes was that notions of homotopy theory were
often intrinsic to Cat and also to the category Sym Cat of small symmetric
monoidal categories. For example, in [T3] he proved the reassuring result that
Cat admits a closed model structure, so that the abstract homotopy theory of
small categories does not depend upon a need to pass to geometric realizations. In
[T4] and [T5] he constructed mapping cones, mapping cylinders and other homo-
topy colimits within Sym Cat and showed that infinite loop space machines send
these constructions to the appropriate homotopy colimits of spectra. Thomason’s
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constructions were central to the work of several people in the mid-1980’s, including
the author [PW].

UNIQUENESS OF INFINITE LOOP SPACE MACHINES

As he was leaving graduate school in 1977, Thomason discovered a proof that all
infinite loop space machines produce equivalent output. In order to straighten out
the technical details of his insight, he immediately enlisted the aid of J. Peter May.
In a collaboration May recalls as “delightful interaction,” they reduced Bob’s argu-
ment to a characterization of infinite loop space machines by just one axiom: the
“group completion” axiom. This led to the May-Thomason Uniqueness Theorem,
which we shall now describe; see [MT].

For clarity, let us agree that by a spectrum E we mean a sequence {Ey, E1, ...}
of spaces, together with weak equivalences F,, — QFE, +1. Because Ej is equivalent
to the n-fold loop space Q™ E,, for each n, we call Ey an infinite loop space. We
shall call E connective if m; E,, = 0 for i < n.

Prior to 1977, there had been three disparate methods (called “machines”) for
producing infinite loop spaces and spectra: the homotopy-everything theory of
Boardman and Vogt [BV], the operad-based theory of May [M] and Segal’s I'-space
approach [Seg]. These machines are characterized by their input X, which will be
described shortly, and by their output, which should depend naturally upon the
input X.

As output, each infinite loop space machine E produces a connective spectrum
EX ={EyX,E1 X, ...}, together with a “group completion” map X — FyX.

To explain group completion, we need to know that the input X has the property
that 7y(X) is an abelian monoid and the homology of X is a graded-commutative
ring. Suppose that Y also has this property (e.g., that Y = ExX). Amap X — YV
is called a (topological) “group completion” if m(Y") is the (algebraic) group com-
pletion of the abelian monoid mo(X) and, moreover, H,(Y; R) is the localization of
the ring H,(X; R) at the multiplicative subset mo(X) for every coefficient ring R.

The input is harder to describe. Although superficially very different, each ma-
chine requires that its input include a based topological space X, together with
an action G(m,n): X™ — X™ by some fixed topological family G of operators
satisfying some simple conditions. For example, G should contain the projections
X™ — X and the coordinate permutations X™ — X™ each operator g in G(m,n)
should have an underlying pointed set map f = eg: {0,...,m} — {0,...,n}, and the
subspaces e~ 1(f) of G(m,n) should be contractible. To verify the properties cited
above about my(X) and H,(X), one uses the operators g: X2 — X.

For Segal’s machine, the family of operators F is just the family of base-point
preserving maps, so that there is a universal map G = F. Segal had already
observed in [Seg] that the input to any G-based machine F was equivalent to the
input to his F-based machine S, via the maps e.

The May-Thomason Uniqueness Theorem [MT|. For every infinite loop
space machine E there is a natural equivalence of spectra between EX and Segal’s
spectrum BX.

Thomason’s key idea was that one should study what happens to E as G varies
by constructing a bispectrum B;F;X. This is a lattice of spaces, together with
coherent equivalences (0B, 1 F; X «— B; ;X — OQB;E;;1X. By an up-and-across
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theorem due to Fiedorowicz, the spectra B, X ~ B, FpX and E,. X ~ BoFE,. X are
equivalent and the result follows.

One important application of these ideas is this. Let S be a symmetric monoidal
category. Its geometric realization is food for any infinite loop space machine,
and the May-Thomason Uniqueness Theorem ensures that the resulting spectrum
Spt(S) is independent of the choice of infinite loop space machine. The spectrum
Spt(.S9) is sometimes called the K -theory spectrum of S, because when S is the cate-
gory of finitely generated projective modules over a ring R, the spectrum Spt(S) is
Quillen’s K-theory spectrum K %(R). However, Thomason recently showed in [T26]
that every connective spectrum is weak equivalent to Spt(S) for some symmetric
monoidal category S.

THOMASON’S DESCENT MACHINERY

Following Dold’s idea that homotopy theory is a kind of non-abelian homological
algebra, Bousfield and Kan [BK] realized that the homotopy limit and colimit are
the analogues of the derived functors of the limit and colimit.

Thomason took this philosophy one step further in 1979-80, when he devel-
oped his theory of cohomological descent for spectra [T-EC, §1]. To explain this,
suppose we are given a diagram of spectra E(j), i.e., a functor j — FE(j) =
{Eo(j), E1(j), ...} from some small indexing category J to the category of spec-
tra. Thomason writes H'(J; E) for the sequence of homotopy limits {holim jFEo(j),
holim;yE1(j), ...}, observes that it is a spectrum and calls it hypercohomology.
This terminology is inspired by the Dold-Kan correspondence between non-negative
chain complexes and simplicial abelian groups; the successive truncations of any
chain complex correspond to a sequence of simplicial abelian groups, forming a
spectrum, and the usual hypercohomology groups of homological algebra turn out
to be the homotopy groups of the corresponding spectrum H'.

When J = G is a group (considered as a category with one object) and FE is a
G-spectrum, H'(G; E) is the same as the homotopy fixed point spectrum E", and
there is a canonical map from the fixed point spectrum E€ to E"®. Further, if
E = Spt(9) is the spectrum associated to a symmetric monoidal category S and
S¢ denotes the category of G-representations in S, Thomason’s homotopy limit
problem [T10] asks how close the canonical map from EY = Spt(S%) to Spt(S9)"“
is to a homotopy equivalence. When S is the category of complex vector spaces,
resp. finite sets, the answer to the homotopy limit problem is given by a celebrated
theorem of Atiyah, resp., of Carlsson (Segal Conjecture). When G is the Galois
group of a Galois extension F' of a field E, the homotopy limit problem asks how
close K(E) = K(F)% and K(F)" are. This is the crucial case of the Quillen-
Lichtenbaum conjectures.

With this enlightenment, Thomason was able to mimic the exposition of [SGA4],
using cosimplicial resolutions (with J = A) to construct the sheaf hypercohomology
spectrum H'(X; F) on any space X, or even on any Grothendieck site such as the
étale site of a scheme; see [T-EC, 1.33]. Here F is a presheaf on X with values
in spectra, and there is a natural augmentation F(X) — H(X;F). With this
machinery in place, he introduced the following concept.

Definition. We say that F' has cohomological descent on X if for every open U in
X the augmentation F(U) — H (U; F) is a weak equivalence.
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Functors satisfying cohomological descent have several nice features. For one
thing, they satisfy the Mayer- Vietoris property: for every open U and V' the square

FUUV) ——  F(U)

l l

F(V) —— F(UNYV)

is homotopy-cartesian. When X is a noetherian scheme of finite Krull dimension,
cohomological descent (for the Zariski topology) is equivalent to the Mayer-Vietoris
property; see [T-EC, Ex. 2.5]. A second feature is that many properties of F(X) are
determined by the sheaves 7; F associated to the presheaves U — m; F(U), because
there is a right half-plane “hypercohomology” spectral sequence

(%) EY = HP(X;7_oF) = n_p_oF(X).

This is just a disguised version of the Bousfield-Kan spectral sequence for holim
[BK, §XI1.7] and converges whenever X has bounded cohomological dimension for
the sheaves 7, F.

The most important application of all this machinery is to the K-theory of a
scheme X. To avoid a discussion of the technical issues of [TT] right now, let us
assume that X is quasiprojective over a finite-dimensional noetherian ring. With
a little care, one can construct a spectrum K?(X), depending naturally upon X,
whose homotopy groups K;(X) = m; K?(X) are Quillen’s K-theory groups [Q341]
for i > 0 (and which vanish for i < 0). The naturality of K means that it is a
presheaf on X, for either the Zariski or étale topology, so we can form the Zariski
and étale hypercohomology spectra H'(X; K9) and H'(X; K9).

Suppose first that X is regular. Brown and Gersten had observed as early as
1972 that the presheaf K9 satisfies the Mayer-Vietoris property [BG], so it has
cohomological descent on X for the Zariski topology. In this case, if K, ¢ denotes the
sheaf associated to K, then (x) becomes the (fourth quadrant) “Brown-Gersten”
spectral sequence of [BG]:

(BG) EY' = HP(X;K_ ) = K_,_(X).

If X is quasiprojective but not regular, there is a fringing effect in the spectral
sequence (BG) for K9. Terms such as H?(X; Ky) can be nonzero, yet K9(X) has
no negative homotopy groups. In effect, K9 (X) cannot have cohomological descent
because it is the (—1)-connected cover of a spectrum K(X) = KZ(X) which does
have descent (by the next theorem). We shall describe K?(X) later on, remarking
for now that if i < 0, the groups m; K?(X) are Bass’ negative K-groups K;(X). If
X is regular, these groups vanish and K2(X) = K9(X).

Thomason’s Zariski Descent Theorem [TT, 10.3]. Let X be quasiprojective
over a finite-dimensional noetherian ring. Then K = K satisfies cohomological
descent (for the Zariski topology). In particular, there is a convergent “Brown-
Gersten” spectral sequence (BG) converging to the K-groups of X.

Until [TT], it was not known that K (X) existed in this generality. However,
constructions of KZ(X) in special cases had been known for some time. For ex-
ample, when X = Spec(R), it is the same as the non-connective Karoubi-Gersten-
Wagoner spectra KXW (R) discovered in the early 1970’s; see [PW] for an elabo-
ration.
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It is often useful to consider K-theory with coefficients modulo an integer m.
These K-groups are written as K;(X;Z/m) and are the homotopy groups of a
spectrum written as (K/m)(X). Since we have the benefit of hindsight and [TT],
we define (K/m)(X) to be the smash product of KZ(X) with the mod m Moore
spectrum, noting that the literature contains many variants (for ¢ < 1). Such
a smash product preserves cohomological descent, so Thomason’s Zariski Descent
Theorem implies that (K/m) also satisfies cohomological descent (for the Zariski

topology).

THE QUILLEN-LICHTENBAUM CONJECTURES

In 1974 Quillen conjectured the existence of Atiyah-Hirzebruch type spectral
sequences (one for each prime ¢), relating the K-groups of a ring R of integers in
a number field F' to the étale cohomology groups of X = Spec (R[]), expecting it
to converge in a stable range. In this stable range, it would imply Lichtenbaum’s
conjectures, which relate the order of the groups K;(R) to the values of the zeta
function (r at negative integers, the case i = 2 being the Birch-Tate conjecture
(known up to powers of 2), asserting that |Ka(R)| = (r(—1)w2(F).

Quillen’s conjecture was made more precise by W. Dwyer and E. Friedlander
in 1981, who showed in [DF] that such Atiyah-Hirzebruch type spectral sequences
converged to “étale K-theory” K¢'(X;Z/m), where m = ¢” and i € Z. This is a
twisted generalized cohomology theory on the étale homotopy type of X, equipped
with a natural comparison map n;: K;(X;Z/m) — K{*(X;Z/m); see [F|. For
X = Spec (R[$]), Dwyer and Friedlander showed in [DF] that n; is onto for i > 2.

Thomason observed that étale K-theory was periodic in ¢ and that its periodicity
came from multiplication by a Bott element 8~ € Kyn(X;Z/m) for a suitable
integer NV; if R contains a primitive m*™ root of unity, then 8 € Ko(X;Z/m). Thus
if one inverts the Bott element, the comparison map factors through the resulting
periodic groups K;(X;Z/m)[3~!]. Moreover, these are the homotopy groups of a
spectrum (K /m)(X)[371]. Thomason published a proof of the following theorem
in [T-EC] for regular X and in [TT] for general X.

Thomason’s Etale Descent Theorem [TT, 11.5]. Suppose that X is a noether-
ian scheme of finite Krull dimension such that all its residue fields have uniformly
bounded étale cohomological dimension at the prime £. If { = 2, assume that Ox
contains /—1. Then the periodic theory (K/m)[37] satisfies étale cohomological
descent for all m = £".

Moreover, K.(X;Z/m)[3~Y = KS(X;Z/m), via the comparison maps, and the
hypercohomology spectral sequence (x) is the Atiyah-Hirzebruch type spectral se-
quence:

EPT — {ch(X§Z/m(%)), q even
o1 =

) poet = Koz

Historically, the proof for X regular evolved in several stages. Thomason proved
étale descent in 1980, before [DF]. The surjectivity of n (for £ # 2) came in 1981
as joint work with Dwyer, Friedlander and Snaith [DFST], while the final step
[T7] came in 1982, and the refinement [T9] was written in 1983. Several nice
applications of the Descent Theorem were written up before the final version of
[T-EC] appeared: a proof of Qg-adic cohomological purity in [T11] and a Rigidity
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Theorem with Gillet in [GT] (their proof was contemporaneous with Gabber’s).
Applications to Riemann-Roch are given in [T8] and [H].

Thomason’s Etale Descent Theorem solves Quillen’s conjecture up to stability in
(. The comparison maps 7;: K;(X;Z/0") — K;(X;Z/¢")[37] are onto for large i
(see [T9]) and onto for i > 2 in the arithmetic case X = Spec(R[}]) by [DF]. The
guess is that n; should be an isomorphism for i > cdy(X).

If X is a smooth curve or surface over the complex numbers, Suslin proved in
1994 [Sus] that 7; is an isomorphism for ¢ > dim(X). Voevodsky has announced a
proof (in 1996) that if X is smooth over a field and ¢ = 2, then 7); is an isomorphism
for i > cdak(X).

EQUIVARIANT ALGEBRAIC K-THEORY

During 1983-1986, Thomason wrote a series of papers [T12, T13, T14, T15, T16]
about the K-theory G.(G, X) of coherent G-modules over a G-scheme X, G being
a reductive algebraic group. (The 1991 paper [T21] also belongs to this series.)
For geometric invariant theory enthusiasts, the most interesting aspect of this work
was that he could establish the existence of equivariant resolutions of a coherent G-
module F by G-vector bundles over reasonable schemes X [T15]. Such resolutions
had been conjectured to exist by Seshadri and others. If G is a torus and X is proper
over a field k, one case of his Lefschetz-Riemann-Roch Theorem [T13] states that
we have equality of Euler characteristics in the representation ring Ry (G) :

Y CUH(X;F) =) () HI(XYrF)

for every F, where X© is the fixed-point scheme, and the G-module 7.F on X¢ is
given by a standard trace formula.

If one adopts the philosophy of [T-EC] that one should go modulo ¢” and invert
the Bott element, one is led to study the theory G/¢%(G,X)[37!]. In [T14] [T16]
he showed that this horribly named theory is a sort of equivariant topological K-
homology theory, in the sense of Atiyah and Segal — but with respect to the étale
topology. In particular, if one completes this theory (& la Atiyah) with respect to
the augmentation ideal of the representation ring Ry (G), one gets the equivariant
version of étale K-theory with supports.

K-THEORY AND DERIVED CATEGORIES

After Grothendieck solved the original Riemann-Roch problem for relatively pro-
jective varieties in 1958, he set about to develop a global theory of intersections of
schemes and a Riemann-Roch formula for arbitrary proper morphisms f: Y — X.
For this one needs a direct image map f.: Ko(Y) — Ko(X). If X is regular, then
[« is given by f.(E) = > (—~1)![R!f.E]. However, the individual terms in this
naive formula do not make sense for all X. Grothendieck observed that in spite
of this, one could still make sense of the alternating sum in the derived category
of complexes of vector bundles on X. That is, the complex Rf.F is perfect: X is
covered by affine opens Spec(R;) on which Rf, E is represented by a bounded chain
complex of finitely generated projective R;-modules.

This being said, Grothendieck redefined Ky(X) as a group depending upon the
category Perf(X) of perfect complexes on X. However, this new definition of Ky(X)
can differ from the classical definition unless X has an ample line bundle (or an
“ample family” of line bundles). The book [SGA6] is devoted to making sense
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out of all this with the new definition of Ky(X). In the end, the Riemann-Roch
formula was established for proper locally complete intersection morphisms between
quasi-compact schemes with an ample line bundle; see [SGA6, p. 485].

The following result of Thomason would have simplified much of [SGA6]. In this
exposition, we shall assume that X is noetherian, although all the following results
extend to quasi-compact quasi-separated schemes, because they are inverse limits
of noetherian schemes by [TT, C.9].

Key Proposition [TT, 5.2.2]. Let U be open in a noetherian scheme X. A perfect
complex E on U is isomorphic (in the derived category) to the restriction E = F|U
of a perfect complex F' on X if and only if the class [E] € Ko(U) is in the image
of the restriction map Ko(X) — Ko(U).

Moreover, if Fy and Fy are perfect complexes on X, every map FolU — F1|U
in the derived category is the restriction of a diagram Fy «— Fy — Fy of perfect
complezes on X with Fo|U = Fy|U.

The proof uses a result called the “Thomason-Trobaugh” direct limit characteri-
zation of perfect complexes: Let F' be a bounded complex on X whose cohomology
sheaves are quasi-coherent. Then F' is perfect iff for every affine open U and every
direct system E, of perfect complexes on U, the canonical map is an isomorphism:

limy Hom p () (F, Eq) = Homp gy (F, lim Ey).

A word of explanation is in order. Thomason attributes the crucial idea in
the proof to a dream he had on January 22, 1988, in which his recently deceased
friend Thomas Trobaugh told him how to solve the final step: “The direct limit
characterization of perfect complexes shows that they extend” (modulo the Ky
obstruction). In gratitude, Thomason listed his friend as a coauthor of the resulting
paper [TT].

It is easy to extend the [SGAG] definition of K((X) to higher K-theory. For
i > 0, we define K;(X) to be the Waldhausen K-theory of the category Perf(X).
The results of [SGAG, IV] show that K;(X) agrees with KlQ (X) whenever X has
an ample family of line bundles. In order to extend the definition to negative
i, Thomason used an idea of Bass: to define K; 1, it suffices to prove that the
“Fundamental Theorem” holds for K;. Let X|[t], X[t™!] and X[t,¢t71] denote the
products of X with Spec(Z[t]), Spec(Z[t~1]) and Spec(Z[t,t~!]), respectively. The
Fundamental Theorem we now state had been previously proven by Quillen in two
important cases: for X regular (in [Q341]) and for X = Spec(R) (in [GQ)]). In turn,
Quillen’s results generalize an earlier result of Bass-Heller-Swan for ¢ = 1.

Fundamental Theorem of K-Theory [TT, 6.6]. If X is a noetherian scheme,
then for all i there is an exact sequence:

0— K;(X) — K;(X[t]) © Ki(X[t7Y]) — Ki(X[t,t7']) — K;—1(X) — 0.

Thomason first proved exactness for ¢+ > 1, using the Key Proposition for
Xt,t71] ¢ X]t]. Following Bass, the rest is automatic, because one inductively
defines K;_1(X) using the Fundamental Theorem for i. The construction of the
nonconnective spectrum KZ(X) uses a similar induction.

We now turn to Thomason’s solution of the localization problem: find the third
term in the long exact sequence containing the maps K;(X) — K;(X — Z), where
Z is closed in X. Once again, this generalized results of Quillen: in [Q341] for X
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regular and in [GQ] for X affine and Z a divisor. Let KZ(X on Z) denote the (non-
connective) Waldhausen K-theory spectrum for the category of perfect complexes
of X which are acyclic off Z, and write its homotopy groups as K;(X on Z).

Localization Theorem [TT, 7.4]. Let Z be closed in a noetherian scheme X,
with complement U = X — Z. Then the fiber of KP(X) — KB(U) is KB(X on 2),
and there is a long exact sequence:

- = Kip1(X) = Kip1(U) — Ki(X on Z) — Ki(X) = Ki(U) — -+

If X =UUV, then Z C V, and the Key Proposition implies an excision result:
K(X on Z) ~ K(V on Z); see [TT, 3.19]. By the Localization Theorem, this
implies that the Mayer-Vietoris property holds for K-theory, which in turns proves
Thomason’s Zariski Descent Theorem, stated above.

Among the many applications of these structural theorems, we would like to
point out the main results of [T23]. An immersion Z — X is called regular of
codimension d if Z is locally defined by a regular sequence of length d.

s

Corollary [T23, 2.1]. Let X’ — X denote the blow-up of a noetherian scheme X
along a reqular immersion Z 40X of codimension d. Then

d—1
Ki(X') = KX)o PEKi(2).
=0

This result is new even for i = 0, because the classical result of [SGAG6, VII]
required the extra hypothesis that Z be regular. Thomason also gives an excess
intersection formula for the composition 7*¢,: K;(Z) — K;(X'), which for i =0 is
[SGAG, 3.4]. Finally, he proves the following nice result.

Corollary [T23, 3.1]. Let Z 4 X bea reqular immersion of noetherian schemes,
with conormal bundle N. Then the composition t*i.: K;(Z) — K;(Z) is multipli-
cation by the element \_1N =Y (=1)"[A"(N)] of Ko(Z).

For i = 0 this is the “formule clef” of [SGAG6, VII.2.7], while for X regular it is
implicit in Quillen [Q341]. Thomason further observed (unpublished) that these re-
sults allow one to prove a version of the Adams-Riemann-Roch theorem, describing
the behavior of y-filtration on K;(X) under a complete intersection morphism.

THOMASON MODEL STRUCTURES

In the late 1960’s, Quillen had established “homotopical algebra” as a frame-
work for doing homotopy theory in algebraic settings [Q-HA] [Q-RH]. He defined
a (Quillen) model category as a category C equipped with three distinguished fam-
ilies of maps (cofibrations, fibrations and weak equivalences) satisfying five axioms
(CM1-CM5). Waldhausen observed that, since these families of maps are closed
under composition and contain all identity maps, it is convenient to think of them
as the morphisms of three subcategories of C: cof (C), fib(C) and we (C).

In 1995, Thomason was able to finally solve the problem, raised by Grothendieck,
of lifting a homotopy structure from C to functor categories, such as the category
of simplicial presheaves on a site. Bob’s basic idea was to modify Quillen’s axioms
in order to obtain homological algebra as a special case. Unfortunately, he never
wrote his results up. What follows is an outline of Thomason’s theory, based on
notes (by Barbieri-Viale and Grandis) on lectures he gave in Genova, Italy, less
than one month before his death.
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Definition. A Thomason model category is a category C equipped with three dis-

tinguished families of maps: the “cofibrations” (written as —), the “fibrations”

(written as —»), and the “equimorphisms” (written as —, and thought of as weak

equivalences). These are to be closed under composition and contain all identity

maps, and one writes the corresponding subcategories as cof(C), fib(C) and eq(C)
respectively. C must have both an initial and a terminal object, and the following
self-dual axioms must be satisfied:

(TMO) Every isomorphism is in cof(C), fib(C) and egq(C).

(TM1) The pushout of a cofibration ¢ with any map f exists and is a cofibration.
Moreover, if either f or ¢ is an equimorphism, so is its pushout. The dual
assertion for the pullback of a fibration with any map must also hold.

(TM2) (Quillen’s CM2) Let f and g be maps such that gf = h is defined. If any
two of f, g, h are equimorphisms, so is the third.

(TM3) (Quillen’s Axiom CM3w) Any retract of an equimorphism is an equimor-

phism.
(TM4) (Quillen’s Lifting Axiom CM4) Suppose given a commutative square
A —- X
il Lp
B — Y

in which ¢ is a cofibration and p is a fibration. Then a map B — X
exists, factoring both A — X and B — Y, provided either i or p is an
equimorphism.

(TM5) (Factorization) Any map f factors functorially in two ways: as ——» and

as >—>:>

Any Quillen model category with (TM1) is a Thomason model category, provided
that the factorizations required by Quillen’s axiom CM5 can be made functorial;
I do not know of any Quillen model category in which these factorizations are not
functorial. One advantage of functoriality, already noted by Heller and Waldhausen,
is that one can define “cylinder objects” A x I and “path objects” A in a way that
is natural in A.

Here is another difference between Quillen’s and Thomason’s axioms. Thoma-
son’s Factorization Axiom (TM5) allows us to factor f as hi, where i is a cofibration
and h is an equimorphism; in Quillen’s Factorization Axiom (CM5) h must also be
a fibration. Therefore if f is a map having the left lifting property with respect to
all fibrations which are equimorphisms, Quillen’s axioms CM3 and CM5 imply that
f must be a cofibration. This need not be the case in a Thomason model category,
as the following example shows.

Example. Here is an example of a Thomason model category which is not a Quillen
model category. Let Ch denote the category of bounded chain complexes of mod-
ules over some ring R, with eq(Ch) the quasi-isomorphisms (maps inducing iso-
morphisms in homology).

Let cof(Ch) denote the category of injections whose cokernel is a chain complex
of projective modules, and let fib(Ch) denote the category of epimorphisms whose
kernel is a chain complex of injective modules. Then Ch is a Thomason model
category but not a Quillen model category (unless R is a semisimple ring).

There are also two well-known Quillen model category structures on Ch in which
eq(Ch) is the class of quasi-isomorphisms; see [Q-HA, 1.1.2]. In one, we retain
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cof (Ch) but take the fibrations to be all epimorphisms. In the other, we retain
fib(Ch) but take the cofibrations to be all injections.

By arguments which are formally similar to Quillen’s in [Q-HA], Thomason was
able to reprove all the basic results of homotopical algebra for his model categories.
One such basic result is that the homotopy category Ho(C) of a Thomason model
category C exists. Recall that all equimorphisms are inverted in Ho(C) and that
Ho(C) is universal with respect to this property. The existence proof follows the
proof for a Quillen model category: one reduces to the problem of defining maps
between a cofibrant object A and a fibrant object B and sets

Homypo ) (A, B) = Home (A, B)/ ~,

where the homotopy relation ~ is defined using the cylinder A x I.

Many natural examples in Quillen’s theory are enriched over simplicial sets
[Q-HA, ch. II]. Quillen defines a simplicial model category to be a model cate-
gory which is enriched over simplicial sets and has both “tensor” objects X @ K
and “cotensor” objects X% for every X € C and every finite simplicial set K. In
addition, the model structure and the simplicial structure must be compatible in
the sense that the following condition must be satisfied [Q-HA, I1.2.2]:

(SM7) If A L, B is a cofibration and p: X ~— Y is a fibration, then
Hom(B, X)) — Hom(A, X) Xtom(a,y) Hom(B,Y)

is a fibration of simplicial sets. In addition, this fibration must be an equi-
morphism if either 4 or p is.

Definition. A Thomason simplicial model category is a Thomason model cate-
gory such that C is enriched over simplicial sets; has “rigid” tensor and cotensor
structures which are compatible with cof (C), fib(C) and eq(C); has good products,
coproducts, limits of fibrations and colimits of cofibrations.

These additional axioms allow us to construct homotopy limits and homotopy
ends internally within any Thomason simplicial model category, following the ideas
of [T1]. Thomason also announced the following result, which he had been thinking
about for some time in the context of Quillen model structures.

Lifting Theorem. Let C be a Thomason simplicial model category, I a small cat-
egory. Then the functor category C! is a Thomason simplicial model category.

Here are some remarks about the proof. If C! is to be a Thomason simplicial
model category, one must first decide what the cofibrations, etc., should be. There
are at least two model structures on the functor category: a local structure and
a global structure. In the global model structure, a morphism ¢: F' — G in the
functor category C! is a cofibration or an equimorphism if each t4: F(A) — G(A)
is. It is a “fibration” if each t4 is a fibration in C and if it has the lifting property
with respect to the above notions of cofibration and equimorphism. In the local
model structure, it is the cofibrations which are determined by having the lifting
property with respect to the (pointwise) fibrations and equimorphisms. Of course,
since these two structures have the same equimorphisms, it follows that the local
and global model structures will determine the same homotopy category Ho(C).

As is usual in this subject, there is no difficulty in establishing the first few
axioms, and half of axiom (TM4) is built into the definitions. The main difficulty
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in proving that this (local or global) structure forms a model category comes from
the Factorization Axiom (TM5).

Here is a natural question about model structures. Suppose that we are given
a (simplicial) model structure on the topos C of sheaves on some site X and a
refinement of the topology on X (or any topology on C). When does this induce
a model structure on Cg,, the topos of sheaves for the refined topology? I suspect
that Thomason had already studied this problem.

Thomason was also planning to deal with the stable (read triangulated) case as
well, and he expressed the hope that one could lift this kind of structure to functor
categories as well.
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