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NONLOCAL INVARIANTS IN INDEX THEORY

STEVEN ROSENBERG

Abstract. In its original form, the Atiyah-Singer Index Theorem equates two
global quantities of a closed manifold, one analytic (the index of an elliptic
operator) and one topological (a characteristic number). Because it relates in-
variants from different branches of mathematics, the Index Theorem has many
applications and extensions to differential geometry, K-theory, mathematical
physics, and other fields. This report focuses on advances in geometric aspects
of index theory.

For operators naturally associated to a Riemannian metric on a closed
manifold, the topological side of the Index Theorem can often be expressed as
the integral of local (i.e. pointwise) curvature expression. We will first discuss
these local refinements in §1, which arise naturally in heat equation proofs of
the Index Theorem. In §§2,3, we discuss further developments in index theory
which lead to spectral invariants, the eta invariant and the determinant of an
elliptic operator, that are definitely nonlocal. Finally, in §4 we point out some
recent connections among these nonlocal invariants and classical index theory.

1. Local invariants in Atiyah-Singer index theory

The Atiyah-Singer Index Theorem, first proved around 1963, equates the index,
IndD = dim KerD − dim CokerD, of an elliptic operator D : Γ(E) → Γ(F ) tak-
ing sections of a bundle E over a closed manifold M to sections of a bundle F
with 〈P (M,σtop(D)), [M ]〉, a characteristic number built from the topology of M
and topological information contained in the top order symbol of D [5], [38]. For
particular choices of D, this deep result encompasses Chern’s generalization of the
Gauss-Bonnet theorem, the Hirzebruch signature theorem, and Hirzebruch’s gener-
alization of the Riemann-Roch theorem, as well as giving many new results. Atiyah
and Singer also proved the Families Index Theorem [6] for a family of elliptic op-
erators {Dn} parametrized by n in a compact manifold N . This theorem identifies
the Chern character of the index bundle Ind D in H∗(N ;Q) with a characteris-
tic class on N built from the topology of N and the pushforward of the symbols
of the Dn; the significance of this theorem is that the Chern character of a bun-
dle determines the K-theory isomorphism class of the bundle up to torsion. Here
Ind D = Ker D − Coker D is a virtual bundle whose fiber for generic n ∈ N
is the formal difference Ker Dn −Coker Dn. For example, for a family of Dirac
operators associated to a family of metrics gn on M parametrized by n ∈ N , we get
ch(Ind D) = π∗Â(M/N), where Â(M/N) is the Â-polynomial of the bundle over
N whose fiber at n is the bundle of spinors associated to gn, and π : M ×N → N is
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the projection. This example becomes less trivial if we replace M×N by a manifold
X fibered by M (cf. §4).

Among the basic examples of elliptic operators are the so-called geometric opera-
tors, i.e. operators canonically associated to a Riemannian metric on M . For these
operators, Hodge theory identifies the index with the Euler characteristic of de
Rham-type cohomology groups. For example, the Gauss-Bonnet operator is given
by D = d + d∗ taking even forms to odd forms, where d is exterior differentiation
and d∗ is its adjoint with respect to the Hodge inner product on forms induced
by the metric. The index of D is the Euler characteristic χ(M). The Dolbeault
operator ∂̄ + ∂̄∗, the analog of the Gauss-Bonnet operator for a complex Kähler
manifold, has the arithmetic genus as its index, and the signature operator has
σ(M), the signature of M , as its index. (The index of the Dirac operator on a spin
manifold does not have a Hodge theoretic topological interpretation.)

The simplest geometric example is the Gauss-Bonnet operator on a closed sur-
face. The characteristic number given by the Index Theorem is 〈e(M), [M ]〉, the
value of the Euler class of TM evaluated on the fundamental class of M . By
Chern-Weil theory, this characteristic number equals (1/2π)

∫
M
KdA, the integral

of the Gaussian curvature. Thus the Index Theorem reduces in this case to the
classical Gauss-Bonnet theorem: χ(M) = (1/2π)

∫
M
KdA. In particular, we have

expressed the index as the integral of a local invariant, a top dimensional form
(or density) computed pointwise canonically from the metric (i.e. independent of
choice of chart).

This derivation of the Gauss-Bonnet theorem is somewhat indirect, as it uses
Hodge theory to equate the analytic term, the index, with a topological expression,
and then appeals to Chern-Weil theory to obtain a geometric expression for the
topological side of the Index Theorem. Similar remarks apply to other geometric
operators. Beginning with [1], heat equation proofs of the Index Theorem were
developed which expressed the index of a geometrically defined operator directly as
the integral of the correct Chern-Weil expression. In brief, it is easily shown that
the supertrace trse

−tD∗D = tr(e−tD
∗D) − tr(e−tDD

∗
) of the heat operator is time

independent, with D = D+D∗ acting on sections ofE⊕F. As t→∞, the supertrace
converges to the index of D by a Hodge theory argument. By parabolic regularity
theory, the heat operator e−tD

∗D has a smooth integral kernel. The pointwise
supertrace of the integral kernel of e−tD

∗D is nonlocal, as it is built from the
eigensections of D∗D, which are solutions of a global equation. However, by more
or less standard pseudodifferential operator techniques, the pointwise supertrace
has the asymptotic expansion

trse
−tD∗D(t, x, x) = P (x) + O(t),

as t→ 0, for some local curvature invariant P (x) = P (x, g), where g is the Riemann-
ian metric. Equating the long and short time behavior gives IndD =

∫
M
P (x) dvol.

From the complicated construction of the asymptotics, the curvature invari-
ant P (x) appears to contain many covariant derivatives of the curvature, while
Chern-Weil forms contain no such derivatives. Either the nontrivial invariant the-
ory developed by Atiyah-Bott-Patodi [1] and Gilkey [25], or the later, more direct
“supersymmetric” approach of Getzler [24] and Patodi [40] shows that the covariant
derivative terms vanish and identifies P (x) dvol with the expected Chern-Weil form:
the Euler form for the Gauss-Bonnet operator, the Todd class for the Dolbeault op-

erator, Hirzebruch’s L-polynomial for the signature operator, and the Â-polynomial
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for the Dirac operator. These results are sometimes called local index theorems;
proofs of various cases are in [8], [44], [47]. As explained below, the geometric oper-
ators all have twisted versions formed by coupling the operator to a connection on
an auxiliary bundle. The heat equation proof extends to the twisted case, and by
K-theory arguments the full Index Theorem reduces to the cases of either twisted
signature operators or twisted Dirac operators.

Bismut [9] and others extended Getzler’s techniques to give similar local proofs
of the Families Index Theorem. Here the Chern character as a differential form
constructed by Chern-Weil theory from a connection on the index bundle is identi-
fied with the differential form version of the right hand side of the Families Index
Theorem; in particular, the topological pushforward is refined to its smooth ana-
log, integration along the fiber. These proofs are based on the superconnection
techniques introduced in [42].

Although not as popular as the heat equation approach, one can prove the Index
Theorem using the zeta functions ζ±(s) of ∆+ = D∗D,∆− = DD∗. Here ζ±(s) =∑

(λ±i )−s, where {λ±i } are the nonzero eigenvalues of ∆± counted with multiplicity.

The smoothness of the heat kernel gives the convergence of its trace
∑

e−λ
±
i t,

which implies a Weyl-type estimate on the growth of the λ±i . This in turn implies
the convergence of ζ±(s) for Re(s) >> 0. Via a Mellin transform, the asymptotic
expansion of the heat kernel gives a meromorphic continuation of ζ±(s) to all of C
with at most simple poles at prescribed integers (or half-integers) [48]. In short, one
obtains ζ+(0) = dim KerD −

∫
M P+(x) dvol for some complicated local invariant

P+(x), and similarly for ζ−(0). It is easy to show that ζ+(0) = ζ−(0), and then
supersymmetry arguments as above yield P+(x) − P−(x) = P (x), from which the
Index Theorem follows.

In analogy with number theoretic zeta functions, the special values or residues
of the poles of the zeta function have geometric significance–e.g. ζ±(dimM/2) is
a multiple of the volume of M . Moreover, the zeta functions associated to locally
symmetric spaces often coincide with number theoretic zeta functions. However,
this is as far as the analogy goes. For example, it is easy to check that the zeta
function for the Laplacian on the simplest closed manifold, the circle, is a slight
variation of the Riemann zeta function, so it is not a good idea to ask a geometer
if the Riemann hypothesis holds for ζ±(s).

In general, zeta functions associated to a Riemannian metric do not have a
functional equation, the main tool for studying arithmetic zeta functions. On the
other hand, geometers can study the metric dependence of the value of a zeta
function, a technique usually unavailable to number theorists due to rigidity results.
This variational approach to special values of zeta functions and the analogous L-
series is a central theme in the subject.

2. Nonlocal invariants – the eta invariant

The Gauss-Bonnet theorem for a surface with boundary picks up a correction
term, the integral of the geodesic curvature over the boundary. Chern’s generaliza-
tion of Gauss-Bonnet to higher dimensions similarly has a term given by integrating
a local invariant over the boundary. (The boundary term involves the geometric
placement of the boundary in the manifold, and so cannot be expressed simply by
a Chern-Weil-type curvature expression.)
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However, other examples of the Index Theorem do not admit such simple gener-
alizations. In particular, assume the signature operator admitted a local correction
term as above: σ(M) =

∫
M
Psig(x, g) +

∫
∂M

Q sig(x, g). If π : M ′ → M is a k
to 1 finite covering, then with respect to the pullback metric g′ of g, we would
have P sig(y, g

′) = P sig(πy, g), and similarly for Q. This implies σ(M ′) = k · σ(M).
However, this formula is false in general.

Nevertheless, the dependence of the error term η = σ(M)−
∫
M Psig(x, g) on the

metric g is a local invariant. For if gt is a curve of metrics, then by Chern-Weil
theory (d/dt)|t=0η

gt is a local invariant. Of course, it is highly nontrivial to identify
η from this information.

In [3], Atiyah, Patodi and Singer gave the correction term for the Index Theorem
for manifolds with boundary. If we assume for simplicity that the metric splits as a
product on a collar of the boundary, the signature operator splits into D = d/dt+A,
where t is the collar parameter, A = ±(∗d−d∗) acting on all forms on the boundary,
and ∗ is the Hodge star. The correction term depends only on ∂M , so with hindsight
it is reasonable to guess that this term is built from the spectrum of the first order,
selfadjoint elliptic operator A. Since A has an infinite number of positive and
negative eigenvalues, neither the heat operator nor the zeta function of A is defined.
However, in analogy with number theoretic L-series, we can define the eta function
of A by

η(s) =
∑
i

sgn(λi)

|λi|s
,

where the sum is over the nonzero eigenvalues of A. By a simple scaling argument,
the correction term must be η(0) if the correction is a spectral invariant of A.

By a Mellin-type transform, it is possible to show that η(s) converges for Re(s)
>> 0 and has a meromorphic continuation to C with η(0) finite. However, note that
the eta invariant does not vary smoothly with the metric, as a nonzero eigenvalue
of A = At may pass through zero as t varies, causing a discontinuity in η(s). So
the correction term in general must keep track of the dimension of KerA.

We now state the Index Theorem for manifolds with boundary in the case of the
signature operator:

Theorem 2.1 (APS Theorem). Let M be a manifold with boundary, and let L(x, g)
be the Chern-Weil representative of the Hirzebruch L-polynomial associated to a
Riemannian metric g on M . Assume the metric splits as a product near the bound-
ary. Then

σ(M) =

∫
M

L(x, g)− η(0).

This theorem shows that the real valued eta invariant η(0) is nonlocal. There are
similar results for other geometric operators. If the metric is not a product near
the boundary, the right hand side of the last equation also contains the integral
of a local invariant over ∂M , as in the Chern-Gauss-Bonnet theorem. The text
[33], which contains extensive references, gives a proof of the APS theorem using
Getzler’s methods, in which the eta invariant appears naturally in the course of the
proof. Finally, we note that the nonlocal nature of the eta invariant is reflected
in the fact that the APS theorem can be proved by considering a boundary value
problem for D∗D with respect to nonlocal boundary conditions. The index of D is
not quite equal to σ(M), but it involves a term which cancels with the dimension
of KerA, so this discontinuous term does not appear in the APS theorem.
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Needless to say, computing the eta invariant is quite difficult. However, the
fact that the variation of the eta invariant is local leads to a computable invariant.
For let E be a hermitian bundle over M with a flat unitary connection ∇. Form
the coupled signature operator D∇ acting on E-valued forms by D∇ = Dsig ⊗
Id + Id ⊗ ∇. Since the bundle is flat, D∇ locally looks like k copies of Dsig,
where k = rank(E). Let gt be a curve of metrics with variation s = (d/dt)|t=0gt,
a symmetric two-tensor. Since the variations of the eta invariants of Dsig, D∇
are computed from the asymptotics of the associated heat operators, it is easy to
see that the variations δs of the eta invariants satisfy k · δsηDsig(0) = δsηD∇(0). In
particular, the difference k ·δsηDsig(0)−δsηD∇(0) is independent of the Riemannian
metric and hence is a smooth invariant of the manifold M and the flat bundle E
(or equivalently, of the manifold M and a unitary representation of π1(M)). The
Index Theorem for Flat Bundles [4], [26] gives a topological interpretation of this
invariant.

3. Nonlocal invariants – the determinant

For geometric operators such as the Gauss-Bonnet and Dolbeault operator, the
index is the Euler characteristic of certain cohomology groups. If these groups van-
ish, the Index Theorem has nothing to say, and secondary geometric and topological
invariants appear. This is the case for Reidemeister torsion, which is (most easily)
defined only when the cohomology of M twisted by a unitary representation ρ of
π1(M) vanishes [34]. In particular, Reidemeister torsion is a “precohomological”
invariant, in that it is defined from a twisted cochain complex; this torsion was
originally introduced to distinguish lens spaces with isomorphic cohomology rings
and homotopy groups.

Ray and Singer [43] noted that Reidemeister torsion is computed from a trian-
gulation of M as a linear combination of determinants of combinatorial Laplacians,
and conjectured that the Reidemeister torsion equals the analytic torsion,

T (M, g, ρ) =
1

2

n∑
k=1

(−1)kk ln det∆k
ρ,

the corresponding combinations of determinants of Laplacians on k-forms with val-
ues in the flat bundle determined by ρ.

Of course, the product of the eigenvalues of these Laplacians is infinite, so the
notion of determinant must be redefined, or regularized. Since the determinant of an
invertible finite dimensional positive selfadjoint transformation T can be computed
from its eigenvalues {λi} by the formula − ln det T = (d/ds)|s=0

∑
λ−si , Ray and

Singer defined the determinant of a Laplacian-type operator to be exp(−ζ′(0)). In
a similar way, ζ(0) regularizes the dimension of the domain of the Laplacian, and
more importantly, the eta invariant regularizes the number of positive minus the
number of negative eigenvalues of the operator A.

Based on the evidence presented in [43], Cheeger [21] and Müller [35] proved
the equality of analytic and Reidemeister torsion. Cheeger’s proof uses surgery
techniques to reduce the problem to lens spaces, where the result was known, while
Müller’s proof examines the convergence of the spectral theory of the combinatorial
Laplacians to that of the smooth Laplacians as the mesh of the triangulation goes
to zero. Vishik [50] has given a cutting and pasting proof based on ideas from
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topological quantum field theory, and Bismut and Zhang [17] have a proof based
on Witten’s proof [52] of the Morse inequalities.

For a fixed Laplacian, such as the Laplacian on bundle-valued k-forms, ζ′(0) is a
subtle spectral invariant. In contrast to ζ(0), it is not a local invariant, as covering
space examples show, and in contrast to η(0), its variation is not a local invariant.
This can be seen by computing examples on flat tori, where the zeta function is
a Selberg-Chowla zeta function. Thus there is no index theorem for flat bundles
for ζ ′(0). However, for operators with reasonable change under conformal change of
the metric, ζ′(0) is an invariant of the conformal class of a metric; examples include
Dirac operators and conformal Laplacians [18], [39], [46] (cf. [37] for a proof of the
uniformization theorem for Riemann surfaces based on the variation of ζ′(0)).

In direct contrast to the original Index Theorem, which only gives Ind D = 0
if dim M is odd, Reidemeister/analytic torsion is nontrivial only if dim M is odd.
Note the continued analogy with number theoretic zeta functions, where the residue
or leading order term of a special value has significance, in that analytic torsion is
independent of the metric only in the case where ζ(0) = 0.

4. Relations among the invariants

All known relations among the local and nonlocal invariants involve the Families
Index Theorem. The first relation uncovered involves the determinant line bundle of
a family of operators, which is the easiest index bundle to understand topologically,
but whose geometry is nontrivial.

Motivated by questions in quantum field theory, Atiyah and Singer [7], [49] stud-
ied the problem of canonically defining the determinants of a family of invertible
first order elliptic operator D : Γ(E) → Γ(F ) for different bundles E,F. If D = Dn

were a family of transformations, parametrized by n ∈ N , between finite dimen-
sional vector spaces V,W , then defining the determinant of the family would be
equivalent to picking a section of the line bundle

ΛmaxV ⊗ (ΛmaxW )∗ ' Λmax KerD ⊗ (Λmax CokerD)∗

over N . For the infinite dimensional vector spaces Γ(E),Γ(F ), only the right
hand side of the last equation is defined, so defining the determinant of the fam-
ily reduces to trivializing the determinant line bundle Det D = ΛmaxKer D ⊗
(ΛmaxCoker D)∗ of the index bundle. Thus there are topological obstructions
to the solution given by the Families Index Theorem. However, even if the bun-
dle is trivial, there is no canonical trivialization, unless the bundle comes with a
canonical nonvanishing section, or equivalently with a canonical flat connection
with vanishing holonomy.

In [41], Quillen introduced a canonical hermitian metric on the determinant
line bundle for the family of twisted Dolbeault operators over a Riemann surface.
In brief, Det D has a canonical section det D which is locally given by det D =
v1∧. . .∧vk⊗(Dv1∧⊗ . . .∧Dvk)∗, where {vi} is an orthonormal basis of eigensections
of D∗D with eigenvalues λi lying below some value a. The Quillen metric on Det
D is defined by

|| det D||2 = (
∏

λi)e
−ζ′D∗D,a(0),

where the zeta function ζD∗D,a(s) is built from the eigenvalues above a. This
formula is independent of the choice of a and is motivated by the easy equality
|| det D||2 = det D∗D for D a transformation of finite dimensional vector spaces
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with ||D∗D|| < a. In Quillen’s holomorphic example, Det D has a canonical con-
nection whose curvature is nonzero in general; thus there is a geometric obstruction
to defining the determinant of the family of operators, even if the topological ob-
struction (the first Chern class of Det D) vanishes.

The holomorphic category is too rigid to handle the general case of twisted
Dirac operators. In [13], Bismut and Freed defined an analogous connection on the
determinant line bundle for a family of twisted Dirac operators and proved that the
curvature of this connection, which (i) is a combination of second variations of ζ′(0),
and (ii) represents the first Chern class, is precisely the degree two component of
the differential form in the local Families Index Theorem. In light of the nonlocal
nature of the first variation of ζ ′(0), this localization of the curvature is especially
striking.

Computing the holonomy of the Quillen metric is more difficult, as this involves
integrating the connection one-form around loops in the base manifold. This is
a nonlocal computation on a general bundle and is all the more nonlocal here,
since the connection one-form is essentially the first variation of ζ′(0). Of course,
if the family of operators is constant, the holonomy is trivial. In [51], Witten
gave a heuristic argument for the limit of the holonomy as the metric on the base
manifold is scaled up; this so-called adiabatic limit corresponds to taking a limit as
the operators get closer and closer to being constant.

The geometric framework for Witten’s argument consists of a Riemannian sub-
mersion π : X → N of Riemannian manifolds with fiber diffeomorphic to the even
dimensional closed manifold M . Assuming X,M,N are spin, we have a family of
Dirac operators Dn, n ∈ N, acting on positive spinors on π−1(n). (For simplicity,
we will not discuss the twisted case.) The holonomy around a loop γ ⊂ N is for-
mally controlled by the phase of the determinant of the associated Dirac operator
D on all spinors on π−1(γ). This phase is formally (−1) to the number of negative
eigenvalues of D, but this number must of course be regularized. If D were a finite
dimensional transformation, the number of negative eigenvalues would be exactly
(ζD(0)−ηD(0))/2, so in general exp(iπη(0)) enters in the phase of the determinant.
This informal argument was presented rigorously in [14], [22].

Theorem 4.1. Let {D} = {Dn} be a family of Dirac operators, parametrized by n
in a compact Riemannian manifold N as above. The curvature of the determinant
line bundle Det D is given by the degree two component of

∫
M Â(Dn, g), where

Â(Dn, g) is the Â-polynomial as a differential form associated to the family {D}
and a metric g on N , and

∫
M denotes integration over the fiber. The holonomy

of a loop γ ⊂ N is (−1)Ind D exp(iπη), where η is the adiabatic limit of (ηD(0) +
dim KerD)/2.

In summary, in the determinant line bundle picture, the integral of the first variation
of ζ ′(0) around a loop relates the holonomy of the Quillen-Bismut-Freed connection
to the eta invariant of a Dirac operator over the loop, while the Families Index
Theorem computes the curvature, which depends on the second variation of ζ′(0).

Certainly there is a loss of information in passing from the index bundle to the
determinant line bundle. The relation between the eta invariant and the Families
Index Theorem at the level of the index bundle has been made more precise in
work of Bismut and Cheeger [10], [11]. For this theory let π : X → N be a
Riemannian submersion with fiber diffeomorphic to the even dimensional manifold
with boundary M . We assume that X,N,M are spin and that the kernel of the



430 STEVEN ROSENBERG

Dirac operator D = Dn restricted to the boundary of each fiber has constant rank.
Then the local Families Index Theorem for Manifolds with Boundary is the equality
of differential forms

ch(Ind D) =

∫
M

Â(Dn, g)− η̃,

where the eta form η̃ is an even dimensional form on N canonically constructed
from D|∂X , and g is the metric on X . (There is a similar result if M is odd
dimensional.) In particular, the degree zero component of η̃ satisfies η̃0(n) = η(0),
the eta invariant of Dn, and as such this Index Theorem is a strong generalization
of the APS theorem.

In addition, η̃ satisfies the transgression formula on ∂X

dη̃ = ch(ind D∂M )−
∫
∂M

Â(D∂X , g|∂X)

when M is odd dimensional and the dimension of KerD∂M is constant. Since
the right hand side is a local invariant, the transgression formula generalizes the
result that the variation of the eta invariant is local. The corresponding formula
for M even dimensional simply reads dη̃ = 0, so η̃ determines an even dimensional
cohomology class in N associated directly to ∂X .

In later work [16], Bismut and Lott have proved an analogous theorem which
makes precise the sense in which analytic torsion appears as a secondary invariant
once both sides of the index theorem vanish a priori. Let E be a flat bundle over
X , where as above we have the Riemannian submersion π : X → N with fiber
M . For k odd, let ck(E) ∈ Hk(X ;R) denote the Kamber-Tondeur classes of E
[29]; these classes have a Chern-Weil description given below. Let e(TM/N) be
the Euler class of TM/N , the tangent bundle along the fibers. Let Hp(M ;E|M )
denote the flat vector bundle over N whose fiber at n ∈ N is the cohomology group
Hp(Mn;E|Mn), where Mn = π−1(n). Then we have the following cohomological
result.

Theorem 4.2. For any odd integer k,

π∗(e(TM/N)ck(E)) =

dimM∑
p=0

(−1)pck(H
p(M ;E|M ))

as classes in Hk(N ;R).

This theorem is a C∞ (global) analogue of a (local) version of the Grothendieck-
Riemann-Roch theorem for holomorphic submersions due to Bismut, Gillet and
Soulé [15], and as such is a families-type index theorem.

The striking feature of the proof of Theorem 3 is its local, geometric nature; a
global, topological version appeared subsequently [23]. To state the more precise
geometric version, pick a hermitian metric h on E. Since E is flat with respect to
a connection ∇E , locally there exists a basis {ei} of the fibers of E with ∇Eei = 0.
With respect to this basis, h is a function on X with values in Hermitian matrices.
Define an End(E)-valued one-form on X by ω(E, h) = h−1dh. For odd positive
integers k, set

ck(E, h) = (2πi)−(k−1)/22−kTr(ωk(E, h)),

where ωk is ω wedged with itself k times. The k-form ck(E, h) is closed and its
cohomology class equals ck(E). Let Ω be the curvature of a unitary connection
∇ on TM/N , and let e(Ω) be the Chern-Weil representative of e(TM/N). The
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fibers Hp(Mn;E|Mn) inherit an inner product hH
p

from the L2 inner product on
Γ(TM/Nn ⊗ E|Mn), and we denote the associated Chern-Weil representative of
ck(H

p(M ;E|M )) by ck(H
p(M ;E|M ), hH

p

). Recall that g is the metric on X .
Theorem 4. There exist (k − 1)-forms

Tk−1 = Tk−1(g, h)

on N such that
(i) for any odd integer k,

dTk−1 =

∫
M

e(Ω)ck(E, h)−
dimM∑
p=0

(−1)pck(H
p(M ;E|M ), hH

p

)

as differential k-forms;
(ii) if the cohomology groups Hp(Mn;E|Mn) vanish for all p and all n ∈ N , and
if M is odd dimensional, then the forms Tk−1 are closed, and the class [Tk−1] ∈
Hk−1(N ;R) is independent of the choices of g, h. In particular, [T0] is (represented
by) the locally constant function which is half the analytic/Reidemeister torsion of
the pair (Mn, E|Mn).

This result has several striking features. First, it has Theorem 3 as an immediate
corollary. Second, it realizes the analytic/Reidemeister torsion as the degree zero
component of a sophisticated local families-type index theorem. Third, note that
the first statement in (ii) follows immediately from (i), since dim M odd implies∫
M e(Ω)ck(E, h) is an even form and so has no component in degree k. Thus, as

expected, the so-called higher torsion forms Tk−1 have cohomological significance
only when the cohomological information in the index-type Theorem 3 is trivial.

Of course, one expects that the cohomology classes of the higher torsion forms
should equal some combinatorially defined “higher Reidemeister torsion”. Such a
torsion has been defined by Igusa and Klein [28], [30], and the two higher torsions
agree in the few cases where they have been computed. At present, however, the
equality in full generality is unknown.

Recently, Heitsch and Lazarov [27] have produced higher torsion forms for bun-
dles over foliated compact manifolds. This construction encompasses Theorem 4
as well as classical analytic torsion and its generalizaton to noncompact covering
spaces [32]. At present, no analogous topological construction has been given.

In a different direction, Lott [31] has used an extension T̃ of the higher tor-
sion forms to study πi(Diff(Z)) ⊗ Q, where Diff(Z) denotes the diffeomorphism
group of a closed smooth K(Γ, 1) manifold Z. For a given α : Si → Diff(Z),
the standard clutching construction of gluing two (i+ 1)-balls times Z along their
boundaries via α produces a manifold Mα fibering over Si+1 with fiber Z. Under

certain technical hypotheses,
∫
Si+1 T̃ (Mα) lies in H∗(Γ;C). In fact, there is an ex-

plicit conjectured formula for πi(Diff(Z)) ⊗ Q in terms of Hk(Γ,C). Lott’s map∫
Si+1 T̃ (M·) : πi(Diff(Z)) → H∗(Γ;C) gives the first analytic evidence for this old

conjecture (which is known in several cases), although at this point it is not known
if this map is the desired isomorphism. In contrast, the homeomorphism group
of Z has vanishing rational homotopy groups, so it seems natural to approach the
conjecture via a smooth, i.e. analytic, construction.

In summary, strong relations between the nonlocal invariants and classical index
theory are now firmly established. These relations have applications to algebraic
K-theory indicated in [16], [23], [31], as well as to the subject of index theory on
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open manifolds (e.g. [2], [12], [19], [20], [32], [36], [45]), that go beyond the limits
of this article.
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