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LOCAL GEOMETRIC PROPERTIES OF REAL SUBMANIFOLDS
IN COMPLEX SPACE

M. S. BAOUENDI, P. EBENFELT, AND LINDA PREISS ROTHSCHILD

ABSTRACT. We survey some recent results on local geometric properties of
real submanifolds of complex space. Our main focus is on the structure and
properties of mappings between such submanifolds. We relate these results
to the classification of real submanifolds under biholomorphic, algebraic, or
formal transformations. Examples and open problems in this context are also
mentioned.

0. INTRODUCTION

A fundamental theorem in the theory of one complex variable is the Riemann
mapping theorem, which asserts that any proper simply connected domain §2 in
the complex plane is biholomorphically equivalent to the unit disk; i.e. there exists
an invertible holomorphic mapping sending €2 onto the unit disk. Moreover, it is
a classical result (see Kellogg [Kel912]) that if Q has a smooth (C'*°) boundary,
then the mapping extends smoothly to the boundary 9f2. Similarly, if 02 is real-
analytic, then the mapping extends holomorphically to an open neighborhood of €,
the closure of Q2. The classification (up to biholomorphic equivalence) of domains in
CN, N > 2, is much more complicated. Already early in the 20th century, Poincaré
[Po1907] showed that the bidisk is not biholomorphically equivalent to the unit ball
in C?, even though both are bounded domains which are diffeomorphic to each
other (and even real analytically equivalent). It was also known to him that two
domains, chosen at random in a class of bounded diffeomorphic domains, are very
unlikely to be biholomorphically equivalent.

A bounded domain ©Q C CV with smooth boundary is called strictly pseudo-
conver if, at every point p € 0f), there exists a local biholomorphism defined
near p which sends a neighborhood of p in 9 into a strictly convex hypersur-
face ¥ ¢ CVN = R2N such that a neighborhood of p in € is mapped to the convex
side of ¥.. (Here, strictly convex means that ¥ is graphed over its tangent plane by a
function with positive definite Hessian.) A result of Fefferman [Fe1974] states that
a biholomorphic mapping H between two smoothly bounded, strictly pseudoconvex
domains Q,Q" C CV extends smoothly as a diffeomorphism between their bound-
aries 9Q and 9. It follows from the work of Pinchuk [Pi1975| and Lewy [Lel977]
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that if 9 and 9 are real-analytic, then H extends as a biholomorphism between
open neighborhoods of Q and ﬁ/, sending 9 onto 9. These results relate the
biholomorphic classification of strictly pseudoconvex domains to the local invariant
geometry of their boundaries (see also §1). E. Cartan [Cal932al, [Cal932b] ob-
tained the local biholomorphic classification of strictly pseudoconvex hypersurfaces
in C2. The classification in higher dimensions was obtained by Chern and Moser
[CM1974] (see also earlier work by Tanaka [Tal962], [Tal967]). (The holomorphic
extension across the boundary of mappings between real-analytic strictly pseudo-
convex domains mentioned above also follows from the work in [CM1974].) This
work is discussed in more detail in §2.

In this survey, we shall mostly focus on local problems. Let M,M’ c CV be
real submanifolds with dim M = dim M’ and distinguished points pg € M, pj €
M'. The local biholomorphic equivalence problem is to determine when (M, pg)
and (M',p,) are biholomorphically equivalent, i.e. when there exists a germ at
po of a biholomorphism sending M into M’ and py to p. In general, one would
expect that (M,po) and (M’, p()) are not equivalent. In fact, the “probability” that
(M,po) and (M', p}), chosen at random, are biholomorphically equivalent is zero.
An elementary argument (due to Poincaré [Po1907]) supporting this statement will
be given at the end of §4.

The local biholomorphic equivalence problem, in the classical context of normal
forms and invariants, is addressed for Levi nondegenerate hypersurfaces in §2. For
N dimensional real submanifolds in CV with complex tangents, it is addressed in
§3 following the work of Moser and Webster [MW1983].

An important invariant object attached to (M, po) is the group (under composi-
tion) of germs at py of biholomorphisms mapping M into itself and preserving po.
This group is called the stability group of M at py and is denoted by Aut(M, po).
Conditions on (M, pg) under which the stability group is a finite dimensional Lie
group are given in §4 of this survey.

Another aspect of the local equivalence problem is the following. Suppose that
there is a formal equivalence (in the sense of formal power series, see §7) between
(M,po) and (M’,p}). Are they then biholomorphically equivalent? In particular,
does the given formal equivalence converge? This problem is addressed in §§2-3
and §§6—7 in this survey. A stronger equivalence problem is that of algebraic equiv-
alence when M and M’ are real algebraic submanifolds. In particular, assuming
that (M,po) and (M’,p;) are biholomorphically equivalent, are they then alge-
braically equivalent? As above, one may also ask whether the given biholomorphic
equivalence is in fact algebraic. Some results are given in §§5-6.

The study of real submanifolds in complex space is a very active area of research,
and there is a vast literature related to the subject. In this survey we have chosen to
mention only a few selected topics, and this choice is based purely on the authors’
current interests and prejudices. We have made a special effort to mention more
recent results, but we have left many areas untouched.

We would like to thank X. Huang for many useful remarks and suggestions
concerning several topics in this survey. We thank X. Gong for his help with
references and historical comments, and also A. Isaev, S. Ji, N. Stanton, and D.
Zaitsev for their comments on a preliminary version of this paper. The authors are
also grateful to an anonymous referee for helpful comments and suggestions.
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1. HIGHER DIMENSIONAL RIEMANN MAPPING THEOREMS

As already mentioned in the introduction, two bounded domains in CV are
almost never biholomorphically equivalent, even if they are diffeomorphic. A re-
sult which nicely illustrates this rather vague statement is the following. For any
smoothly bounded strictly pseudoconvex domain ©Q C C¥, there are arbitrarily
small perturbations (in the C*°-topology) of this domain which are not biholomor-
phically equivalent to it (see Burns, Shnider, and Wells [BSW197§]; see also Greene
and Krantz [GK1982], [GK1984]). This fact also suggests that the local invariant
geometry of the boundary of a domain plays an important role in determining its
biholomorphic equivalence class. In this section, we shall present further evidence of
this by giving results which show that under suitable conditions local biholomorphic
equivalences of boundaries can yield global equivalence for domains.

A real-analytic hypersurface M C C¥ is called spherical if for every p € M there
exists a local biholomorphism H: (CV,p) — (CV,p’), defined in a neighborhood of
p, sending M into the unit sphere SV ~!. (Here, p’ is some point on S?VN~1.) S.-S.
Chern and S. Ji proved the following result which can be considered as a Riemann
mapping theorem in higher dimensions.

Theorem 1.1 ([CJ1996]). Let Q C CN be a bounded domain with connected, real-
analytic, spherical boundary 0. If Q is simply connected, then Q is biholomorphi-
cally equivalent to the unit ball B*N c CV.

As a corollary, we obtain the following result, which characterizes those domains
with real-analytic boundaries that are biholomorphically equivalent to the unit ball
in terms of local geometric properties of their boundaries.

Theorem 1.2. Let Q C CV be a bounded, simply connected domain with connected,
real-analytic boundary 0. Then Q is biholomorphically equivalent to the unit ball
B2N ¢ CV if and only if OQ is spherical.

Since the “only if” part of Theorem 1.2 is not explicitly stated in [CJ1996], we
give here a sketch of a proof. It suffices to show that if H is a biholomorphism
from the ball B2V onto 2 (with 2 as in Theorem 1.2), then H extends as a local
biholomorphism across each point of the sphere S?V—1. First observe that, since
B2Y is pseudoconvex and H is a biholomorphism onto 2, the latter is pseudoconvex
(see e.g. Hormander [Ho1990]). By a result of Bell [BellI981] (see also more general
results by Bell and Catlin [BCTI982] and Diederich and Fornaess [DF1982]), it follows
that H extends as a smooth mapping from S?N~! into 9. Similarly, the inverse
mapping H~! extends as a smooth mapping from 9Q into S?N~!. Hence, the
boundary mapping is a diffeomorphism from S?V~1 onto 99, and we deduce that
Q is strictly pseudoconvex. By the result of Lewy [Lel977] and Pinchuk [PiT975]
mentioned in the introduction, it follows that H extends biholomorphically across
each boundary point of S2V =1, The “only if’ part of Theorem 1.2 follows.

The topological condition that €2 is simply connected is necessary for the conclu-
sion of Theorem 1.1 to hold. Indeed, Burns and Shnider [BS1976] showed that there
are bounded domains with connected, real-analytic, spherical boundaries which are
not biholomorphically equivalent to the ball B2Y. However, this topological re-
striction can be removed under the further assumption that the boundary of Q is
real algebraic. Recall that a connected, real-analytic hypersurface M C CV is real
algebraic if it is contained in the zero locus of a nontrivial real-valued polynomial.
The following was proved by X. Huang and S. Ji.
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Theorem 1.3 ([HI1998]). Let Q C CV be a bounded domain with connected, real
algebraic, spherical boundary 02. Then Q is biholomorphically equivalent to the
unit ball B*N c CN.

The conditions on the real algebraic domain € in the work [HJ1998§] are stated in
a slightly different but equivalent way; namely they assume no connectivity of 92
but, instead, that the local biholomorphisms sending pieces of 9€) into the sphere
52N =1 send also the side of 9§ in € into the ball B2V . The equivalence of Theorem
1.3 and the above statement rely on the fact that the boundary of a smoothly
bounded pseudoconvex domain in C¥, N > 2, is necessarily connected. (The latter
fact also follows from the more general result given in Lemma 5.2 in [HI1998].)

Recall that a holomorphic function h(Z) is called algebraic if there is a nontrivial
polynomial P(Z,X), with Z € CV and X € C, such that P(Z,h(Z)) = 0. A
holomorphic mapping is called algebraic if its components are algebraic functions.
One condition in Theorem 1.3 is that the real algebraic hypersurface 0f2 is locally
biholomorphic to the sphere SV =1, One may ask if, under this condition, the local
biholomorphism into the sphere can be chosen to be algebraic. Indeed, by a result
of Webster [Wel977] (see §5), every such biholomorphism is necessarily algebraic.
Hence, by a similar argument to the one above, we may transform Theorem 1.3
into the following. (We say that two domains in CV are algebraically equivalent if
they are biholomorphically equivalent by an algebraic mapping.)

Theorem 1.4. Let Q C CV be a bounded domain with connected, real algebraic
boundary 0. Then Q is algebraically equivalent to the unit ball BN ¢ CV if and
only if 0N is spherical.

Both Theorems 1.1 and 1.3 above rely on extension phenomena along paths of
a local biholomorphic mapping sending one hypersurface into another. Previous
results along these lines go back to Poincaré [Po1907] for two dimensional spheres
and Tanaka [Tal962] for spheres of higher dimension (see also Alexander [AT974]).
Analogous extension results for ellipsoids were obtained by Webster [Wel977], who
classified ellipsoids in CV up to biholomorphic equivalence. Extension of local
biholomorphisms along paths contained in the source hypersurface in the strongly
pseudoconvex case was considered by Pinchuk [Pi1977] and Vitushkin, Ezhov, and
Kruzhilin [VEKT985].

There is an extensive literature on other related global questions such as the
structure of the automorphism groups of domains in C¥ and boundary regularity
of proper mappings between domains. We shall not address these questions here.
We mention only the recent survey by Isaev and Krantz [TK1999] dealing with the
former topic. For the remainder of this survey, we shall restrict ourselves to local
problems.

2. LOCAL RESULTS FOR LEVI NONDEGENERATE HYPERSURFACES

In this section, we shall recall some classical results on Levi nondegenerate hy-
persurfaces, due to Chern and Moser [CM1974] (see also earlier work by E. Cartan
[Cal932a], [Cal932b] and Tanaka [Tal962], [Tal967]), to motivate some of the
studies presented in later sections. As mentioned above, we shall emphasize results
that concern the structure of local mappings between such hypersurfaces.

Let M C CV be a real hypersurface, and let py € M. We shall write n := N — 1.
Suppose that M is defined near py by the real equation p(Z, Z) = 0, where p is
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a smooth real-valued function with p(pg,po) = 0 and dp(po, o) # 0. Then M is
said to be Levi nondegenerate at po if Jp(po,po) # 0, where J denotes the complex
Monge-Ampere type operator given by

Ju:—det<uT uZ);

here, uz denotes the 1 x N matrix (Ou/0Z;)1<;<n, " denotes transpose of a matrix,
and u 5z denotes the N x N matrix (82u/8Zj82k)1§j,k§N. The condition can also
be given using the Levi form of M which is defined as follows. For p € M, the Levi
form of M at p is the Hermitian form

N 92 o
(2.1) (Cm) — j;l m(p,p)@nk

defined on the n-dimensional subspace V,, C CN,
N ap
O N. R 7) =
(2.2) Vp = {{ e C": ;:1 9z, (p, P)Ck 0}.

The Levi form of M at p, as defined by (2:1]), depends on the choice of holomorphic
coordinates Z and the choice of defining function p, but certain properties are
invariant. For example, the number of nonzero eigenvalues is invariant, and so are
the integers m and ¢ if m +¢q = n, m > ¢, and m and ¢ denote the numbers of
nonzero eigenvalues which have the same sign. An equivalent definition of Levi
nondegeneracy of M at p is that the Levi form of M at p is nondegenerate as a
Hermitian form, i.e. has no zero eigenvalues.

Let us denote by B the n x n Hermitian matrix representing the Levi form at
po € M relative to some basis for Vj,. (It is possible to choose this basis, replacing
p by —p if necessary, so that B is the diagonal matrix with m ones followed by ¢
negative ones along the diagonal.) We denote by SU(m + 1, + 1) the group of
unimodular (N + 1) x (IV + 1) matrices that leave invariant the quadratic form

(2.3) (7)) := tBt" + %(Wg — tolly),

where £ = (to,t,tn), t = (t1,... ,tn) (with similar notation for # and ¢’ ), and *
denotes Hermitian adjoint. Taking  to be homogeneous coordinates in the complex
projective space CPY, the equation ((£,#)) = 0 defines a real quadric which we
denote by My. The group SU(m + 1,q+ 1) acts on the quadric My. Furthermore,
if K ¢ SU(m + 1,q + 1) denotes the finite subgroup consisting of the diagonal
matrices with diagonal elements all equal to € for some (n + 2)-root of unity e,
then the group SU(m + 1,q + 1)/ K acts on My effectively; i.e. no element acts as
the identity except the identity matrix. We denote by G the isotropy subgroup of
SU(m+1,q+1)/K, i.e. the maximal subgroup that preserves the origin in CP¥.

In the nonhomogeneous coordinates z = t/tg, w = ty/to, the equation of the
quadric M takes the form

(2.4) Imw = zBz".
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One can compute the isotropy group GG and show that the action of G on M) is via
the rational transformations (2, w’) = (f(z,w), g(z,w)), where

Az + aw)U
flw) = g AT
1 —2izBa* — (r +iaBa*)w
(2.5) 9
(2, w) = oX W
95 1 —2izBa* — (r + iaBa*)w’
Here, A > 0, a = (a1,... ,a,) € C", r € R, 0 = £1, and U is an n X n matrix such
that
(2.6) UBU* = oB.

It has been long known (see Poincaré [Po1907], Tanaka [Tal962| for the case where
B is positive definite and Chern-Moser |[CM1974] for the case of general nonde-
generate B) that any germ of a biholomorphism H that maps M into itself and
preserves the origin is of the form H(z,w) = (f(z,w), g(z,w)), where f and g are
as in (Z3). Hence, we have identified the stability group Aut(Mp,0) of the quadric
My at 0 with the isotropy subgroup G C SU(p + 1,9 + 1)/K. By a slight abuse
of notation, we also write G for the group of rational transformations of the form
(23); it should be clear from the context whether the elements of G are considered
as matrices or rational transformations.

Chern and Moser [CM1974] give a normal form for a real-analytic hypersurface
M at a Levi nondegenerate point pg, which can be described as follows. By applying
a suitable affine transformation of C"V taking py to the origin, we may assume, using
the notation introduced above and denoting the new coordinates by (z,w) € C"xC,
that M is given near pg = (0,0) by the equation

(2.7) Imw = zBz* + F(z, Z,Rew),

where F'(z, Z, s) is a real-valued, real-analytic function which is O(3) in the weighted
coordinate system in which z and z have weight one and s = Re w has weight two.
Denote by F the space of all such functions. It is shown in [CM1974] that any
biholomorphic transformation H: (CV,0) — (C¥,0) preserving the form @2.7) of
M, i.e. the image of M is given by an equation of the form (27 with possibly
another F'(z, Z, Rew), occurs uniquely as a composition H =T o R, where R € G
and T(z,w) = (z + f(z,w),w + §(z,w)) is a biholomorphic transformation such
that f is O(2) in the weighted coordinate system where z has weight one and w
weight two, g is weighted O(3), and

aof 0%g
(2.8) 0 (0,0) =0, Re 02 (0,0) =0.
We denote the space of such transformations T' by 7. Consider the linear subspace
N C F defined as follows. First, decompose F' € F into (k,1) type,

(2.9) F(z,z,5) = Z Fri(z,z,8),
k,1=0
where each Fy;(z, z, s) is of type (k,1), i.e. satisfies

(2.10) Fr(tiz,ta7,5) = thth Fri (2,2, 8), t1,t2 > 0.
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Observe that the reality condition of F' is equivalent to Fy(z,z,s) = Fix(z,Zz, ).
Denote by tr the contraction by the Hermitian form (¢, (') — ¢(B('™; it operates on
functions of type (k,l) as a second order linear partial differential operator

1 /0 o\"
(211) tI‘Fkl = H (@) B (@) Fkl~
Then a function N € F is in NV if
(2.12) N(z,zs)= Y Nulz7zs)

min(k,l)>2

and, in addition, tr Nog = 0, tr? N3s = 0, and tr® N33 = 0. The Chern-Moser
normal form can now be stated.

Theorem 2.13 ([CM1974]). Let M C CV be a real-analytic hypersurface defined
near 0 by an equation of the form (BX) with nondegenerate B. Then for any
rational transformation R € G, there exists a unique biholomorphic transformation
H =ToR, withT € T, such that M is given near 0 in the coordinates (z',w') =
H(z,w) by

Imw’' = 2’B2"" + N(#,Z,Rew’),
where N € N.

We shall say that M is in Chern—Moser normal form if it is given by an equation
as described in Theorem 2.13.

As a consequence of Theorem 2.13, we may identify the stability group Aut(M, 0)
of the Levi nondegenerate, real-analytic hypersurface M given by (Z7)) with a subset
of the isotropy group G C SU(m + 1,q + 1)/K as follows. Assume, as we may,
that M is in Chern-Moser normal form. Then for H € Aut(M,0) we factor H as
H=ToR,withT € 7 and R a rational mapping of the form (2.35), and identify
H € Aut(M,0) with the matrix in G corresponding to R. To see that the subset
of G corresponding to Aut(M,0) is actually a subgroup, we shall use a result of
Kruzhilin [KrT985] stating that each mapping T'(z,w) = (z + f(z,w),w + §(z, w))
occurring in the factorization H = T o R of an element H € Aut(M, 0) is such that
f vanishes to order at least three and § to order at least four at 0. (Here, the order
of vanishing is the usual one and not the weighted order.) Thus, the derivatives
of H and those of R up to second order agree at 0. Since for a rational mapping
R = (f,g) of the form (ZH), the coefficients of the corresponding matrix in G are
determined by the system

2
%(0) =\, %(0) = \al, S—Z(O) =oM%, Re %(0) =20\%r,
for (A, a, 0,7, U) as specified after (220), it follows that the identification of Aut(M, 0)
with a subset of G is in fact a group homomorphism, and, hence, we may think of
Aut(M,0) as a subgroup G; of G.

There is a canonical embedding of the group G C SU(m + 1,¢+ 1)/K into the
group of 2-jets of biholomorphic mappings (CV,0) — (CV,0) defined by taking
a matrix in G to the 2-jet of the rational mapping corresponding to it via (ZX).
Since, by the result of [Kr1985] cited aboved, the 2-jet of H € Aut(M,0), for a real-
analytic M in Chern—Moser normal form, equals the 2-jet of the rational mapping
R, where H = ToR is the unique factorization of H as described above, it follows in
particular that any H € Aut(M,0) is completely determined by its 2-jet at 0. (This

(2.14)
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will be discussed further below.) One may ask how the mapping H € Aut(M,0)
depends on its 2-jet at 0. For instance, do the 2-jets of mappings in Aut(M,0)
form a closed subgroup of the group of 2-jets? The answer is yes. Indeed, G; is a
closed subgroup of G, which can be seen either by a careful inspection of the proof
of Theorem 2.13 given in [CM1974] or by using the geometric interpretation of the
normal form given there. For the latter, the reader is referred to the original paper
by [CMI974] or to the survey article by Burns and Shnider [BS1977]. Another
approach to these questions in a more general context will be given in §4.

The work of Chern and Moser has also been used to study in more detail the
structure of the stability group of real hypersurfaces at Levi nondegenerate points.
We shall only survey a couple of these results here since the main focus in this
paper is not on Levi nondegenerate hypersurfaces.

If M is given in the form (Z7) near 0 € M, then for H = (f,g) € Aut(M,0) we
shall refer to the unique parameters (A, a, o, r,U) obtained by solving (2I4) as the
ingtial data of H. We have the following result by Beloshapka [BeloT979] and Loboda
[CoT9RT], which implies that the stability group of a real-analytic hypersurface M
at a Levi nondegenerate point py can be embedded into a smaller linear group than
G, unless M is locally biholomorphic at pg to a nondegenerate quadric.

Theorem 2.20 ([Belo1979], [Lol981]). Let M C CN be a real-analytic hypersur-
face which is Levi nondegenerate at 0 € M and which is given near 0 by an equation
of the form [21). Assume that M is not locally biholomorphic at O to the quadric
@4)). Then for any H € Aut(M,0) the parameters \,a,o in its initial data are
uniquely determined by the matriz U.

For strictly pseudoconvex hypersurfaces (i.e. those hypersurfaces whose Levi
form is definite), more is known. Recall that a real-analytic hypersurface M c CV
is called spherical at a point pg € M if it is locally biholomorphic to a piece of the
sphere S2V—1. Kruzhilin and Loboda [KLI1983] proved the following.

Theorem 2.21 ([KLI983]). Let M C CV be a real-analytic hypersurface which is
strictly pseudoconver at pg € M. Assume that M is not spherical at pg. Then
there exist coordinates (z,w) € C" x C, with N = n+ 1, vanishing at po, such that

M is given in Chern-Moser normal form (see Theorem 2.13) and such that each
H € Aut(M,0) is of the form

(2.22) H(z,w) = (f(z,w),9(z,w)) = Uz, w),

where U is an nxXn matriz which preserves the Levi form, i.e. such that UBU* = B
with B representing the Levi form as in Theorem 2.13.

There are many other local results for non-spherical hypersurfaces M at strictly
pseudoconvex points pg € M, such as e.g. estimates on a uniform neighborhood of
extension for H € Aut(M,pg). We refer the interested reader to the survey article
by Vitushkin [V1985] for results in this direction. Let us also mention the work of
Ezhov (sce e.g. [Ez1986], [Ez1988]) on linearization of the stability group when the
Levi form is nondegenerate but indefinite.

More recent work on normal forms includes that of Wong [Wol1982] and Bar-
letta and Bedford [BB1990] on hypersurfaces in C? at certain weakly pseudoconvex
points. Stanton [Stal991] defined a different class of normal forms for rigid hyper-
surfaces in C2. The second author [Eb1998a], [EbI998D] considered a certain class
of Levi degeneracies on hypersurfaces in higher dimensions. In recent work, Burns
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and X. Gong [BuG1999] obtain normal forms for Levi flat hypersurfaces at qua-
dratic singularities. Ezhov and Schmalz studied certain Levi nondegenerate points
on generic submanifolds of higher codimension (see e.g. [ES1997]).

The work of Chern and Moser (as well as that of E. Cartan and Tanaka) men-
tioned above also includes another, more intrinsic, approach to the local biholo-
morphic equivalence problem, which reduces this problem to that of an equivalence
problem for systems of differential forms. The latter was solved by E. Cartan
(see e.g. Sternberg [Stel983]). We shall not describe this work in more detail
here. We mention that the intrinsic approach was also used by the second author
[Eb1999) to study a class of everywhere Levi degenerate hypersurfaces in C?, and by
Cap and Schichl [CS1997], Ezhov, Isaev, and Schmalz [EIS1999], Schmalz and Slo-
vak [ScS1999], Garrity and Mizner [GMI1997] to study certain Levi nondegenerate
generic submanifolds of higher codimension.

3. CR MANIFOLDS, COMPLEX TANGENTS, AND NONDEGENERACY CONDITIONS

We now turn to the study of a real submanifold M C CV of codimension higher
than (or equal to) one. Recall that a (0, 1)-vector at a point p in CV is a complex
tangent vector at p of the form

N

02
<02,

= P

where a; € C. A basic tool is the space of (0, 1)-vectors in CV at a point p € M
tangent to M. This space is called the CR (Cauchy—Riemann) tangent space of M
at p, and is denoted by V,. If the manifold M is of (real) codimension d > 1, then

d
(3.1) N -d<dimeV, <N - 2.

Indeed, the lower bound follows from the fact that the dimension of the span of
9p1(p), ... ,0pa(p) is less than or equal to d, where py, ... , pg are defining functions
for M near p and 9 = Z;vzl (0/0Z;)dZ;. The upper bound in is a consequence
of the fact that V, NV, = {0}, and V, ® V,, C CT,M. From (BI), we see that if
d =1, i.e. if M is a real hypersurface, then dim¢ V, = N — 1 for every p € M. For
d > 2, the dimension of V,, can vary with p. We shall say that M is CR if dim¢ V), is
constant over M. In this case the CR tangent spaces form a subbundle V of CT'M,
called the CR bundle of M. A smooth section of V is called a CR wvector field on
M.

If M is CR, then the (complex) dimension of V,, for any p € M, is called the
CR dimension of M. When the CR dimension of M equals N — d, M is called
generic. Observe that when the CR dimension equals N — d/2 (which in particular
implies that d is even), then V, ®V, = CT,M. In this case, M is in fact a complex
submanifold of complex codimension d/2. Another extreme occurs when the CR
dimension of M equals zero, in which case the manifold is said to be totally real.

We now extend, and give a more intrinsic definition of, the notion of Levi form
introduced for hypersurfaces in CV in §2. We say that a nonvanishing real 1-form
6 on M is a characteristic form if 6, annihilates V, (and hence also, by reality,
annihilates I_Jp) for every p € M. The Levi form llz, relative to 6 at p, is the
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Hermitian form on V, given by
1 _
(32) £0(X,,Yy) = 5 (6, [X. V),

where X,,,Y, € V,, X, Y are CR vector fields on M extending X,,, Y}, respectively,
[, -] denotes the commutator of vector fields, and (-,-) denotes the pairing between
vectors and covectors. In the hypersurface case, we can relate the Levi form given
by (ZI)) to the one given by (B2) in the following way. Take § = —idp, and for
¢,m €V, write

AR Yoo
(3.3) X,,:Zgja_zj, Y,,:Zﬁja_zj,
Jj=1 Jj=1

Then, as can be verified using the identity 2(0, [X,Y]) = —(df, X AY), the mapping
() coincides with

(3-4) () = Lp(Yp, Xp).

3.1. Submanifolds with nondegenerate complex tangents. The study of real
surfaces in C?, i.e. M C C? with dimg M = 2, was begun by Bishop [Bil965]. Ob-
serve, by (BI), that for such an M the dimension of V, is either zero or one. Thus,
if M is CR, then either it is totally real or a complex curve in C2. In particular,
if M is a real-analytic CR surface in C?, then M is either locally biholomorphic
to the real plane R? C C? or the complex plane {Z, = 0} C C2. Hence, for a
real-analytic surface M in C?, the only interesting points on M, from the point of
view of local biholomorphic equivalence, are those p € M where dim), = 1 but
M is not CR in any neighborhood of p. Such points are called complex tangents
of M. We first restrict our attention to a real-analytic surface M C C2, and a
suitably nondegenerate complex tangent py on this surface. It was shown [Bil965|
that there are holomorphic local coordinates (z,w) € C2, vanishing at pg € M,
with w = s + it such that M is given by an equation of the form

(3.1.1) s=22+ N2+ 2%) + O(2*), t=0(z*),

where 0 < A < co. The constant A is a biholomorphic invariant, called the Bishop
invariant. The complex tangent is said to be elliptic if 0 < A\ < 1/2, parabolic if
A =1/2, and hyperbolic if A > 1/2. In the paper by Moser and Webster [MW1983],
the authors obtain a normal form for an elliptic complex tangent with 0 < A < 1/2;
more precisely, they show that there exists a biholomorphic transformation such
that the equation for M in the new holomorphic coordinates (z, w), w = s+it, can
be written

(3.1.2) s=z22+(N+es?) (22 + 2%, t=0,

where ) is the Bishop invariant, e = +1 or ¢ = 0, and 0 € Z;. They also show that
in the hyperbolic case, except for a discrete set of A, there is a formal (not necessarily
convergent) transformation to the form (BI.2). In the hyperbolic case, one expects
the normalization to diverge, and simple examples of algebraic hyperbolic surfaces
which are formally equivalent to their normal forms (3I2) but not equivalent by a
convergent transformation are given in [MW1983]. Further work on divergence in
transformations to normal forms was done by X. Gong [Go1994].

A consequence of (indeed, one of the motivations of) the work of Moser and
Webster is that if M C C? is a real-analytic surface with a complex elliptic tangent
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p € M with 0 < A < 1/2, then there exists a real-analytic one parameter family
of disjoint embedded analytic disks with boundaries on M and converging to p.
The union of these disks M C C2 forms a three dimensional real-analytic Levi flatf]
manifold-with-boundary with M in its boundary. The manifold M coincides with
the local holomorphic hull of M. The corresponding result in the case A = 0 was
obtained by X. Huang and Krantz [HK1995] (see also Moser [M1985] for a special
case of A\ = 0). For a merely smooth surface M in C2, given locally near 0 by
(B11), the Bishop constant A is again a biholomorphic invariant of M. In this
case, the existence of a smooth one parameter family of embedded analytic disks
shrinking down to the elliptic complex tangent 0 € M and the smoothness of the
local holomorphic hull M was proved by Kenig and Webster [KW1982].

In fact, the paper [MWT983] also contains a normal form for an N-manifold M
in CV at a suitably nondegenerate elliptic tangent p € M with 0 < A < 1/2. (The
Bishop invariant A for M at p is defined in an analogous way to the two dimensional
case.) The description of the local hull of holomorphy M as a real-analytic Levi
flat (N + 1)-manifold-with-boundary follows as above. The study of the local hull
M ; originally proposed by Bishop, of an N-manifold at a nondegenerate elliptic
point was completed by X. Huang [Hul998]|, who showed the real-analyticity of M
when M is real-analytic in the remaining case A = 0 as well as the smoothness
of M when M is merely smooth. The smooth case was based on previous partial
results established by Kenig and Webster [KW1984]. The reader is also referred
to [HuT998] for further information and references. The following theorem, which
summarizes the results described above, give a complete solution to the question of
Bishop regarding the local hull of holomorphy near an elliptic complex tangent.

Theorem 3.1.3. Let M C CV be a smooth N-dimensional submanifold with an
isolated elliptic complex tangent p € M (0 < X < 1/2). Then there exists a smooth
family of disjoint embedded analytic disks with boundaries in M, converging to p,
whose union M (the local holomorphic hull of M near p) is a smooth Levi flat (N +
1)-dimensional manifold-with-boundary such that M is contained in its boundary.
Moreover, if M is real-analytic, then M is also real-analytic.

A compact surface M C C? is called a Bishop surface if all complex tangents are
either elliptic or hyperbolic (and hence, in particular, isolated and nondegenerate).
Bishop [Bi1965] showed that the number of elliptic complex tangents minus the
number of hyperbolic ones equals the Euler characteristic number of a Bishop sur-
face. A natural question is whether a Bishop surface M is the boundary of a Levi
flat three dimensional manifold-with-boundary M. This is sometimes referred to as
the complex Plateau problem. There is an abundant literature on this subject and
a number of still open problems, but we will not address this further in this paper.
We refer the reader for instance to Bedford and Gaveau [BeG1983], Bedford and
Klingenberg [BKT99T], Kruzhilin [KrT997], and also Gromov [Gr1985] for related
work.

We conclude this section by mentioning that normal forms for m-dimensional
real-analytic submanifolds in CV, with m < N, at a suitably nondegenerate com-
plex tangent have been studied by Beloshapka [Belo1997], and independently by
Coffman [CoT999].

LA CR submanifold of C¥ is called Levi flat if its Levi form at every point and relative to any
characteristic form vanishes identically.
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3.2. Nondegeneracy conditions for generic submanifolds. For the remainder
of this survey, we consider only CR submanifolds. In fact, we shall only consider
generic submanifolds. This is not a serious restriction since any real-analytic CR
submanifold M of C¥ is locally contained as a generic submanifold of a complex
submanifold of CV; this complex submanifold is locally unique and is called the
intrinsic complexification of M (see [BER1999a4)).

We shall focus in more detail on the questions raised in the introduction regarding
the set of mappings (holomorphic or formal) between two generic submanifolds
M c CN and M’ ¢ CN'. One particular question is the following. Given two
points pg € M and p{, € M’, is the set of germs at py of holomorphic mappings
sending M into M’ and py to p} determined by a finite number of parameters? Of
particular interest is the case where M = M’, pg = p{,, and the mappings are all
invertible. As mentioned in the introduction, the set of all such mappings is called
the stability group of M at pg, denoted by Aut(M,py). Recall, from §2, that in
the case of a Levi nondegenerate hypersurface this group is well understood: it can
be identified with a finite dimensional Lie group, and hence depends on a finite
number of parameters. We begin with an example showing that this is not the case
in general.

Example 3.2.1. Let M C C3 be the hypersurface defined by
(3.2.2) Imw = |z

Here, the variables in C? are taken to be (21,22, w). We take pg = 0. Any holo-
morphic mapping of the form
(323) H(zlvz%w) = (Zlvh(zthvw)vw)v

with h an arbitrary holomorphic function vanishing at the origin, maps (M, 0)
into itself. Hence, the stability group Aut(M,0) does not depend on finitely many
parameters.

Observe that the equation (BZ2) defining M does not depend on the variable
zo. In particular, the holomorphic vector field 9/9z is tangent to M. A more
subtle example is the following.

Example 3.2.4. Let M C C? be the hypersurface defined by

(3.2.5) Imw = |21 29/,
and let pgp = 0. Then, any holomorphic mapping of the form
(3.2.6) H(Zl, 29, w) _ (zleh(21’22’w), Zze—h(n,zmw)’ w)7

with A as in Example 3.2.1, is in Aut(M,0). Hence, Aut(M,0) again does not
depend on finitely many parameters. Observe that the holomorphic vector field
210/0z1 — 220/ 029 is tangent to M. However, there are no holomorphic coordinates
at the origin in which the defining equation of M is independent of one of the
variables.

The previous two examples show the relevance of the following condition. A
real-analytic generic submanifold M C C¥ is called holomorphically degenerate
at po € M if there exists a nontrivial germ at py of a holomorphic vector field
(with holomorphic coefficients) tangent to M in a neighborhood of py. The relation
between holomorphic degeneracy and biholomorphic self mappings of M can be
seen as follows. If X is a nontrivial holomorphic vector field tangent to M, then
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the complex flow of X is a one (complex) parameter family of biholomorphisms
sending M into itself. An infinite dimensional family of biholomorphic self mappings
at pgp may then be obtained by multiplying X by arbitrary holomorphic functions
vanishing at py.

The condition of holomorphic nondegeneracy was introduced by Stanton
[Stal1995], who showed that, for a real-analytic hypersurface M, holomorphic non-
degeneracy at pg is equivalent to finite dimensionality of the space of infinitesimal
CR automorphisms of M at pg. An interesting property is that for a connected real-
analytic generic submanifold, holomorphic nondegeneracy at a point is equivalent
to holomorphic nondegeneracy at every point (see [BERI999a]). For this reason,
we shall often simply say that a connected real-analytic generic submanifold M is
holomorphically nondegenerate.

Another condition for finite determination is suggested by the following example.

Example 3.2.7. Let M C C3 be the generic submanifold given by
(3.2.8) Imw; = |z?, Imwy =0,

and let po = 0. Here, the variables in C? are denoted (z, w1, ws). It is easy to check
that M is holomorphically nondegenerate. However, any holomorphic mapping of
the form

(3.2.9) H(z,wi,w2) = (2, w1, wz + h(ws)),

where h is a holomorphic function which vanishes to second order and has real
Taylor coefficients at 0, is in Aut(M,0). The CR dimension of M is one. All CR
vector fields are multiples of L = 0/0z — 2iz0/0w;. The reader can verify that
the vector space spanned at 0 by L, L, and all repeated commutators of these two
vector fields is three dimensional. Since the dimension of M is four, this space is a
proper subspace of CTyM.

A smooth generic submanifold M C CV is said to be of finite type at py € M
if the CR vector fields, their complex conjugates, and all repeated commutators of
these vector fields at pg span CT},, M. The hypersurfaces in Examples 3.2.1 and 3.2.4
are both of finite type at 0, whereas the generic submanifold of codimension two in
Example 3.2.7 is not. The notion of finite type was first introduced in this context
by Kohn [Kol1972] for hypersurfaces in C?, and for generic higher codimensional
submanifolds by Bloom and Graham [BIGI977].

We shall need to introduce two more nondegeneracy conditions for a generic
real-analytic submanifold. Let Li,...,L, be a basis for the CR vector fields on
M near py; we write N = n + d, where n is the CR dimension of M and d is the
codimension. Let pq, ..., pg be real-analytic defining functions for M near py. We
say that M is finitely nondegenerate at pq if

(3.2.10) span c{(L%p;z)(po.Po): |a| <k, j=1,...,d} =CV

for some k € Z;. Here, we have used the notation L* = LI'...L%", |a| =
ar1+...+an,and fz =0f/0Z =(0f/0Z1,...,0f/0ZN). If k = ko is the smallest
integer for which (B2ZZTI0) holds, then we also say that M is kg-nondegenerate at po.
M is 0-nondegenerate at pg if and only if M is totally real at pg. For a hypersurface,
1-nondegeneracy is equivalent to Levi nondegeneracy. In the previous examples, the
first two (Examples 3.2.1 and 3.2.4) are not finitely nondegenerate, while Example
3.2.7 is 1-nondegenerate.
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Example 3.2.11. Let Mj; C C2? be the hypersurface
(3.2.12) Imw = 2*z' 4 2!z,

where k,l € Z4 with 1 <[ < k. Then, My, is finitely nondegenerate at 0 if and
only if [ = 1, in which case it is k-nondegenerate.

The second nondegeneracy condition is that of essential finiteness, which was
first defined in the work of the first author with Jacobowitz and Treves [BJT1985].

As above, let Lq,... , L, be a basis for the real-analytic CR vector fields on M near
po. We write

al )
(3.2.13) L, :kZ:lajk(Z, Z)a—Zk’ j=1,...n,
where the a;;(Z, () are holomorphic functions near (pg,po) € C*N. We set

al )
(3.2.14) X;=> au(po,Q)5—> J=1,...n.

P AC
Forl=1,...,dand o € Z}, we define
(3.2.15) cia(W) = X pu(po + W,0)| .,

Then ¢;o(0) = 0 for all I = 1,...d and o € Z. We say that M is essentially
finite at po if W = 0 is an isolated zero of the collection of functions ¢; (W), where
I=1,...,dand o € Z". The hypersurfaces in Examples 3.2.1 and 3.2.4 are not
essentially finite at 0, whereas the generic submanifold in Example 3.2.7 is. Also,
the hypersurfaces My, in Example 3.2.11 are all essentially finite at 0. The following
result (whose proof can be found in [BERT1999a)) relates the three different notions
of nondegeneracy given above.

Proposition 3.2.16. Let M C CV be a connected real-analytic generic subman-
ifold of codimension d and CR dimension n. Then the following conditions are
equivalent.

(i) M is holomorphically nondegenerate.

(ii) There exist p1 € M and k > 0 such that M is k-nondegenerate at p.

(iii) There exists an integer £ = (M), 1 < £(M) < n, such that the set of points
in M at which M is not £-nondegenerate is a proper real-analytic subvariety
of M. The number £(M) is called the Levi number of M.

(iv) There exists pa € M such that M is essentially finite at ps.

(v) The set of points in M at which M is not essentially finite is a proper real
analytic subset of M.

More precisely, one can show that we have the following implications: M is
finitely nondegenerate at p = M is essentially finite at p = M is holomor-
phically nondegenerate at p. For a hypersurface M in CV, N > 1, we also have the
implication: M is essentially finite at p = M 1is of finite type at p. However, for
higher codimensional generic manifolds there is no obvious relation between finite
type and the notions of finite nondegeneracy and essential finiteness. A convenient
sufficient condition for a generic submanifold M to be essentially finite at a point
po is that it does not contain a germ of a nontrivial holomorphic subvariety through
po- The latter condition is also referred to as being of D’ Angelo finite type at po (see
D’Angelo [DA1982], [DA1993]). For instance, it follows from a result of Diederich
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and Fornaess [DF1978| that a compact real-analytic submanifold in CV does not
contain any nontrivial holomorphic subvarieties, and hence such a submanifold is
essentially finite at every point.

We now give an example showing that essential finiteness is strictly stronger
than holomorphic nondegeneracy.

Example 3.2.17. Let M C C? be the hypersurface given by
(3.2.18) Imw = Rew |z|*.

In this case, M is holomorphically nondegenerate at every point, but is essentially
finite only at points where w # 0.

We conclude this section by giving an example of a real-analytic hypersurface
with Levi number (M) = 2. (In particular, M is everywhere Levi degenerate but
holomorphically nondegenerate by Proposition 3.2.16.)

Example 3.2.19. Let M C C? be (the set of regular points of) the tube over the
light cone, i.e. the real algebraic hypersurface defined by

(3.2.21) (Re Z1)? + (Re Z3)? — (Re Z3)* = 0,

with (Re Z1, Re Z3,Re Z3) # (0,0, 0). It is easily verified that M is 2-nondegenerate
(and hence also essentially finite) at every point. Moreover, through every point
p € M there is a complex line which is contained in M.

4. STRUCTURE OF THE SET OF MAPPINGS BETWEEN GENERIC SUBMANIFOLDS

In this section, we shall show that under favorable conditions the set of mappings
between two real-analytic generic submanifolds in CV is given by finitely many
parameters, and we shall describe this set more explicitly. Recall, from §2, that
for a real-analytic hypersurface M C CV the stability group Aut(M,po) at a Levi
nondegenerate point pg € M can be embedded as a closed subgroup of a certain
finite dimensional linear group, which we also identified with the space of 2-jets of
holomorphic mappings of CV.

To describe the set of mappings we need to introduce some notation. We denote
by E((CN,(CN)(N,/) the set of germs at p of holomorphic mappings H: (CV,p) —
(CN,p') equipped with its usual inductive limit topology, and by J*(CV K CN )(p.p")
the space of k-jets of such. We also denote by

j;,f: E(CN’CN)(IW/) - Jk(CN’(CN)(p,p/)

the jet mapping of order k which to each H associates its k-jet j;,f(H ), i.e. its Taylor
polynomial at p of degree k.

Let M, M’ C CN be real-analytic generic submanifolds, and py € M, p} €
M’. We shall denote by F(M,pg, M’',p{) the set of local biholomorphisms H €
E(CN,CN) (o) such that H(M) C M’. Observe that if (M, po) and (M, pj)
are not biholomorphically equivalent, then the set F(M,pg, M’,pj) is empty (and
vice versa). In this case, statements concerning F (M, po, M’, p()) below should be
regarded as vacuous.

The following was proved by the authors of this survey.

Theorem 4.1 ([BERI1999b]). Let M, M’ C CN be real-analytic generic submani-
folds of the same codimension d, and po € M, py, € M'. Assume that M is of finite
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type and kg-nondegenerate at pg € M, for some positive integer kg. Then, the jet
mapping

(4.2) jgg(d-’_l)l F(M, po, M’, p) — J* @D (CN, (CN)(po,pé)

is a homeomorphism onto a real algebraic totally real submanifold of the jet space

The reader should observe that Theorem 4.1 implies in particular that, under the
assumptions of that theorem, a mapping H € F(M,po, M',p}) is uniquely deter-
mined by finitely many parameters, namely its derivatives at po up to order ko(d+1).
It also contains the result that if a sequence of mappings H! € F(M,po, M’, p}) is
such that the sequence of jets j;,fg(dﬂ)(Hl) converges in the jet space, then the se-
quence of mappings H' converges to a mapping H° € F(M, py, M’,p}) (uniformly
on a neighborhood of py).

Another corollary of Theorem 4.1 is that if (M, pg) satisfies the conditions in the
theorem, then the stability group Aut(M, po), equipped with its natural topology,
is a finite dimensional Lie group, isomorphic to a real algebraic subgroup of a jet
space.

The results in [BER1999b] give additional information about the dependence of
the mapping on its jet; namely, under the assumptions of Theorem 4.1, for every
positive integer [ there are rational functions R; such that j, (H) = R, (j;fg(dﬂ) (H))
for any H € F(M,po, M',p;). We should point out that for the construction
of the rational functions Ry, (M,po) and (M’,p{) need not be biholomorphically
equivalent. In fact, the construction also yields an infinite set of equations on the
jet space such that (M,pg) and (M’,p{) are biholomorphically equivalent if and
only if there is a solution to this set of equations.

The examples given in §3 show that the conclusion of Theorem 4.1 fails to hold
if either of the assumptions on (M, po) is omitted. However, optimal conditions for
embeddability of the stability group into some finite order jet space are not known.

As mentioned in §2, considerable work has been done in the Levi nondegenerate
hypersurface case. In the case of higher codimension, there is a rather extensive
literature on the automorphism group of nondegenerate quadrics. We mention
here the papers by Tumanov and Henkin [TH1983| , Tumanov [Tul988], Forstneri¢
[F01992], Sukhov [Sul994], Ezhov and Schmalz [ES1999]. We also mention the
work of Beloshapka [Belo1991] in which the stability group for higher codimensional
generic submanifolds with suitably nondegenerate Levi forms was studied. Slightly
weaker results than those of Theorem 4.1 were first obtained in the hypersurface
case by the authors [BER1997]. Later, Zaitsev [Z1997] showed that, under the
assumptions of Theorem 4.1, Aut(M, po) is a Lie group that can be embedded as a
real-analytic submanifold in the jet space J2*o(d+1)(CN | (CN)(pO,pO). Related results
for the infinitesimal CR automorphisms were obtained by Stanton [Stal996|, and
also by the present authors [BER1998].

For the finite determination result mentioned immediately after Theorem 4.1, the
assumption of finite nondegeneracy on (M, pg) can be weakened to that of essential
finiteness. More precisely, the following result holds.

Theorem 4.3 ([BER1999c]). Let M C CV be a real-analytic generic submanifold
which is of finite type and essentially finite at po € M. Then there exists a posi-
tive integer K with the following property. If M' C CV is a real-analytic generic
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submanifold of the same dimension as M and py € M’, then the jet mapping
(4.4) die: F(M,po, M, py) — J¥(CN,CN) gy )
18 injective.

A precise description of the image of the mapping (44]) (similar to the one given
in Theorem 4.1) is not known in this case.

Results similar to those described in Theorems 4.1 and 4.3 hold for a more general
class of holomorphic mappings than biholomorphisms. The reader is referred to
[IBER1999b], [BER1999(] for more detailed information. These papers also contain
results for merely smooth generic submanifolds and smooth CR mappings.

We conclude this section by pointing out that the set F(M,po, M',pj) is in
general empty; i.e. (M,pg) and (M’',p{) are not biholomorphically equivalent, for
(M, po) and (M’, py) chosen at random. Convincing evidence of this is given by the
following argument, which goes back to Poincaré [Po1907]. We shall, for simplicity,
give the argument only in the case where M and M’ are real hypersurfaces. As in
§2, we may choose local coordinates (z,w) € CVN~1 x C vanishing at py so that M
is locally graphed near pg = (0,0) over the plane Imw = 0 by

(4.5) Imw = ¢(z,z, Rew),

where ¢(0) = 0 and d¢(0) = 0. Denote by Tx(z, z,s) the Taylor polynomial of
degree k of the graphing function ¢(z,z,s). The number of Taylor coefficients
in Ty, as k — oo, is asymptotically proportional to k2V~!. Now, the Taylor
polynomials T}, of degree k similarly associated to all possible real hypersurfaces
M’ c CN, graphed over the plane Imw’ = 0 at pj, = (0,0), such that (M’,p})
is biholomorphically equivalent to (M,pg) are obtained as follows. Substitute
z = f(z',w), w = g(z',w'"), where H = (f,g) ranges over all possible biholo-
morphisms (CV,0) — (CV,0) whose Jacobian at py maps the plane Imw = 0 to
Imw’ =0 (i.e. such that dg/02'(0) = 0), in the equation @A) for M to obtain

oy AEIZIE) (o) T e, S AE),
1 2

Then solve (8] for Imw’ using the implicit function theorem. (This can be done,
since 0g/0z'(0) = 0, and hence dg/0w’(0) # 0.) The resulting equation Imw’ =
¢'(#',z',Rew’) describes the image M’ as a graph over the plane Imw’ = 0, and
T,(2',Z',s") is obtained by truncating the graphing function ¢'(2’,z’, s") at level k.
Counting the degrees of freedom in T}, (by observing that only the Taylor polynomial
of degree k of the biholomorphism H, i.e. j§(H), affects T}), we deduce that the
Taylor coefficients of T}, depend on a number of parameters which, as k — oo, are
asymptotically proportional to k. Hence, by letting k¥ — 0o, we deduce that for a
given real hypersurface M C CN with N > 2, the “probability” that another real
hypersurface M’ C CV chosen at random is locally biholomorphic to M is zero.

5. ALGEBRAICITY OF HOLOMORPHIC MAPPINGS

Recall that a connected real submanifold M of CV is called real algebraic if it is
contained in an irreducible real algebraic subvariety of CN of the same dimension
as M. In particular, a real submanifold defined by real polynomial equations is real
algebraic. In this section, we consider the following question. Let M C CV and
M’ < CN' be real algebraic generic submanifolds and H a holomorphic mapping
sending M into M’. Under what conditions is the mapping H necessarily algebraic?
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Examples 3.2.1, 3.2.4, and 3.2.7, with h suitably chosen, show that similar con-
ditions to those imposed in §3 may be needed. Indeed, the authors showed the
following (see also [BER1999a)).

Theorem 5.1 ([BERTI96]). Let M, M’ C CV be real algebraic generic submani-
folds of the same dimension. Assume that M is connected, of finite type at some
point, and holomorphically nondegenerate. If H is a biholomorphism defined in a
neighborhood of some point on M, sending M into M’, then H is algebraic.

It can be shown that the following two conditions for a connected real-analytic
generic submanifold M c CV are equivalent:

(a) M has at least one point of finite type.
(b) Any holomorphic function defined on a neighborhood in CV of a point in M
and whose trace on M is real valued is necessarily constant.

In a different direction, Zaitsev proved the following result.

Theorem 5.2 ([BER1996]). Let M c CN and M’  CN be real algebraic generic
submanifolds. Assume that M is connected and of finite type at some point, and
that there is mo nontrivial holomorphic subvariety contained in M’'. If H is a
holomorphic mapping defined in a meighborhood of some point on M, sending M
into M', then H is algebraic.

In fact, the work of Zaitsev [Z1998] contains a more general and technical result
from which both Theorems 5.1 and 5.2 may be derived. Results on partial alge-
braicity for mappings between real algebraic generic submanifolds were obtained
by Coupet, Meylan, and Sukhov [CMS1999|, following earlier work of Sharipov
and Sukhov [ShS1996]. The first general theorem along the lines described in this
section is due to Webster [Wel977], who proved that a biholomorphic mapping
between real algebraic Levi nondegenerate hypersurfaces in CV is necessarily al-
gebraic. Partial generalizations for hypersurfaces in different dimensions were ob-
tained by X. Huang [Hul994]. Other results were recently obtained by Lamel
[LaT999]. We conclude this section by mentioning a recent preprint of Merker
(http://xxx.lanl.gov/abs/math.CV/9906057), which states generalizations of The-
orems 5.1 and 5.2 above.

6. CONVERGENCE OF FORMAL MAPPINGS

We now consider a problem analogous to that considered in §5. There, we were
given two real algebraic submanifolds of CV and asked for conditions guaranteeing
that a holomorphic mapping sending one into the other is necessarily algebraic.
Here, we assume that the manifolds are real-analytic and consider formal mappings
sending one into the other and ask for conditions implying that such a mapping is
necessarily convergent.

The question of convergence is related to that of boundary regularity of holomor-
phic mappings. For instance, one might have two real-analytic hypersurfaces M
and M’ and a holomorphic mapping defined on one side of M, extending smoothly
to M and sending M into M’. A reflection principle is a theorem asserting that
such a mapping extends holomorphically across M. Although the question of con-
vergence of formal mappings and that of the existence of a reflection principle seem
quite similar, results concerning one problem do not necessarily imply results for
the other. For instance, in one complex variable, by the Schwarz reflection princi-
ple, a holomorphic mapping defined in a neighborhood of the origin in the upper
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half plane, extending continuously up the real line and sending the real line into
itself, extends holomorphically to a full neighborhood of the origin in the complex
plane. However, any formal power series with real coefficients may be regarded as
a formal mapping sending the real line into itself, but need not converge. Consid-
erable work has been done on the reflection principle in higher dimensions, but we
will not address this problem further in this survey. (For results and references the
reader is referred to [BER19994].)

A formal mapping H: (CV,0) — ((CN/,O) is an N'-vector H = (Hy,...,Hn)
of formal power series in Z = (Z1,...,Zy) with vanishing constant term. When
N = N’, the formal mapping H is said to be invertible if the Jacobian determinant
of H evaluated at 0 does not vanish. Let M C CN and M’ c CV' be real-analytic
submanifolds through the origin defined locally by the equations p(Z, Z) = 0 and
p'(Z',Z") = 0, respectively, where p = (p1,...,pq) and p' = (p},...,ply). We say
that a formal mapping H sends M into M’ if

(6.1) P (H(2), H(¢)) = a(Z,Q)p(Z,Q),

where a(Z, () is a d’ x d matrix of formal power series and where equality in (E1)
is understood in the sense of formal power series in Z and (. Observe that if H
is convergent, then (G]) holds if and only if the holomorphic mapping H sends M
into M’.

Examples 3.2.1, 3.2.4, and 3.2.7 can be suitably modified to show that in general
a formal mapping (even invertible) sending one real-analytic generic submanifold
into another need not converge. However, the authors proved the following.

Theorem 6.2 ([BER1996]). Let M and M’ be real-analytic hypersurfaces through
the origin in CN, N > 2. Assume that neither M nor M’ contains a nontrivial
holomorphic subvariety through 0. Then any formal mapping H: (CV,0) — (CV,0)
sending M into M’ is convergent.

If M' C CV is a real-analytic submanifold through the origin containing a pos-
itive dimensional holomorphic subvariety through 0, then it is not hard to show
that there is a nonconvergent formal mapping sending all of CV into M’. Hence,
a consequence of Theorem 6.2 is the following characterization. A real-analytic
hypersurface through the origin in CV does not contain a nontrivial holomorphic
subvariety through 0 if and only if all formal mappings (C,0) — (CV,0) sending
M into itself are convergent.

For higher codimensional submanifolds, we have the following result.

Theorem 6.3 ([BERI1999¢]). Let M and M’ be real-analytic generic submanifolds
of the same dimension through the origin in CN. Assume that M is of finite type
at 0, and that M’ is essentially finite at 0. Then any formal invertible mapping
H: (CN,0) — (CN,0) sending M into M’ is convergent.

An interesting open question is whether the condition of invertibility of the for-
mal mapping H in Theorem 6.3 can be removed if the condition on M’ is strength-
ened by assuming that M’ does not contain a nontrivial holomorphic subvariety
through 0. This problem is open even in the case where M and M’ are real-analytic
hypersurfaces. For instance, if M’ does not contain a nontrivial holomorphic sub-
variety through 0, but M is merely of finite type at 0, we do not know whether or
not the conclusion of Theorem 6.2 still holds.
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As mentioned above, results on convergence of formal mappings do not imply a
reflection principle in general. However, the implication does hold in the presence
of a unique continuation principle for (M, po) and (M’,p{). We say that a unique
continuation principle holds for (M, pg) and (M’,pg), if for every pair of smooth
germs at pg of CR mappings@ frg: (M,po) — (M’,p}) such that j;,fo(f) = jf,fo(g),
for every positive integer k, it follows that f = g. It is easy to see that unique
continuation does not hold in general even when (M, po) = (M, pg) (cf. Examples
3.2.1, 3.2.4, and 3.2.7). An open question is to give sufficient conditions on (M, pg)
and (M, pj) such that a unique continuation principle holds. In particular, we con-
jecture that if M, M’ C CN are real-analytic hypersurfaces such that neither M nor
M’ contains a nontrivial holomorphic subvariety through po € M or p, € M’, then
unique continuation holds. For N = 2, the unique continuation principle conjec-
tured above follows from the reflection principle proved by X. Huang [HuI99¢]. In
higher dimensions, the conjecture above is open, even under the stronger assump-
tion that one of the mappings f or g is constant. Various related results under
stronger conditions have been obtained by a number of mathematicians, but we
shall not elaborate further on this question.

7. EQUIVALENCE PROBLEMS

We consider here the following questions. Let M, M’ C CV be two real subman-
ifolds of the same dimension, with distinguished points pg € M and p{ € M.

(a) Suppose M and M’ are real-analytic, and that (M,po) and (M’',p)) are
formally equivalent; i.e. there is a formal invertible mapping (CV,py) —
(CN,p)) sending M into M’'. Are (M,po) and (M’,p}) biholomorphically
equivalent?

(b) Suppose M and M’ are real algebraic, and that (M,pg) and (M’',p[) are
biholomorphically equivalent. Are they algebraically equivalent; i.e. is there
an algebraic local biholomorphism sending (M, pg) into (M’, pj)?

(¢) Suppose M and M’ are real-analytic CR submanifolds, and that (M, pg) and
(M',p;) are CR equivalent; i.e. there is a smooth CR local diffeomorphism
(M, po) — (M',py). Are (M, po) and (M’, p) biholomorphically equivalent?

There are other interesting equivalence questions (e.g. C*-equivalence) which we
shall not mention further here. In this survey, we shall mainly focus on the first
two questions (a) and (b) above. We shall, however, observe that if M and M’ are
real-analytic CR submanifolds such that (M, pg) and (M’,p;) are CR equivalent,
then they are also formally equivalent. Indeed, the formal Taylor series of a CR
function in a neighborhood of pg is necessarily the restriction to M of a formal
power series in Z — pg (see e.g. [BER1999al Proposition 1.7.14]).

We begin by addressing question (a). Observe that the answer to that question
is “no” in general, as is shown by the work of Moser and Webster (see §3). How-
ever, as a consequence of Theorem 6.3, we deduce that if two real-analytic generic
submanifolds M, M’ C CV of the same dimension, with M of finite type at po € M
and M’ essentially finite at pj € M’, are formally equivalent at pg and pj, then
they are also biholomorphically equivalent at those points. (In fact, Theorem 6.3
proves the stronger conclusion that every formal equivalence between (M, pg) and
(M, pj) converges.) However, the authors know of no example of two real-analytic

2 A smooth mapping f: M — M’ between two smooth CR submanifolds is called CR if
F+(Vp) C V}(p) for every p € M, where V and V' are the CR bundles of M and M’ respectively.
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generic (or even CR) submanifolds which are formally equivalent but not biholo-
morphically equivalent. It seems reasonable to conjecture that formal equivalence
of real-analytic CR submanifolds implies biholomorphic equivalence. The following
result, due to the first and third author in collaboration with D. Zaitsev, supports
this conjecture.

Theorem 7.1 ([BRZ1999)). Let M C CV be a real-analytic connected submani-
fold. Then there exists a proper real-analytic subvariety V- C M with the following
property. For any po € M \'V, any real-analytic submanifold M’ C CN of the
same dimension as that of M, and any p € M', formal equivalence of (M, po) and
(M, py) implies biholomorphic equivalence.

The real-analytic subvariety V' given by Theorem 7.1 is explicitly constructed in
[BRZ1999|] and in particular includes all points of M which are not CR.

We now address question (b) above. The authors know of no pairs of real alge-
braic submanifolds (M, pg) and (M’,p}) in CV¥ which are biholomorphically equiv-
alent but not algebraically equivalent. A positive result in this direction is the
following, which is implied by Theorem 5.1. Let M, M’ C C¥ be real algebraic
generic connected submanifolds of the same dimension, with M of finite type at
some point and M’ holomorphically nondegenerate. Then, for any pg € M and
py € M', if (M,po) and (M',p;) are biholomorphically equivalent, they are also
algebraically equivalent. The answer to question (b) for CR submanifolds in C2
is “yes”. To show this, we observe that a (nontrivial proper) CR submanifold of
C? is of dimension one, two, or three. A real algebraic curve in C? can be locally
algebraically straightened to the (Re Z;)-axis by the (algebraic) implicit function
theorem. A two dimensional CR submanifold M is either totally real or complex.
In the first case, M can be locally algebraically flattened to R? ¢ C2, and in the
second case, to the complex line {Z; = 0}. In both cases, one applies the algebraic
implicit function theorem. The crucial case is then that of two (three dimensional)
hypersurfaces M, M’ C C?. For a connected real-analytic hypersurface in C2, the
property of being holomorphically nondegenerate is equivalent to that of having
a point of finite type (see [BER1999al Chapter XI]). Thus, either the corollary to
Theorem 5.1 mentioned above applies, or M and M’ can be locally algebraically
flattened to {Im Z = 0}.

As in the case of question (b), the authors know of no examples giving a negative
answer to question (c). This question is closely related to that of the existence of
reflection principles as described in §6. We shall not pursue this topic further
in this survey, but mention only that the problem is open even for real-analytic
hypersurfaces in C2, and we conjecture that the answer is positive in this case.

We close this section by mentioning a problem related to the above questions.
By the work of Moser and Webster, any real-analytic surface M in C? at an elliptic
complex tangent py € M, with 0 < A < 1/2 (where X\ denotes the Bishop invari-
ant), is biholomorphically equivalent to a real algebraic one. The corresponding
statement is false for real-analytic hypersurfaces in C2, as is proved below in the
following example.

Example 7.2. Let M be the real-analytic hypersurface through the origin in C?
defined by

Imw = #(arctan |z|?, Rew),
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where t = 6(¢, s) is the unique solution of the equation
82+t —t=0,

with 6(0,0) = 0. We claim that (M, 0) is not biholomorphically equivalent to any
germ of a real algebraic hypersurface (M’,pj) in C2. Indeed, there exists a smooth
CR mapping h: M — M, where M C C? is given by

Imw = Rew|z|?,

such that h vanishes to infinite order at 0 but the Jacobian of A does not vanish
identically in any neighborhood of 0 in M (see [Eb1996], and also [BER1999al
Example 9.11.4]). If (M,0) were biholomorphically equivalent to (M’ pf), where
M’ C C? is a real algebraic hypersurface, then by pulling the mapping h back
to M’, we would obtain a smooth CR mapping from M’ to M which vanishes to
infinite order at the point p but whose Jacobian does not vanish identically in
any neighborhood of pj in M’'. Since M’ and M are real algebraic hypersurfaces
in C? which are holomorphically nondegenerate, we may apply a result of the first
and third authors, in a joint work with X. Huang [BHR1996], to conclude that
such a mapping must be real-analytic. This, together with the nonvanishing of the
Jacobian, contradicts the flatness of the pullback of h at py,.

This discussion and Example 7.2 lead to the interesting problem of deciding when
a germ of a real-analytic submanifold M at pg is biholomorphically equivalent to
the germ of a real algebraic one. We know of no necessary or sufficient conditions
for this even if M is a real-analytic Levi nondegenerate hypersurface in C2. It would
be interesting to find an explicit example of such which is not biholomorphically
equivalent to a real algebraic one.

8. SEGRE SETS AND FINITE TYPE CONDITION

An important tool in many of the proofs of the results presented in §§4—6 is the
use of an invariant sequence of subsets of CV attached to a germ of a real-analytic
generic submanifold of C. We shall describe these sets here, give some of their
main properties, and allude to how they are used in the proofs of the results stated
in the previous sections.

Let M C CV be a generic real-analytic submanifold, with 0 € M, of codimension
d and CR dimension n (N = n+d). Let p(Z, Z), with p = (p1, ... , pa), be a defining
function for M near 0. For U ¢ C¥ a suitable small open neighborhood of 0, we
define the complexification M C U x U*, where U* = {¢ € CV: ( € U}, of M to be
the complex submanifold through the origin in C¥ x CV given by p(Z,¢) = 0. For
p € U, we define the Segre variety of p, denoted Si(p,U) (which is also frequently
denoted by @, in the literature), to be the complex n dimensional submanifold
of U defined by p(Z,p) = 0. An important property of the Segre varieties is
their invariance under holomorphic mappings; i.e. if H: (CY,0) — (CV,0) is a
holomorphic mapping defined in a neighborhood of 0 and sending M into another
real-analytic generic submanifold M’ € CN' through 0, then

(8.1) H(S1(p,U)) C S{(H(p),U’),
where U’ is a suitable small open neighborhood of 0 in C" and S1(p',U’) denotes

the Segre variety of p’ (relative to M’). The Segre varieties were introduced by
Segre [Sel931], and their use in mapping problems for hypersurfaces pioneered
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by Webster ([Wel977], [Wel978]). They have also been used by several authors
in the study of normal forms and reflection principles (see e.g. Faran [Fal980],
Diederich-Webster [DW1980], Diederich—Fornaess [DF1988], Forstneri¢ [Fol989],
Huang [Hul994], [Hul996|, Diederich—Pinchuk [DP1995], [DP1998] and others).

For an integer k > 2, we define the kth Segre set of p in U (relative to M)
inductively by

(82) Ssp, )= |J  Sile,0),

q€Sk-1(p,U)

The reader should observe that p € M NU if and only if p € S1(p,U). Hence, one
can check that for p € M NU, we have

(8.3) S1(p,U) C Sa(p,U) C...C Sk(p,U) C....

An important property of the Segre sets is the fact that if p € M and ( €
Sk—1(p,U)*, then (Z,¢) € M if and only if Z € Si(p,U).

The kth Segre set of p € M is in general not a submanifold (indeed, not even a
holomorphic subvariety) but can be viewed as the image of an open neighborhood of
the origin in C*" under a holomorphic mapping v*: (C¥* 0) — (CV, p), called the
kth Segre mapping. For this interpretation, the reader is referred to [BERI999al
Chapter X]. The relevance of the Segre sets is illustrated by the following charac-
terization of finite type.

Theorem 8.4 (|BER1996], [BER19994]). Let M be a real-analytic generic sub-
manifold of codimension d through the origin in CN. Then M is of finite type
at 0 if and only if there exists an integer k < 2(d + 1) such that Si(0,U) is a
neighborhood of 0 in CN for all sufficiently small neighborhoods U of 0.

The Segre sets have been used in conjunction with “reflection identities” for
mappings. Rather than defining such in general, we illustrate this idea with a very
simple example. Suppose that M is a generic real-analytic submanifold through the
origin in CV, and that H: (CV,0) — (C,0) is a holomorphic mapping (function)
defined in a neighborhood of 0 and sending M into the real line {Im Z" = 0} c C.
Hence, by complexification, we obtain the “reflection identity”

(8.5) H(Z)=H(c), Y(Z,)eM.

Putting ¢ = 0 in (8F), we deduce H(Z) = H(0) = H(0) for all Z € S1(0,U).
Hence, by taking ¢ € S1(0,U)* in ([8H), and using the important property of Segre
sets mentioned above, we obtain H(Z) = H(() = H(0) for all Z € S5(0,U).
Inductively, we obtain, for every integer k, H(Z) = H(0) for all Z € S;(0,U). In
particular, if M is of finite type at 0, then by Theorem 8.4 the mapping H must be
constant; i.e. there are no nonconstant holomorphic functions which are real valued
on M. (This fact could have been proved directly using the CR vector fields and
their conjugates, but the proof given here illustrates the simplest use of the Segre
set interpretation of finite type combined with a reflection identity.)

As mentioned above, when the target submanifold M’ is the real line in C, the re-
flection identity (85 is immediate and takes a particularly simple form. In general,
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when M’ is a real-analytic generic submanifold, satisfying suitable nondegeneracy
conditions (i.e. finite nondegeneracy or, more generally, essential finiteness), similar
but more complicated reflection identities involving also higher order derivatives of
H can be established (see e.g. [BER1999a, Chapters IX and XII]). The use of such
reflection identities in conjunction with Theorem 8.4 above is a crucial part of the
proofs of the results in §§4—6.
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