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GENERALIZED KAC-MOODY ALGEBRAS AND SOME
RELATED TOPICS

URMIE RAY

To the memory of my father

Stranger things have happened in the history of physics than the unexpected ap-
pearance of sporadic simple groups. [...] We have strong evidence that the creator
of the universe loves symmetry, what lovelier symmetry could he find than the sym-
metry of the Monster? F. Dyson

INTRODUCTION

In this review article, we shall give an introduction to the field of generalized Kac-
Moody algebras. This subject gained much interest when Borcherds first proved the
remarkable Moonshine Conjecture, which connects two areas apparently far apart:
on the one hand, the Monster simple group and on the other elliptic modular
functions. Any connection found between an object which has as yet played a
limited abstract role and a more fundamental concept is always very fascinating.
Also it is not surprising that ideas on which the proof of such a result are based
would give rise to many new questions, thus opening up different research directions
and finding applications in a wide variety of areas.

We shall start by explaining the Moonshine Conjecture, giving at the same time
a brief history of it. We will then give a brief outline of its proof. In the following
chapters, we will take one by one the important concepts used in the proof (gen-
eralized Kac-Moody algebras, Vertex algebras, automorphic forms), explain them
in some detail and mention recent developments connected to them. We shall fin-
ish by briefly discussing two interesting topics related to the field of generalized
Kac-Moody algebras: Lie superalgebras and lattices.

The author would like to offer her apologies to anyone whose contribution was
omitted or not extensively covered. This is not intentional.

Remark. Throughout this paper, the base field will be C.

Contents
1. The Moonshine Conjecture
1.1. A brief history
1.2. The conjecture
1.3. An outline of the proof
2. Generalized Kac-Moody algebras
2.1. Definition
Received by the editors February 8, 2000, and in revised form July 20, 2000, and September
19, 2000.
2000 Mathematics Subject Classification. Primary 17B65, 17B67.

(©2000 American Mathematical Society



2 URMIE RAY

2.2. The root system
2.3. Characterizations of a generalized Kac-Moody algebra
2.4. Affine Lie algebras
2.5. Highest weight modules
3. Vertex algebras
3.1. Vertex operators
3.2. Definition of a vertex algebra
3.3. The No-Ghost Theorem and generalized Kac-Moody algebras
3.4. Quantum vertex algebras
3.5. The moonshine module
3.6. The Monster Lie algebra
4. Denominator formulas and automorphic forms
4.1. The denominator formula
4.2. Affine Lie algebras and the Macdonald identities
4.3. The denominator formula of the Monster Lie algebra
4.4. Product expansions of automorphic forms on Grassmannians
4.5. The character formula and Lie algebra homology
4.6. Replicable functions
5. Lie superalgebras
5.1. Definitions and elementary properties
5.2. Character formulas of generalized Kac-Moody superalgebras
6. Lattices
6.1. Some basic facts
6.2. Lattices and modular forms

1. THE MOONSHINE CONJECTURE

1.1. A brief history. The famous Feit-Thompson Odd Order Theorem [FeitT],
implying that the only finite simple groups of odd order are the cyclic groups of
prime order, sparked off much interest in classifying the finite simple groups in the
sixties and seventies. The classification of the building blocks of finite symmetries
was completed in the eighties [Gor]: there are 17 infinite families of finite simple
groups and 26 which do not belong to any families and are thus called sporadic
[Bur]. The Monster M is the largest sporadic simple group. It has about 1034
elements or more precisely

246 320 59 76 112 133.17.19.23.29.31.41.47.59.71

elements. Evidence for the existence of the Monster were first found by B. Fischer
and R.L. Griess in 1973. Based on Conway and Norton’s conjecture that the di-
mension of one of its representations is 196883, Fischer, Livingstone and Thorne
computed the full character table of M [FisLT|. Then, McKay noticed that the
dimensions of its two smallest representations, 1 and 196883, are closely related
to the first two coefficients of the Fourier expansions of the normalized modular
invariant

J =7 — 744

The modular invariant j is a complex valued holomorphic function on the upper
half plane H = {z + iy|y > 0}, which is fixed by the discrete group SL(2,Z):

forall 7€M, and g€ SL(2,Z),j(g7)=j(7).
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We remind the reader that the group I' = SL(2, Z) acts on H in the following way.
b

Let a,b, c,d € Z be integers such that g = <(i d

) € I'. Then for any point 7 € H,

_ar+b

et +d
The modular invariant j is meromorphic at infinity and is a bijection from the
compactification of H/T';, H U {icc}/T" to the compact Riemann sphere C U {oc}
such that j(ico) = oo. Hence any meromorphic function on H fixed by I' is a
rational function of j. Since j(r + 1) = j(7), we can write j as a function of

q = e?™7 . Since J is holomorphic on H, as a function of ¢, .J has a Laurent series
in the punctured disc of radius 1 centered at 0:
J(q) =jlg) —T44=q ' +196884g+ ... = Y c(n)q"
n=—1

and c(—1) = 1, ¢(1) = 196883 + 1. At the time it was thought unlikely that
there would be any connection between modular functions and the Monster group.
Shortly after, McKay and Thompson found that other coefficients of the g-expansion
of J are also simple linear combinations of the dimensions of irreducible represen-
tations of the Monster group M. Now, the dimension of an M-module is the trace
of the action of the trivial element 1 of M on it, and any M-module is completely
determined by its character, i.e. the trace function. So based on this observation,
McKay and Thompson’s insight was to forecast that for all n € Z there is an
M-module V(n) (later called a head representation of M) of dimension ¢(n) with
character H,, such that for all g € M,

o0
Ty= Y Hu(9)q"
n=—1
would be an interesting function. When ¢(n) was a known linear combination, the
M-modules V' (n) were to be taken to be the sums of the irreducible representations
whose dimensions appeared in the linear combination. As in the case of V' (1), the
head representations are obviously not just sums of the trivial module!

Thus their work suggested these series, now known as the McKay-Thompson
series, were worth investigating. For g = 1, as already noted, we get the func-
tion J. Furthermore, they conjectured that M has a natural infinite dimensional
representation

V= @nEZV(n)

with graded character Ty. It came as a surprise that the most natural module of a
finite group was infinite dimensional.

1.2. The conjecture. In 1979, Conway and Norton calculated the first 11 coef-
ficients of the McKay-Thompson series for all g € M. Based on these calculations
and other observations, they made the following remarkable conjecture [ConN]:

Moonshine Conjecture. For all g € M, the series T, is a normalized Haupt-
modul for a genus 0 discrete subgroup of SL(2,R) commensurable with SL(2,Z).

Thus the Moonshine Conjecture reveals a surprising connection between the
Monster group (or more precisely its conjugacy classes since characters are class
functions) through its head representations and Hauptmoduls.
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We next remind the reader of the definitions and properties necessary to under-
stand the statement of the conjecture. For details, see [Shi]. Two subgroups, G
and H of SL(2,R), are commensurable if both | H: GNH | and | G: GNH |
are finite. For any discrete subgroup G of SL(2, R) commensurable with SL(2,Z),
H*/G is a compact Riemann surface, where H* = H U {cusp points of G}. A cusp
of G is a point in R U {ico} fixed by a parabolic subgroup of G, i.e. a subgroup
with a unique fixed point in R U {ico}.

The group G is said to be of genus 0 if the corresponding Riemann surface is of
genus 0. Then there exist bijections F from H*/G to the Riemann sphere C U oo,
and any meromorphic function on H fixed by G is a rational function of F. If
furthermore F'(ico) = oo, then F' is called a Hauptmodul, and in this case there is

(1) q) € G andso F(r+r) = F(r).

The Hauptmodul F can thus be written as a function of ¢ = e and has a
Fourier expansion in a punctured disc centered at 0: F(7) = > .z anq". As G
is of genus 0, F' has a simple pole at co. Hence a,, = 0 for all n < —2. The
Hauptmodul F is said to be normalized if ag =0 and a_1 = 1.

a smallest positive real number r such that (

27iT /1

1.3. An outline of the proof. Conway and Norton not only conjectured that the
graded traces T, (for all ¢ € M) were Hauptmoduls, but based on the calculation
of the first few coefficients, they gave a list of these Hauptmoduls [ConN]. So in
order to prove the conjecture, one needs to first construct a Z-graded M-module
(whose existence was conjectured by McKay and Thompson), and then show that
the traces are equal to the given Hauptmoduls.

In 1982, Atkin, Fong and Smith found an almost complete computer proof of the
Moonshine Conjecture, thus giving strong evidence that the conjecture is correct.
In 1983, Frenkel, Lepowsky and Meurman [FreLMI] constructed the moonshine
module V' with graded character given by the Thompson series. In 1992, Borcherds
[Bor7] gave a very beautiful proof of the Moonshine Conjecture which, together
with Frenkel, Lepowsky and Meurman’s work, unlike the computer proof, explains
how the modular functions and the Monster group are related and leads to new
interesting questions and directions of research worth investigating.

The principal ingredients in Borcherds’ proof are the moonshine module, vertex
algebras and generalized Kac-Moody algebras. Generalized Kac-Moody algebras,
also known as Borcherds algebras, are Lie algebras with a root system generalizing
the notion of finite dimensional semisimple Lie algebras. They were constructed by
Borcherds in 1988 [Bard] and contain as a subclass the symmetrizable Kac-Moody
algebras (see §2), and in particular the affine and finite dimensional simple Lie
algebras. The most well known example of a generalized Kac-Moody algebra which
is not a Kac-Moody algebra is the Monster Lie algebra, which plays a central role
in the proof of the Moonshine Conjecture. In [ConN], Conway and Norton had put
forward the idea that there may be a Lie superalgebra which in some way “explains”
the Moonshine Conjecture. The construction of the Monster Lie algebra (and
thus the proof of the conjecture) is based on the explicit construction by Frenkel,
Lepowsky and Meurman [FreL.MI] in 1983 (see [EreLM2|) of a Z-graded infinite
dimensional vector space fixed by M and of graded dimension J: V =3V (n).
The module V has a rich algebraic structure.

The first step is to show that V is a vertex algebra with the Virasoro algebra
acting on it in an “adequate manner”. Vertex algebras were defined by Borcherds
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in 1986 [Bor2]. They are an essential part of the proof for the following reason. The
construction of an explicit basis for finite dimensional Lie algebras follows directly
from its lattice [FreK]. For infinite dimensional generalized Kac-Moody algebras
also, explicit bases are known in certain cases [Borb|, [Bor6]. However the construc-
tion is no longer direct, and one needs an essential intermediary structure: a vertex
algebra on which the central term of the Virasoro algebra acts by multiplication
by a constant at most equal to 26. As vertex algebras are derived from lattices,
this constant depends on the lattice. It has to be unimodular of rank less than
26. This can be shown by applying Goddard and Thorn’s No-Ghost Theorem from
theoretical physics [GodT]. The generalized Kac-Moody algebra thus derived from
the module V' is the Monster Lie algebra. Another consequence of the No-Ghost
Theorem and of the properties of the moonshine module proved by Frenkel, Lep-
owsky and Meurman [FreLMT] is that the Monster group M acts on this Lie algebra
in such a way that its root spaces are isomorphic to the head representations of M.

Now that we know this Lie algebra is a generalized Kac-Moody algebra, we can
apply the representation theory of generalized Kac-Moody algebras to it in order
to find its denominator formula. This is a formula which contains the essential
information on the structure of the generalized Kac-Moody algebra in question. In
the case of finite dimensional simple Lie algebras it is the classical Weyl formula, and
for affine Lie algebras it is equivalent to the famous Macdonald identities. This was
shown by Kac in [Kac2|, where a connection between modular functions and infinite
dimensional Lie algebras was first discovered. More generally, when this formula
is known explicitly it gives an infinite product expansion of an automorphic form.
This is basically how generalized Kac-Moody algebras and automorphic forms are
related.

The denominator formula for the Monster Lie algebra leads to some further
information on its roots, which then allows Borcherds to compute the homology of
the Lie subalgebra generated by its positive roots. This calculation shows that for
all g € M, the graded traces Ty are completely replicable functions [Norl]. These
are modular functions which have in particular the property that all the coefficients
of their g-expansion can be calculated from the first few. Thus Borcherds completes
the proof by showing through a case by case calculation that the traces T, for the
action of the Monster on the moonshine module are indeed the Hauptmoduls of the
list given by Conway and Norton.

In order to avoid a case by case study, one can use a result of Cummins and
Gannon [CumG] of 1997. Their work explains why the Thompson series are Haupt-
moduls and thus makes the last part of Borcherds’ earlier proof fully conceptual.

2. GENERALIZED KAC-MOODY ALGEBRAS

Before going further, we need to explain what a generalized Kac-Moody algebra
is and give some of its characteristics.

2.1. Definition. As mentioned in the introduction, the best way to think of a
generalized Kac-Moody algebra G is to consider it as a generalization of a finite
dimensional semi-simple Lie algebra. Its definition is based on the Chevalley-Serre
construction of finite dimensional semi-simple Lie algebras by generators and rela-
tions [Ser|. We give Borcherds’ original definition [Bor4].
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Let I be a finite set {1,...,n} or a countable one identified with Z, and let
A = (aij)i jer be a symmetric matrix with real entries satisfying the following two
properties:

(i) 222 € Z for all j € I if az; > 0.

Let H be a complex vector space with a symmetric bilinear form (., .) and elements
hi,i € I for which (hs, hj) = a;;. The elements h; need not be linearly independent.

Then the generalized Kac-Moody algebra associated to the matrix A and with
Cartan subalgebra H is the Lie algebra G generated by H and elements e;, f;,7 € T
satisfying the following defining relations:

(1) lei, fi] = dijhi

2)  [h,es] = (h,hi)es, [h, fi] = —(h, hg) fi
) [h,A]=0forall h,h € H )
) ;

2a;;
(ad(e)'” " ;= 0= (ad(f)' "0

5) [61', ej] =0= [fi; f]] if Qi = 0

The generalized Kac-Moody algebra G = G(A4, H) is a Kac-Moody algebra if
all the diagonal entries of A are positive. If the indexing set I is finite and the
matrix A is positive definite, we recover all the finite dimensional semisimple Lie
algebras. If I is finite and the n x n matrix A is indecomposable of rank n — 1 and
all principal minors of A are positive definite, and dim H = n 4 1, then we get all
the extended affine Lie algebras ([Kac9, chap.4]). We remind the reader that the
matrix A is indecomposable if after any reordering of the indices, it can never be
A 0

0 As)°

Note that in the usual definition of a Kac-Moody algebra, and a fortiori of a
finite dimensional semisimple Lie algebra, the (generalized) Cartan matrix A is
not assumed to be symmetric, but all diagonal entries are equal to 2. Thus there
are Kac-Moody algebras which are not generalized Kac-Moody algebras since they
have a non-symmetrizable Cartan matrix. Nevertheless, all the important classes
of Kac-Moody algebras (known so far), i.e. finite dimensional semisimple, affine
or hyperbolic, have symmetrizable (generalized) Cartan matrix A, in other words
one which induces a symmetric bilinear form on H in the above manner. By this
we mean that for each i € I, there exists ¢; > 0 such that DA is symmetric for
D = diag(ey, ..., €n). Since the generators of G(A, H) are multiples of the above
given ones, G(A, H) =2 G(DA, H). Therefore when G has a symmetrizable Cartan
matrix, it is simpler to assume that A is symmetric. In general, it is hard to
prove results for non-symmetrizable Kac-Moody algebras, though Kumar [Kum]
and Mathieu [MatI] have independently proved a Demazure character formula for
irreducible highest modules of arbitrary Kac-Moody algebras.

As mentioned earlier, the elements h; are not in general linearly independent.
They need not be distinct even. In many examples of generalized Kac-Moody alge-
bras, for example the Monster Lie algebra, the elements h; are linearly dependent,
and so the general setup given above is needed.

For every (generalized) Cartan matrix A, there is a unique (up to isomorphism)
universal central extension G‘(A, H ), which plays an important role in representa-
tion theory. Its Cartan subalgebra is generated by elements h;; for 4, j € I. When
i # j, hij = [es,€j] is central in G and hi; # 0 if and only if (h;, he) = (hj, hi)

R

(
(
(
(

written in the form
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for all k£ € I. Writing h; = hy;, the definition of a generalized Kac-Moody algebra
G can be extended to include all semi-direct products of abelian Lie algebras with
quotients of G(A, H) by central subalgebras contained in H [Bor6]. The abelian
Lie algebras correspond to outer derivations having the generators e; and f;, i € I
of G as eigenvectors.

If needed, one can always make sure that the elements h; are linearly indepen-
dent in G(A, H) by taking an adequate central extension of G(A, H) and adding
the necessary number of outer derivations. Up to the size of its centre and its num-
ber of outer derivations, the generalized Kac-Moody algebra G(A, H) is uniquely
determined by its Cartan matrix A = ((a, o)) [KacP2.

It is worth mentioning that the above definition of a generalized Kac-Moody
algebra by generators and relations generalizes Moody’s definition of a Kac-Moody
algebra [Moo]. Kac defined the Kac-Moody algebra G(A, H) as the quotient of
the Lie algebra G(A, H) with defining relations (i)-(iii), by the unique maximal
ideal of G(A,H) having trivial intersection with H. Using arguments from the
representation theory of Kac-Moody algebras, both definitions were shown to be
equivalent by Gabber-Kac [GabK]. This implies that a Kac-Moody algebra modulo
its centre is simple if its Cartan matrix is indecomposable. Their work generalizes
in a straightforward manner to generalized Kac-Moody algebras [Kac9).

2.2. The root system. When the elements h; are linearly independent, the roots
can be defined as elements of the dual space H*, i.e. as the eigenvalues of the
adjoint action of H on GG. However in the general case, one has to be very careful
about the definition of roots. They are not taken to be elements of H*, but of the
root lattice () defined as the free abelian group generated by the elements «;, i € I,
with a real valued bilinear form given by (a;,a;) = a;j. We shall keep the same
notation (.,.) for the bilinear form on @, H or H*. The elements «; are called
simple roots.

For o € Y Zya; (resp. — > Z,«y), the root space G, is the subspace of
G generated by the elements [e;;[...[e;,, e, ]]] (resp. [fi,[...[fis, fi,]]]) such that
>y, = a. The set of roots A consists of the elements o € @ for which
the space G, is non-trivial. A root « is said to be positive if it is the sum of simple
roots. As usual, a root a € A is negative if and only if —« is a positive root. Hence
the set A decomposes into the set A of positive roots and the set —A of negative
roots:

A=A;U(-A).
Furthermore G is A-graded:
G = H D (@QEAGQ)'

Note that if we set Go = H, then this is a Lie algebra grading.

There are two types of roots: either a root has positive norm, in which case it
is called real, or else it has non-positive norm and it is said to be imaginary. We
shall come back to this later.

We often abuse terminology and consider the roots as vectors in H or H* by using
the natural map taking a; to h; or to the linear functional h} in H* mapping h to
(h, h;). We shall do so in this paper. However this map from A to H (respectively to
H*) is not injective when the elements h; (respectively h}) are linearly dependent.
There may be n > 1 imaginary simple roots with the same image in H or H* if the
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Cartan matrix A has distinct columns which are equal. In this case, we say that h;
(respectively h¥) has “restricted simple root multiplicity” n. Since all non-diagonal
entries of A are non-positive, this does not occur for real simple roots. Note that in
general, the same vector in H or H* can be the image both of simple and non-simple
roots. This happens for a natural class of generalized Kac-Moody subalgebras of
the Monster Lie algebra [Ray2]. So the “restricted simple root multiplicity” of a
root & in H or H* is defined to be the maximal dimension of a subspace of G,
which cannot be generated by the root spaces G,,, where i € I such that «a; # a.

In order to avoid this problem, when the elements h; in H or the elements A} in
H* are linearly dependent, there is another standard way of defining roots. Instead
of considering the roots as elements of H* (as previously), one extends the Cartan
subalgebra to an abelian Lie algebra H¢ by adding an adequate number of outer
derivations. Then the roots are taken to be elements of (H¢)*.

We will assume that when the roots are considered to be elements of H or H*,
the notion of positive and negative roots remains well defined and that there is a
Weyl vector p € H defined by

1
(p, ;) = E(ai,ai) forall iel.

This is the case for the Monster Lie algebra which we shall define later.
The Weyl group of GG, which controls most of the structure of G, is a Coxeter
group generated by the reflections corresponding to real simple roots:
2 .
W = (ril(avi, ;) > 0), where r;:H" — H*r;(a) =a— Mai.
(Oéi, ai)
It is worth mentioning that for generalized Kac-Moody algebras with no imaginary
simple roots «; orthogonal to all simple roots o for j # 4, there are three equivalent
definitions of a real root o € A [Kac9]:
(i) (@a) >0
(ii) « is conjugate under the action of the Weyl group to a simple root of positive
norm;
(iii) The a-chain through any other root is finite, i.e. VG € A, 4+ na € A only
for finitely many n € Z.

As we shall see in §6, one of the problematic features in the more general context
of generalized Kac-Moody superalgebras is that this equivalence no longer persists.
Note that if for all j # ¢, a;; = 0 and a;; # 0, then without loss of generality, the
root «; can be assumed to be real since the Cartan matrix can be multiplied by
a diagonal matrix D = (d;;), where d;; = —1 and d;; = 1 for j # 4, to get an
isomorphic generalized Kac-Moody algebra.

It follows from definition (i¢) that real root spaces have dimension 1 and from (%)
and (7i7) that a root « is real if and only if the Lie subalgebra Go, @G _ o ®[Go, G0
is isomorphic to sl and its adjoint action on G decomposes into finite dimensional
representations of sle. None of this may hold for imaginary roots. If all roots are
real, G is finite-dimensional. If all the simple roots are real, G is a Kac-Moody
algebra. Hence a Kac-Moody algebra is generated by copies of sls, one for each
simple root, and the adjoint action of each of these sly’s on G decomposes into
finite dimensional representations. A generalized Kac-Moody algebra is generated
by copies of sly and of the 3-dimensional Heisenberg algebra ({e, f, h = [e, f]) with
h a central element), and in this case the action of these slo’s does not necessarily
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decompose into finite dimensional representations. In other words, the difference
between a Kac-Moody algebra and a generalized Kac-Moody algebra is that the
latter may have imaginary simple roots (corresponding to negative diagonal entries
in the Cartan matrix), but they do not add any complication to the structure.
Roughly speaking, if no two imaginary simple roots are mutually orthogonal, the
imaginary simple roots mostly contribute a free Lie algebra part to G [Kac7]|, [Jut].

Note that generalized Kac-Moody algebras appear naturally in the context of
Kac-Moody algebras as the subalgebras of Kac-Moody algebras of elements fixed
by finite groups of diagram automorphisms [Bor4].

2.3. Characterizations of a generalized Kac-Moody algebra. As the def-
inition of a generalized Kac-Moody algebra is based on generators and relations,
it is difficult to use it to check whether a given Lie algebra is a generalized Kac-
Moody algebra or not. Hence it is important to find other characterizations of these
algebras.

If G = G(A, H) is a generalized Kac-Moody algebra, then w : G — G defined by

wle;)) = —e; and w(f;) = —f;

is an automorphism of G [Kac9]. Furthermore all generalized Kac-Moody algebras
have an invariant symmetric bilinear form (.,.) extending the bilinear form on the
Cartan subalgebra and thus generalizing the Killing form. The bilinear form (.,.)o
given by (z,y)o = —(z,w(y)) is positive definite on root spaces [KacP4|. Based
on this, Borcherds gave the following characterization [Bord|. It is essential in the
proof of the Moonshine Conjecture, where it is needed to show that the Monster
Lie algebra is indeed a generalized Kac-Moody algebra.

Theorem. Let G be a Lie algebra satisfying the following conditions:
(i) G is graded: G =) ;.5 G with dim G; < oo for alli # 0 and [G;, Gj] < Giyj;

(ii) G has an involution w of G with w(G;) = G_;, w is multiplication by —1 on
Go;

(iii) thoere is an almost positive definite Hermitian contravariant bilinear form (.,.)
on G: ie ([g,z],y) = —(,[wg,y]) for all g,z,y € G, and (.,.) is positive
definite on G; if i # 0. Furthermore (Gi,G;) =0 if i # j.

Then G is a generalized Kac-Moody algebra.

Well known Lie algebras satisfying the conditions of the theorem are direct sums
of affine and finite dimensional semi-simple ones, which correspond to the case when
the form (.,.) is positive semidefinite on all of G. Most generalized Kac-Moody
algebras satisfy this theorem, though some with infinitely many generators do not
[Jur]. Note that if G satisfies the conditions of the theorem, then this bilinear form
is unique up to multiplication by a scalar on the derived algebra G’ if the Cartan
matrix A of G is indecomposable [Kac9).

The above characterization is not always very practical, because for a given Lie
algebra there may be many bilinear forms, and it may be complicated to find one
with the required properties. In [Bor8|, Borcherds gives another characterization
in terms of properties of root systems and spaces which is more useful when the
Lie algebra is constructed from a lattice. Indeed in this case, it is easier to derive
properties of the root system than to find adequate contravariant bilinear forms.
Nevertheless searching for other definitions may be worthwhile, as none of the
existing characterizations is fully satisfactory.
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2.4. Affine Lie algebras. As explained above, generalized Kac-Moody algebras
are a generalization of symmetrizable Kac-Moody algebras, and their structure is
essentially the same. In this section, we shall say a few words on the structure of
affine Lie algebras since they are the most important representatives of this class of
Lie algebras, and also this will be useful both for our discussion of vertex algebras
in §3 and for our illustration of the connection between generalized Kac-Moody
algebras and automorphic forms in §5.

The Lie algebras known today as Kac-Moody algebras were constructed inde-
pendently by Kac [Kacl] and Moody [Mogd] in 1968. The aim of Kac in [KacI] was
to classify all simple graded Lie algebras G = ), ., G of finite growth; i.e. dim G;
is bounded by a polynomial in |é|. This classification was completed by Mathieu
[Mat2] in 1992. Note that in the more general context of Lie superalgebras, this
problem is still open.

In [Kacl], Kac gives an explicit construction of an important class of graded Lie
algebras of finite growth: the affine Lie algebras. It is in this paper and in [Mad]
that affine Lie algebras appear for the first time in the mathematics literature.

Let G° be a Lie algebra with an invariant symmetric bilinear form (-,-). The
affinization of GO is the Lie algebra

G=G"®C[t ', t]®Cc
with
[c,z] = 0,[a@t", b t™] = [a,b] @ t"T™ + (a,b)ndn1m o,

for all z € G and a,b € G°. The element c is called the canonical central element.
Let d be the derivation of G acting as follows:
[d,a® f(t)] = a®tw.
dt
The extended affine Lie algebra G is the semidirect product of G with Cd.

When GY is a finite dimensional simple Lie algebra, the Lie algebra G is called
an (untwisted) affine Lie algebra [Kac9]. Therefore an affine Lie algebra is a central
extension of a loop algebra G® ® C[t~1,#], where C[t~!, 1] is the algebra of Laurent
polynomials, with an added derivation.

The affine Lie algebras first appeared in the physics literature in 1971 as sym-
metries of an important class of models of two dimensional conformal field theories.
They have other important applications in physics. For example, they play a fun-
damental role in the analysis of critical phenomena in two dimensional statistical
systems. In mathematics they give a framework for the famous Macdonald [Mac]
identities for certain powers of the Dedekind 5 function [Kac2].

The hyperbolic or Lorentzian Lie algebras form another important subclass of
the symmetrizable Kac-Moody algebras. They are defined to be Kac-Moody alge-
bras having a non-degenerate bilinear form (.,.) of signature n — 2 on the Cartan
subalgebra H of dimension n. In other words, H is a Lorentzian space. Unlike
affine Lie algebras, there are no known general explicit constructions of the hy-
perbolic ones. It is therefore of interest to try and find more information about
their structure and to start with the dimensions of their imaginary root spaces. It
is in this connection that Goddard and Thorn’s No-Ghost Theorem [GodT] from
theoretical physics was first applied in mathematics by Frenkel [Fre]. This then led
to Borcherds’ use of this theorem in order to find explicit realizations of generalized
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Kac-Moody algebras whose root lattice is Lorentzian of rank at most 26. Hyper-
bolic Kac-Moody algebras have recently been extensively studied by Nikulin and
Gritsenko [Nik1], [Nik2|, [GriNT], [GriN2], [GriN3].

2.5. Highest weight modules. Before ending this chapter, we will review some
basic facts about an important class of representations of generalized Kac-Moody
algebras. Highest weight representations will be needed throughout the rest of the
paper. They lead to the denominator formula, which is central to the theory of
generalized Kac-Moody algebras because it not only contains the essential infor-
mation about the corresponding algebra but also provides the link between these
algebras and automorphic forms. This link is indeed a very interesting aspect of
this area. Furthermore as mentioned in the introduction, the denominator formula
is essential in the proof of the Moonshine Conjecture. The construction of vertex
algebras is also based on basic highest weight representations of affine Lie algebras.

The highest weight representations of generalized Kac-Moody algebras gener-
alize the finite dimensional representations of the finite dimensional semi-simple
Lie algebras. In the case of affine Lie algebras, they were first introduced by Kac
[Kac2]. The physical motivation in considering this class of representations stems
from the requirement that the spectrum of the eigenvalues of the derivation d (see
§2) must be bounded above, as for example in string theory the eigenvalues of the
operator —d give the mass spectrum.

It should be noted that many representations are neither highest nor lowest
weight. Such is the case of the adjoint representation itself when the generalized
Kac-Moody algebra is infinite dimensional. Non-highest weight type representa-
tions have been little studied, and much remains to be done.

We now define highest weight modules. Let G be a generalized Kac-Moody
algebra with Cartan sub-algebra H. The G-module V(A) has highest weight
A e H* if V(A) is generated by a highest weight vector v satisfying

2w =0,2 € Gy, € AT, hv = A(h)v,h € H.

The weight A is integrable if (A, ;) > 0 for all simple roots «; of G and % eZ
for all real simple roots «;. So if A is an integrable weight, then for any real
simple root «;, the action of the corresponding sly on V(A) decomposes into finite
dimensional slo-representations, or in other words the corresponding generators e;
and f; are locally nilpotent on V/(A). When G is a Kac-Moody algebra, the converse
also holds since there are no imaginary simple roots. The requirement (A, a;) > 0
for imaginary simple roots is a technical necessity. However note that the highest
weight module V(A) of a generalized Kac-Moody algebra is integrable if and only
if it is unitarizable [KacP4], by which we mean that there is a positive definite
contravariant bilinear form on V(A).

For all A € H*, it can be shown there is a unique (up to isomorphism) G-module
M(A) of highest weight A, called the Verma module, such that any G-module of
highest weight A is a quotient of M (A). It follows that for all A € H*, there is a
unique (up to isomorphism) irreducible G-module M (A) of highest weight A, which
we will denote V' (A).

3. VERTEX ALGEBRAS

In this section we introduce another essential ingredient in the proof of the
Moonshine Conjecture.
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3.1. Vertex operators. Roughly speaking a vertex algebra is a vector space
with infinitely many formal operators, the vertex operators, which act on it and
satisfy certain properties. Generating functions known as (twisted) vertex operators
first appeared in the mathematics literature in 1978 in the work of Lepowsky and
Wilson [LepW] on the basic representations of affine sly, a basic representation of
an affine Lie algebra being an integrable highest weight representation V' (A) with
A(c) = 1, where c is the canonical central element (see §2.4). A construction of
the basic representations for all affine Lie algebras using untwisted vertex operators
was done by Frenkel and Kac [EreK] in 1980. It was also done differently by Segal
Seg]. Lepowsky and Wilson’s work was extended to all affine Lie algebras by Kac,
Kazhdan, Lepowsky and Wilson [KacKLW] in 1981. Twisted vertex operators
were constructed by Kac-Peterson for root lattice Eg and automorphisms from
Weyl groups [KacP5| and, using completely different methods, by Lepowsky for
any lattice and any isometry of the lattice [Lep2].

Vertex operators have since played an essential role in the representation theory
of affine Lie algebras. In order to construct explicit highest weight representations
of affine Lie algebras, it was necessary to use vertex operators which first appeared
in theoretical physics, more precisely in the theory of dual resonance, where vertex
operators are called quantum fields. They were introduced by Fubini and Veneziano
in 1972 [Manl.

Vertex operators are quantum fields on a vector space V', which are, by definition
the generating series of endomorphisms of V' written

a(z) =Y amz ",

neZ

where () are endomorphisms of the space V' and for any v € V, a(,)(v) = 0 for
all n large enough.

3.2. Definition of a vertex algebra. The vertex operator representations of
affine Lie algebras inspired a construction of the simply-laced finite dimensional
Lie algebras, i.e. of type A, D, E, all of whose roots have the same norm [FreK].
The point of this construction is that it yields an explicit Chevalley basis for the
Lie algebra. It is also possible to construct certain types of infinite dimensional
generalized Kac-Moody algebras starting from lattices and to find in this way an
explicit basis for the algebras in question. However the procedure is more compli-
cated and indirect, and one needs to first consider other objects: vertex algebras.
Their construction is a generalization of the vertex representation of Kac-Moody
algebras all of whose roots have the same length and in particular of affine Lie
algebras with this property and is based on Frenkel’s application in 1985 [Ere] of
the Goddard-Thorn No-Ghost Theorem to the theory of Kac-Moody algebras.

The starting point is an even lattice L with non-degenerate bilinear form (.,.).
We remind the reader that a lattice L is a Z-module (in other words a free abelian
group) with an integral valued bilinear form. The lattice L is even if for any « € L,
(o, ) is even. We need to construct what the physicists call its “Fock space”.
Since L is even, it can be shown that there is a unique (up to isomorphism) central
extension L of L by the group Zs of order 2:

1 — <I€|/€2=1> — L — L —1
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such that aba=1b~! = H(E’B), a,b € L, where for z € L, T is the image of z in L
under the natural projection. Set

H=L®zR

and extend the bilinear form to H. Consider H as an abelian Lie algebra, and take
the extended affine Lie algebra H of H (see §2.4):

H=H®Ct ', {]®C.® Cd.

For « € H and n € Z, a(n) will denote o ® t". The symmetric algebra S of
@®n<oH ®t") is an irreducible natural module for the Heisenberg algebra [H, H].
We remind the reader that a Heisenberg algebra is a Lie algebra whose derived
subalgebra has dimension 1 and coincides with its centre. For any x € S, writing
x = p(—m)y, y € S, the action of H on S is defined as follows:

c.xr = x;
athx, ifn<0;
a(n).x =<0, ifn=0;
nonm(a, By + B(=m)a(n).y, ifn>0.
d.f(—m)y = f(—=m — 1)y + B(—=m)d.y for m > 0.
The Fock space is defined to be the tensor product
Vi =5® C[L],

where C[L] is the group algebra C[L] quotiented out by (x + 1). The elements of
C[ﬁ] are written e®, where a € L. The action of H can be extended to the space
Vy: for any e” € C[L],

c.e® = 0,
a(n).eﬁ = 0n,0(a, ﬁ)eﬁ,
d.e’ = p(=1)é.

Thus for n < 0, a(n) is a “creation operator” and for n > 0, a(n) is an “annihilation
operator”.
Each element of V, has an associated vertex operator. For all a, a1, as... € L,

Y(at ' ®@1,2) =%, cqa(n)z" "1
Y(1®e? z) = ez Li<o 25al) o= s 557 0l)
Y((apt™™ D (agt ™ 1) @ e, 2)

=: d%(nnY(alt_l ®1, z)%(n'g)Y(agt—l ®1,2)Y(1®e*2):
In the above, the notation :: means that all the creation operators are on the left of
all the annihilation operators. This is called the normal ordering [Bor2], [Frel.M2],
[KacT0] and is needed to ensure convergence. For any v € Vi, these vertex operators
have the following properties [Bor2], [FreL.M2|, [Kacl0]:

1. [d,Y(v,2)] = dizY(v, z);
2. Y(L,2)=1Iv,, Y(v,2).1| _,=v;
3. (z—w)N(Y(v,2)Y(w,y) = Y(w,y)Y(v,2)) =0 for N >>0.
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In the above the vector 1 ® 1 € V7, is written 1. In equality 3, the factor (z — w)™
cannot be cancelled out. This is often the case for formal series in z and w. For
example, if §(z —w) =271 Y (%)™, then (z — w)d(z — w) = 0. If the operators
Y (v, z) are considered as complex functions, then relation 3 simply says that com-
mutativity holds. However in a strict sense, Y (v, 2)Y (w,y) and Y (w,y)Y (v, z) are
not always defined in the same domain. So it is better to define vertex operators
as formal series.

Based on the above, a vertex algebra is defined to be any vector space V' having;:

(i) a special vector 1 € V; and

(i) vertex operators Y (v,z) = > ., v(n)z~"~! € End(V)][z]] for every element
v € V depending linearly on v and satisfying properties (1)—(3), where d € End(V)
is defined by d(v) = v_2(1) for all v € V.

The above definition given by Dong and Lepowsky [DonL] and by Li [Li] (see
[Kacl0)]) is simpler to state than Borcherds’ original one [Bor2], and both are equiv-
alent [Donl]], [KacI(]. The vertex algebra Vi, constructed from a lattice L is called
a lattice vertex algebra.

Before closing this section, we briefly explain the connection between vertex
algebras and highest weight representations of untwisted affine Lie algebras. As
mentioned earlier, the original motivation which led to the introduction of vertex
operators in mathematics was to explicitly construct such representations.

Let L be a positive definite even lattice and A the set of vectors of norm 2 in the
lattice L. The elements e® for a € A give the Chevalley basis of a finite dimensional
semisimple Lie algebra G with root system A and Cartan subalgebra H = L ® R:

G =H @ (DacaRe®).

Let G be the affinization of G and G its extended affine Lie algebra. From the above
construction, the lattice vertex algebra Vj, can be shown to be a representation of
G. The action of the elements ¢, d and a(n) of G for o € H is given by the
representation of the extended affinization of H on Vi, and the action of e* ®
t" for « € A is given by the coefficient of 2~"~! in the operator Y (e®,z). Let
Q = ZA be the lattice spanned by A. As a G-representation, V;, is the direct
sum of the fundamental representations of G corresponding to the orbits of Q in
L. Furthermore the vertex algebra Vg is the distinguished fundamental basic G-
representation, which plays an important role in theory of affine algebras [FreK],
[FreLM?2]. It is known as the Frenkel-Kac construction. Each simply-laced affine
Lie algebra G has a twisted vertex operator representation for each conjugacy class
of the Weyl group of G, and the Frenkel-Kac construction corresponds to the trivial
conjugacy class [KacP3|, [Lep2].

3.3. The No-Ghost Theorem and generalized Kac-Moody algebras. We
will now explain how for certain even non-degenerate lattices L, one gets a general-
ized Kac-Moody algebra from the lattice vertex algebra V. We keep the notation
of section 3.2.

We first need to show how the Virasoro algebra acts on the space V. We suppose
in the rest of this section that L is an even non-degenerate lattice. The lattice vertex
algebra V, is a vertex algebra with a special property. It contains a vector which
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can be defined as follows:
1
v =35> a(-1)oi(-1),

where the vectors (a;) run through a basis of L and (o) through a dual basis in H.
This vector v € Vi, is a “conformal vector”; i.e. its corresponding vertex operator
can be written

Y(v,z) = Z Lnz" "2

nez

where the operators L,,, n € Z, together with a central element ¢ acting as multi-
plication by the rank of the lattice L on the space Vi, generate a Virasoro algebra
[FreK]. In particular, L_1 = d and L is diagonalizable on V},: for every a € L and
he H,

Loe® = %(a, a)e® and Lo(h(—n)v) = nh(—n)v + h(—n)Lov, v € VL.

The important point is that we have an action of the Virasoro algebra on V. We
remind the reader that the Virasoro algebra is the unique (up to isomorphism)
central extension by a 1 dimensional centre of the Lie algebra of all derivations of
the algebra of Laurent polynomials C[t,t~1]. It is generated by a central element
c and elements L,,, n € Z, satisfying

1
[Lim, L) = (m —n)Lypyn + E(m‘?’ — M) 0m4n,0C

Lattice vertex algebras Vg, have conformal vectors because the lattice L is assumed
to be non-degenerate. In general a vertex algebra does not contain such a vector.

Note that vertex operator algebras were later defined by Frenkel, Lepowsky and
Meurman [FreLM2] to reflect some crucial features of the moonshine module. They
are vertex algebras with a conformal vector but with the added condition that all
the eigenspaces of Ly on V are finite dimensional. The converse is false since lattice
vertex algebras are evidently not vertex operator algebras when the non-degenerate
even lattice L contains roots of non-positive norms. In this case, the above definition
of the operator Lg implies that for any o« € L and h € H,

Lo(h(1 — %(a,a)) ©e) = h(l — %(a,a)) © e

whenever (o, @) < 0.
Before proceeding further, we need to mention that there is a natural non-
degenerate bilinear form on V, satisfying

i o 5y _ )L if a =3
1) (%) = {O, otherwise;
(ii) the adjoint of the operator a(—n) for any o € H is a(n).
The aim is to construct a generalized Kac-Moody algebra from V7.
For any vertex algebra V, the quotient space V/dV, where dV is the subspace

generated by the action of the derivation d on V', can be given the structure of a
Lie algebra by defining the bracket as follows:

and

[v,w] = vo(w), v,w€EYV,

where v is the coefficient of 271 in the operator Y (v, 2).
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However Goddard-Thorn [GodT| and Frenkel [Ere] showed that the space we
should consider is not the whole of the lattice vertex algebra Vi but a special
subspace V; of Vy,, where for all n € N

Vi = {v € V|Lov = nv, Lyv = 0,Vi > 0}.

Since dV N'V;p = dVp, it follows from the above that V;/dVy has the structure of a
Lie algebra.

If L contains the root lattice of a Kac-Moody algebra G all of whose real roots
have the same length, it can then be shown that there is a Lie subalgebra of the
Lie algebra V3 /dV; isomorphic to the derived Lie algebra G’. It is generated by the
elements

e = e fi = [ hi = ai(=1).

This gives upper bounds for the multiplicities of the roots of G. Frenkel’s insight was
to apply the Goddard-Thorn No-Ghost Theorem [GodT] of 1972 from the theory
of dual resonance in theoretical physics to this context in order to find better upper
bounds when G is a hyperbolic Lie algebra (see §2.4) of rank at most 26 [Fre].

Generalized Kac-Moody algebras were unknown at this time, and it is in 1992
that using his characterization theorem (see §2.3) Borcherds showed that a quotient
of V1/dV} is a generalized Kac-Moody algebra [Bor5] whose Lie subalgebra gener-
ated by the real simple roots is the hyperbolic Lie algebra G studied by Frenkel.

We give a brief outline of the No-Ghost Theorem and of its proof [GodT], [Fre],
[Bor7], [Jur]. Let L be an even Lorentzian lattice and G the corresponding hyper-
bolic Lie algebra. As before, H = L ® C and the construction of §3.2. shows that
the lattice vertex algebra V;, = S ® C[L] is a representation of G since all the real
roots of G have the same length. The space V, has an L-grading given by

deg(s®@e*)=a for a€lLl, se8b.
For a € L, set
Vit ={v e Vy|deg(v) =a} and V*=VinNVf.
Since Lo(hi(n1)...hr(n)®1) = —(n1+...n.)h1(n1)...hr(n,)®@1 for all hy, ..., h, € H,
ny,...,n, <0,and L,(h(-1)®1)=0foralln>1,he H,
VP ={h(-1)®1| h e H}.
Furthermore
(h(=1), h(=1)) = (h, h),

so that V? contains negative norm vectors as L is Lorentzian.

The No-Ghost Theorem [GodT] states the absence of ghosts (i.e. of vectors
of negative norm) in V* when a # 0 in the Veneziano model if and only if the
space-time dimension is less than the critical dimension 26. This result is not at all
obvious.

Fix a non-zero root o« € L. Since L is Lorentzian, there is an isotropic vector
B € L (ie. (8,08) =0) which is not perpendicular to a. Set

P={veV%L,(v)=0,n>0},
and let
T={veV*L,w=0=((n)v,vn > 1}
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be the transverse subspace of P. Let N be the null space of (.,.)|y,. Then V* =
{v € P|Lo(v) = v}. The first step is to show that

(1) Ve =Ty @ N,

where Ty =T NV, and N = NNV,
As (o, 8) # 0, it can be shown that the bilinear form is non-degenerate on the
subspace T and that the space V¢ is generated by elements of the form

Ly, L,...0(r1)8(r2)...(v),

where 0 > s1 > $3..., 0 >7ry >r9...,and v € T.

Set C' to be the subspace of V* generated by elements of the above type with
s1 # 0 and K the subspace generated by the action of the operators 3(n) on T, for
all n € Z. Let v € V). There exists v; € K and vy € C such that v = vy + vs.
Since [Ly, B(n)] = —nB(n + m), for all m > 0, L,,(v1) is contained in K. Since
dim L = 26, using the above formula for commutators of elements in the Virasoro
algebra, one can prove that the spaces Ly(V®) and (Ly + £L1)(V®) are contained
in C. Hence as Ly and Lo + %Ll generate < L,,| m > 0 >, for all m > 0, L,,(v2)
is in C. By definition, L,,v = 0 for m > 0, K N C =0, and (C, P) = 0. It follows
that v1 € KNP and v € C N P. Since (8,6) =0, KNP =T. As the bilinear
form is non-degenerate on 7', we can therefore conclude that (1) holds and so there
are no negative norm vectors in V|* if a # 0.

The second step is to check that the Lie algebra V3 /dV} has a quotient which sat-
isfies the conditions of Borcherds’ characterization theorem. Since L is Lorentzian,
dim{h € Hgr|(h,h) < 0} = 1. As the form is non-degenerate on T', this implies that
the form is in fact positive definite on T. The involution w acting on the space Vp,
by

w(e®) = —(=1)@/2(e 71 y(h(n)) = —h(-n),he HneZ

induces an involution on the Lie algebra V;/dVy. The form (.,.) is contravariant
with respect to w. Therefore N is an ideal in V5. Hence V4 /N is a Lie algebra,
which we will call F. Also dVo < N as (dVo, V1) = 0. As L is Lorentzian, we can
choose a root v in L of negative norm not orthogonal to any norm 2 root of L.
The inner product with v gives a Z-grading of F. With this grading, the bilinear
form induced on F' by the form on Vi and the involution satisfy the condition
of Borcherds’ Theorem since the No-Ghost Theorem implies this form is positive
definite almost everywhere on F. Therefore F' is a generalized Kac-Moody algebra.
If the lattice L is also assumed to be unimodular (i.e. L isself dual: L = L*), then
the generalized Kac-Moody algebra F' is called the Fake Monster Lie algebra, and
it was the first explicit example of a generalized Kac-Moody algebra which is not
a Kac-Moody algebra. It was constructed by Borcherds in 1990 [Borh]. In [Borf],
Borcherds calculates the root multiplicities of the real roots of this Lie algebra all
having norm 2. The hyperbolic Lie algebra G of rank 26 studied by Frenkel is a
Lie subalgebra of the generalized Kac-Moody algebra F, and the real root spaces
of G and F coincide. In [Bord|], Borcherds also calculates the root multiplicities
of the Fake Monster Lie algebra. They are equal to the upper bounds for these
multiplicities given by Frenkel: For any root « of the Fake Monster Lie algebra

dim F, = pas(1 — (o, @) /24),
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where pas(n) is the number of partitions of n into parts of 24 colours. Note that
this implies that

dim Go < poa(l — (o, ) /24),

where G is the hyperbolic Lie algebra of rank 26, and thus we get Frenkel’s earlier
result [Ere] when the lattice L is unimodular.

Before Borcherds constructed the class of generalized Kac-Moody algebras, it
had been thought that the Kac-Moody algebra G generated by the simple roots of
norm 2 contained in the Fake Monster Lie algebra was the Lie algebra that would
explain the Moonshine Conjecture. This is because the unimodular even Lorentzian
lattice of dimension 26 is closely connected to the Leech lattice [ConS].

After constructing the Fake Monster Lie algebra, Borcherds at first thought this
to be the suitable Lie algebra. It was therefore originally called the Monster Lie
algebra, and its name was later changed.

Note that the above result can be easily extended to even Lorentzian lattices of
any rank less than 26 and that the real roots of the generalized Kac-Moody algebras
thus constructed all have norm 2.

The interesting hyperbolic Kac-Moody algebras are those which like G are con-
tained in a generalized Kac-Moody algebra or superalgebra in such a way that both
have the same real root spaces. Based on Borcherds’ work, the theory of this type
of hyperbolic Lie algebras has been developed in depth by Nikulin and Gritsenko.
For a given rank r > 3, there are only finitely many root lattices possible for such
hyperbolic Lie algebras [Nik2].

3.4. Quantum vertex algebras. We make a small digression in this section. The
definition of a vertex algebra suggests that it is some kind of ring acted on by a
group [Bor2|. This becomes clear in the most simple case, i.e. that of a holomorphic
vertex algebra. A vertex algebra is holomorphic if for all a € V, a(,) = 0 for all
n >0, so that Y(a,z) =}, ¢z, a—n-12". Hence the vertex operators Y (a, z) are
power series in z and the defining axiom 3 becomes commutativity. One can define
an algebra multiplication by

ab = a_1b.

The linear map d of axiom 1 can then be shown to be a derivation of V. The vertex
operator Y (a, z) can be expressed in terms of this product and the derivation d:

Y (a, 2)b = (e*%a)b,

where e*? is the formal power series for the exponential. It can be shown that
holomorphic vertex algebras are the same as commutative associative algebras with
a unit element and a derivation d [Kacl0]. This is easier to see if we use a different
notation. Put

a’b =Y (a, 2)b.

So the aim is to try and define a category whose commutative rings are vertex
algebras. In [Borl2], Borcherds constructs additive symmetric tensor categories
whose singular commutative rings are vertex algebras. This definition generalizes
the above original definition of an ordinary vertex algebra, which corresponds to
a particular category and allows a construction of quantum vertex algebras as the
singular braided rings of the category. Though this definition is in some sense more
abstract than the first one, it has the advantage of making the notion of vertex
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algebras appear natural within a mathematical context. The braided rings in the
particular category corresponding to the ordinary vertex algebras correspond to
the quantum vertex algebras defined earlier by others [EtinK], [FreJ]. These new
constructions lead to many open problems. Among others one should verify if there
is any link between some quantum vertex algebras and quantum generalized Kac-
Moody algebras (as defined by Kang in [Kand]) similar to the above one between
ordinary vertex algebras and generalized Kac-Moody algebras, and in particular
what happens in the case of the Monster Lie algebra.

3.5. The moonshine module. We want to find representations V' (n) of the
Monster group M of dimension c¢(n) (see §1), or equivalently we want to construct
a graded M-module V =3 . V(n) of dimension J(g).

An essential feature of vertex algebras is their link with modular functions. As
we saw in §3.2, vertex operators first appeared in the context of the representation
theory of affine Lie algebras. There is a deep connection between affine Lie algebras
and modular functions, which was revealed through works of Feingold-Lepowsky
[Feinl], Kac [Kac?], [Kac6] and Kac-Peterson [KacPl], [KacP3]. The graded di-
mensions of the basic representations of simply-laced affine Lie algebras are given
by modular forms.

For example, in the case of affine 522, the are two basic representations (see §3.2)
are isomorphic to each other. Therefore their graded dimensions which have been
calculated in different ways are equal. This leads to the “classical” Gauss formula
for the Dedekind 7-function:

ng) _ Yuezd™ i
n(q'/?) nle)

We remind the reader that
. o0
n(g) =q>= [J(1—q™).
n=1

Relevant observations by McKay, Garland [Gar], Kac [Kac], [Kac?] and Lep-
owsky [Lepl] added evidence to the existence of the moonshine module. Before
describing the module, we will give a brief description of these other works.

It has been known since the work of Dedekind that the modular invariant j can
be written as follows:

0r(t
j(r) = n(LT()z)zu

where 01, (q) = (3 4er, ¢'*)/?)? for ¢ = €™ and T is the root lattice of Es. Now
the graded dimension of the untwisted vertex operator representation Vr, of affine
Eg is j(q)'/3. Therefore when L = I's @ I's @ T's, the graded dimension of V7, is
j(q) = J(q) + 744, which is almost the graded dimension of the module V' we want,
except that it has a constant term.

The vertex algebra construction described in §3.2 can be applied to the Leech
lattice A. This is the unique 24 dimensional even unimodular positive definite lattice
having no vectors of norm 2 (see §7). The graded dimension of Vj is J(7) + 24.
Again there is a constant term discrepancy. In [Kac§|, Kac attempted to construct
a module over the centralizer of an involution in the Monster group by changing
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the previous vertex algebra V7, and he thought that this module could be extended
to the whole Monster group by making use of vertex operators.

Then in 1984, Frenkel, Lepowsky and Meurman [FreLMI] successfully con-
structed the moonshine module V. It can be written as a direct sum of two sub-
spaces:

V=Vte V)t

The vector space Vj{" is a subspace of the space V. For any non-degenerate lattice
L, there are twisted vertex operator constructions corresponding to the conjugacy
classes of the automorphism group of L which generalize the affine case [FreLMI],
[KacP5). Here, V/ corresponds to the conjugacy class of —1 and (V)™ is a subspace
of V. Frenkel, Lepowsky and Meurman showed V has graded dimension J(g) and
the structure of a vertex operator algebra. They also proved the important result
that the group of vertex algebra automorphisms of V' preserving its grading is
the Monster group. The moonshine module V' contains the Griess algebra B of
dimension 196884. More precisely, the Virasoro operator acts on V', and B is the
2-eigenspace of the operator Ly. The algebra B was constructed by Griess in 1981
[Gri], and he gave an explicit construction of the Monster group as a subgroup of
the automorphism group of B by finding adequate symmetries of this algebra. In
fact the Monster group is the full group of automorphisms of B [Tits|.

The reason why the traces T, of the action of the element g in the Monster group
M on the moonshine module V' cannot be computed directly for most elements
g € G is a consequence of the structure of V. The group M contains a subgroup
C [Gri] which is the centralizer of a certain involution of M. The subspaces V"
and (V{)* are the eigenspaces of this involution. When g € C, the trace T'g can
therefore be computed [FreL.MT], [FreLM2]. When g does not commute with the
involution fixing the above two subspaces, it is too complex a calculation. Therefore
Borcherds’ very elegant proof is needed. In it he applies the theory of Vertex
algebras and the No-Ghost Theorem to the moonshine module V' in a very original
way to get an explicit realization of a generalized Kac-Moody algebra which is acted
on by the Monster group, namely the Monster Lie algebra, so that he can then use
the representation theory of these algebras to proceed further.

The important aspects of this moonshine module V for our purposes are as
follows [FreLMI], [FreLM2]:

1) The M-module V has the structure of a vertex algebra.

2) The module V' contains a conformal vector of central charge 24, and so the
Virasoro algebra (L;, 1| € Z) acts on V in such a way that

24
J ﬁ
The eigenspaces of the operator Ly on V' are precisely the head representations of
the Monster group M:

[Li,Lj] = (i — §)Liy; + (i* — )0, —

V(n) ={veV|Lyw=(n+1)v}.
Since V(n) = 0 for n < —1, it follows that V is the direct sum of the eigenspaces

corresponding to non-negative integral eigenvalues of Lg:

V == @%O:_lV(n).

Note that since for all n € Z, V(n) is finite dimensional, the moonshine module V'
is not only a vertex algebra but also a vertex operator algebra (see §3.3).
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3) There is a positive definite bilinear form (.,.) on V.

3.6. The Monster Lie algebra. The construction of the Monster Lie algebra, the
most well known generalized Kac-Moody algebra which is not a Kac-Moody algebra
and which is central to the proof of the conjecture, brings together everything we
have seen so far. In particular, Borcherds had the original insight to adapt the
No-Ghost Theorem to the context of the moonshine module V', not only to give
an explicit realization of the Monster Lie algebra and show that it is a generalized
Kac-Moody algebra M, but also to prove that the action of Monster group M on
V induces an action on M such that the root spaces are isomorphic to the head
representations.

As written above, the moonshine module V is a vertex algebra. In order to
apply the results of §3.3 to construct a generalized Kac-Moody algebra, we need a
vertex algebra graded by a unimodular even Lorentzian lattice of rank at most 26.
The smallest possible rank of a unimodular even Lorentzian lattice is 2, and it can
be easily shown that tensor products of vertex algebras are also vertex algebras.
The Virasoro algebra acts on the module V' with central charge 24 (see §3.5). This
suggests that we consider the tensor product of the vertex algebra V' with the lattice
vertex algebra Vip, ,, where I1; is the unique even unimodular Lorentzian lattice
of rank 2:

B=V&V,.

0 -1
-1 0
extends naturally to B by defining deg(v ® w) = deg(w) for v € V, w € Vi, ,.
Since the Monster group M acts on the space V, its action can be extended to the
vertex algebra B by making M act trivially on Viy, ,.

Set P, = {v € B|L,v=0,n >0, Lov = v}, and define

A
Rad(-, v,

The bilinear form on 11 ; is given by the matrix . The II; ;-grading

M:

The quotient space M is a II; 1-graded Lie algebra (see §3.3) called the Monster Lie
algebra. We take the Z-gradation defined by: deg(v) = 2m +n for all v € M, ),
(m,n) € Z2. Since the lattice II;; is unimodular, even and Lorentzian, and the
Virasoro algebra acts on B with central charge 26, we can conclude that M is a
generalized Kac-Moody algebra graded by the lattice 11 ;:

M = Ga(m,n)€Z2~/\/l(m,n)-

It remains to show that the Monster group M acts on the Lie algebra M in
such a way that the root space M, ) is isomorphic to the M-module V(mn).
This is also a consequence of the No-Ghost Theorem and of Frenkel, Lepowsky
and Meurman’s result. Since the Monster group M acts on the module V', we can
extend its action on the vertex algebra V' ® Vi, by making M act trivially on V. It
can be shown that as a M-module, V ® e® is isomorphic to the transverse subspace
T (its definition is adapted in the obvious way from the one given in §3.3 in the
case of the Lorentzian lattice of rank 26). By the No-Ghost Theorem, when the
root « is non-zero, M, is isomorphic to the subspace T} of T of elements fixed
by the operator Lo (see §3.3). By what precedes, M, is therefore isomorphic to
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{v@e*lv e V,Lo(v®e®) = v®e*}. From the action of Ly on Vi, it can be deduced
easily that

1
Ma =V _1(qa) ={veV[Lov=(1- §(a,a))v}.

In other words, as a M-module, for a« = (m, n) with (m,n) # (0,0),
M (mn) = V(mn)
since (m,n).(m,n) = —2mn. Furthermore, setting H = L ®z R,
By =V(-1)® {h(~1)|h € H}

is isomorphic to R? since V(—1) is the trivial M-module of dimension 1 and
H = R?. Therefore as an M-module

M=R?@ (@(mm)ezaV(mn)).
(Note that M acts trivially on R?2.)

4. DENOMINATOR FORMULAS AND AUTOMORPHIC FORMS

We have now constructed the Monster Lie algebra M. We know exactly what
its Cartan subalgebra H is, what the bilinear form on it is, and the dimensions of
all its root spaces. In order to proceed further we need to identify which among
the roots are simple; that is, we need to find the generators of M. Otherwise we
will not be able to use the homology of generalized Kac-Moody algebras which will
lead us to a formula which relates the traces of different elements of the Monster
group on the various M-modules V(n).

Furthermore the next step in the proof of the Moonshine Conjecture illustrates
how the theory of generalized Kac-Moody algebras can be a framework for in-
terpreting some identities involving automorphic forms. We have to compute the
denominator formula of the Monster Lie algebra M to find the simple roots of
M. So we now explain what the denominator formula of a generalized Kac-Moody
algebra is.

4.1. The denominator formula. Let us fix some notation:
G will denote a generalized Kac-Moody algebra, H a Cartan sub-algebra, and
H* the dual space of H.
The roots will be considered to be elements in H* (see §2.2), and the simple
roots will be written ay, ¢ € I.
AT will denote the set of positive roots of G, and for all @ € AT, mult(a) will
denote the dimension of the root space G,.
W will denote the Weyl group of G, i.e. W = (r4|i € I, (e, ;) > 0), where
r; » H* — H* is defined by r;(a) = a — %az The length of w € W, I(w), is
the minimal number of generators r; needed to write w.
p € H* will denote the Weyl vector, which we assume exists, i.e. p(a;) =
(v, ;) for all 4 € I.
Let V(A) be a G-module with highest weight A € H* and highest weight vector
va (see §2.5 for definition). The Cartan sub-algebra H acts semi-simply on V' (A).
The eigenspaces

1
2

Va = {v e V(A)|hv = A(h)o,h € H}, A € H*
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are called weight spaces. So
V(A) = ®ren V.

The Poincaré-Birkhoff-Witt Theorem implies that all the weight spaces are finite
dimensional.

The first natural question is to compute the dimensions of the weight spaces, in
other words to find the character of V(A) defined as the following formal sum:

X(V(A) = D dimVae(N),
AEH*

where e()) is the formal exponential. These sums belong to the set of formal series
> xem- Txre(N), where the coefficients x) are non-trivial only inside a finite union
of sets like {a € H*|ow < }. The elements e(A) of this set behave as the usual
exponential with respect to addition and multiplication.

Let V(A) be the unique (up to isomorphism) irreducible G-module of highest
weight A (see §2.5). When A is an integrable weight (see §2.5), the character formula
gives an expression for the character of V(A):

Dwew (=1 Mw(er 35, e(a)e )

x(V(A)) = e Tpens (1 — e—o)multe ’
where
(=1)™ if v is the sum of n mutually orthogonal simple imaginary
ela) = roots ay;

0 otherwise.

Note that we have assumed the roots to be elements of H* rather than in the root
lattice or the extended Cartan subalgebra. Imaginary roots may have restricted
simple root multiplicities > 1 (see §2.2). Therefore to calculate €(«), it is necessary
to consider the set of simple roots as a set containing s copies of the root 3 if its
restricted simple root multiplicity equals s.

The denominator formula follows from the character formula for the trivial rep-
resentation of dimension 1:

(1) e’ Z (=)@ (eP Ze(a)ea) = H (1 — e o)multer
weW «a acAt

The denominator formula was proved by Borcherds in the general setup of general-
ized Kac-Moody algebras |[Bord|. It essentially characterizes the algebra G as it is
equivalent to knowing what the roots are and what the simple roots are since the
Weyl group is generated by simple real root reflections. The main characteristic of
the denominator formula is that on one side you have a sum and on the other a
product. This is why it gives in many cases interesting identities, or more precisely
product expansions for automorphic forms. If G is a Kac-Moody algebra, then G
does not contain any imaginary simple roots. Hence in this case the denominator
formula reduces to

(2) Z (_1)l(w)w(6p) — P H (1 o efa)multa.
weW aeAt

This was proved by Kac in 1974 [Kac2]. So in the more general case of generalized
Kac-Moody algebras, there is simply an added factor on the left hand side depending
on mutually commuting imaginary simple roots. When G is finite dimensional, all
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roots are real, so all root multiplicities equal 1. The denominator formula in this
case is the classical Weyl formula.

4.2. Affine Lie algebras and the Macdonald identities. The only infinite
dimensional Kac-Moody algebras for which we have explicit formulations for their
denominator formula are the affine Lie algebras. In this section we illustrate how
their denominator formula is nothing but the famous identities Macdonald found in
1972 as a generalization of the Weyl formula to what he called affine systems [Mac]|.
However he did not account for some extra factors appearing in these identities.
Shortly afterward Kac proved the denominator formula for Kac-Moody algebras
[Kac2| and found that the Macdonald identities were the denominator formulas for
the affine Lie algebras.

We give an example. Consider the simplest affine Lie algebra, 522, otherwise
2 =2
-2 2
one simple root to the 3-dimensional Lie algebra sls. Let o1 be the simple root of
slo, and «q, a1 the simple roots of sly. To find the right hand side of (2), we need
to know the set AT of positive roots. The Cartan matrix implies that

known as Agl). Its Cartan matrix is ), and so it is obtained by adding

AT ={nag + (n — Vayg,n(ag + 1), (n — Vag + nag,n > 1}.

Since the roots nag + (n—1)a; and (n— 1)ap +na; have norm 2, they are real and
so have multiplicity 1. It can also be shown from the structure of sly that the roots
nd = n(ap + a1) of norm 0 have multiplicity 1. For the left hand side of (2), we
need an explicit expression for the Weyl group W = (rg,r1). In fact W = Zy x Z,
where (r1) 2 Zs and (ror1) = Z. Furthermore

(ror1)™(p) = p + 2nay — (n + 2n?)o
and
1 (ror1)™(p) = p — (2n 4+ 1)ag — (n + 2n?)4.
So letting u = e(—ap) and v = e(—ay), for the denominator formula of sy, we get:

(3) Z(—l)ju%j(ﬂl)v%j(jfl) = H (1 —u"v™)(1 —u"o™)(1 —u"o™ ),
JEZ n>1

which is one of the forms of the classical Jacobi Triple Product Formula. The
mysterious factors not accounted for by Macdonald are in this case (1 — u™v"™),
which correspond to the roots nd of norm 0. Indeed the affine systems defined by
Macdonald correspond to the real roots of affine Lie algebras. Thus Kac gave a
complete interpretation for the Macdonald identities.

These generalizations of the Weyl formula lead to other beautiful formulas given
by Macdonald for certain powers of the Dedekind #n-function [Mac].

We work this formula out in the case of l. Let A° be the set of positive roots of
G and hence here of sl. We divide both sides of (3) by [[,cp0(1 —e(—a)) =1—wv.
Then setting ¢ = e(—0) and using the homomorphism C[le(—ay), ..., e(—a)]] —
C|[[¢]] mapping e(—a;) to 1 if i > 1 and e(—ayp) to g, we eventually get

2 1
n(g)® = (dn+1)g" s,
nz

where 1(q) = g1 Lo, —qg™).
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Similarly, we get formulas for n(q)™ for all integers n corresponding to the di-
mension of a simple finite dimensional Lie algebra. A formula also exists for (q)?°,
but this case cannot be accounted for by the theory of affine Lie algebras. In fact
it has not yet been interpreted. It is worth mentioning that 26 also happens to be
the critical dimension in string theory. The identities for powers of the Dedekind
n-function were also independently found by Dyson [Dys|, though he did not notice
the link with Lie algebras.

An explicit formulation for the denominator formula of a generalized Kac-Moody
algebra is equivalent to complete information on its roots and simple roots. However
it seems very improbable that we may find such explicit data on the root system of
most infinite dimensional Kac-Moody algebras which are not affine. Therefore they
do not in general yield interesting identities. In order to find satisfying formulas,
you need to go to the more general level of generalized Kac-Moody algebras. This
is the case for the Monster Lie algebra.

4.3. The denominator formula of the Monster Lie algebra. Recall that the
Monster Lie algebra is as follows:

M =H & (& nyezeMm,n)),

where for each (m,n) € Z2, M (m,ny s isomorphic to V(mn) as a module of the
Monster group M.

As explained at the start of §4, to prove the Moonshine Conjecture we next need
to find the simple roots of M. We see from the formulation of the denominator
formula (see (1) in §4.1) that if we compute it for the Monster Lie algebra M, the
left hand side of (1) will give us the desired information. This is what we will do
in this section.

Since we know the dimensions of the root spaces of M, we can easily calculate the
right hand side of (1). Set p = (=19 and ¢ = (%~ Since the root space Mmn)
is isomorphic to V(mn), both these spaces have the same dimension c(mn). As
in §1 these are the coefficients of the Fourier expansion of the normalized modular
invariant J. Therefore for the Lie algebra M the right hand side of (1) is:

H (1 _pmqn)c(mn).

m>1,n€Z

We now regard this product not as a formal product, but we let p and g be the
following: p = 2™ and ¢ = e?>™*, where 7 and i belong to the upper half plane
‘H. Then using basic techniques from number theory, in particular by taking the
logarithm of the above product and then using Hecke operators, Borcherds [Bor7]
shows that

(4) p(ip) —j@) = [ @—pmgrtm

m>1,n€Z

with convergence in the domain |p|, |q| < e=2".

Let us again think of p and ¢ as the above formal exponentials. The left hand
side of (4) is a sum, thus suggesting that equation (4) is the denominator formula
for the Monster Lie algebra M. If this is the case, then the left hand side gives the
simple roots of M.

Let A be a generalized Kac-Moody algebra with the same Cartan subalgebra
H = 114,)®zR as M. In particular the bilinear form on H is given by the matrix
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(_01 _01 . We want to define the simple roots of A so that the left hand side of

its denominator formula

(1) e Y () uw(er Yy e(a)e”)

weWw «

will coincide with the left hand side of (4). We want to show that for all (m, n) € Z2,
the root (m,n) of the Lie algebra A has multiplicity ¢(mn) because we can then
conclude that A and M are isomorphic and hence that the simple roots of M are
the same as those of A.

In order to make a reasonable choice for the simple roots of A, we need to write
the left hand side of (4) in the form of (1’). First we need to compute the Weyl
group W of A. As there is no obvious way to do so, it is reasonable to assume that
A and M have the same Weyl group since we wish to show that A and M are
isomorphic. Knowing the Weyl group of M is equivalent to knowing its real roots
(see §2.2). Since we know what the roots of M are, the bilinear form on H implies
that the only real roots or roots of positive norm of M are £(1, —1). Therefore the
group W has order 2 and permutes p and ¢q. Hence we can assume A has a unique
positive real simple root, which we choose to be (1, —1).

The bilinear form on H also implies that the inner product of any two imaginary
roots (distinct or not) with each other is non-zero. For the same reason as before,
we can reasonably assume that A does not have orthogonal imaginary simple roots.
Hence — ), e(ca)e® reduces to the sum of all the imaginary simple roots of A.

Since (1,—1) is a simple root of A, using the definition of the Weyl vector and
equating (1’) and the left hand side of (4), we find that under the assumption
that A = M, the elements (1,n) are the simple roots of A with restricted simple
root multiplicity (see §2.2) ¢(n). Here the multiplicity of the root (1,n) equals its
restricted simple root multiplicity. As mentioned earlier, this is not always the case
[Ray2].

Conversely since A is a generalized Kac-Moody algebra with Cartan subalgebra
111 1) ®z R whose simple roots are as described previously, the left hand side of
the denominator formula for A is given by the left hand side of (4). Applying the
definition of the denominator formula, we obtain that for A it is:

) —i@)= [ @—prgrymtimm.

m>1,neZ

Comparing with equation (4), we conclude that the root (m, n) of A has multiplicity
¢(mn) and so the Monster Lie algebra M is isomorphic to A. The simple roots of
M are therefore the vectors (1,n) of I1(; 1) with multiplicity c(n), and (4) gives
the denominator formula for M.

In the case of the Monster Lie algebra the denominator formula gives a prod-
uct expansion of the automorphic form j(7) — j(1) on H x H. More generally,
the denominator formula of various generalized Kac-Moody algebras is a product
expansion of an automorphic form.

4.4. Product expansions of automorphic forms on Grassmannians. In
[Bor10], Borcherds gives sufficient conditions for an automorphic form on a Grass-
mannian to have a product expansion. In some cases, these expansions correspond
to the denominator formula of a generalized Kac-Moody algebra or more generally
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of a generalized Kac-Moody superalgebra (see §6 below). We shall discuss this in
some detail in this section.

Before defining automorphic forms on Grassmannians, we remind the reader of
the definition of a Grassmannian. Let M be a non-singular even lattice. We restrict
ourselves to the case when the lattice M has an integral bilinear form (.,.), and
the real space M ®z R has dimension s + 2 and signature 2 — s. Maximal positive
definite subspaces of M ®z R have dimension 2. Choose a maximal positive definite
subspace and a basis e, ez of it. Any basis vy, vy of a maximal positive definite
subspace is said to be positively oriented if (e; A ez, v; A vg) > 0. Thus there are
two distinct orientations on M.

The Grassmannian G(M) is the set of oriented positive definite 2-dimensional
subspaces of M ®z R. In other words, G(M) is the set of all exterior products
v1 A vg, where vy, vy is a positively oriented orthonormal basis of a positive definite
subspace of M.

There is another useful construction of G(M). Let P be the set of norm 0 vectors
x4+ iy € M ® C such that (x,y) is a positively oriented orthogonal basis. Choose
a norm 0 primitive vector z in M (i.e. for any integer n > 1, = ¢ M). Let 2* be
in the dual M* satisfying (z,2*) = 1. Consider the lattice L = (M N 2+)/Zz. The
lattice L is Lorentzian (see §2.4). So the positive norm vectors of L ® R form two
open cones. We let C be the cone of positive norm vectors y € L ® R satisfying
(y,ym) > 0, where (xpr,ynr) is a positively oriented basis such that (yar,z) = 0
and (xpr,2) > 0. Forve LRC, a,b € C, let (v,a,b) denote the vector v+ az* + bz
of M ® C. Since the vector space L ® R is isomorphic to the subspace of M ® R of
vectors orthogonal to both z and z*, it follows that L ® R+iC can be identified with
the subset {(v,1,—v?/2 — 2*/2)|v € L ® C} of vectors in P having inner product
1 with z. This set is in bijective correspondence with the Grassmannian G(M).
Therefore G(M) can be taken to be L @ R + iC.

All elements of Opr(R) are products of reflections with respect to vectors of
M @ R of non-zero norm, and O (R)" is the subgroup of elements whose de-
composition into reflections contains an even number of reflections with respect to
vectors of negative norm. The group O/ (R)™ acts on P and on G(M).

An automorphic form of weight k£ on G(M) for a subgroup A of finite index of
Onm(Z)' and a one dimensional representation x of A is a real valued function ®
on P satisfying

®(vz) = 2 "®(v),v € P,z € C, and ®(gz) = x(9)9(2).

It can be shown that an automorphic form ® is fully determined by its restriction
on the image of L ® R+ iC in P.

We now explain Borcherds’ result on product expansions of automorphic forms
in its most general form. To do this, we need to first define a modular form with
values in a vector space, which generalizes the usual notion of a complex valued
modular form.

We remind the reader that the metaplectic group

MpQ(Z)—{((CC” Z),im)l (CC‘ Z)eSL(Q,Z),TeH}

is a double cover of SL(2,Z). The group multiplication is given by
(A, f(7))(B, (7)) = (AB, f(B(7))g(7)),
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where f and g are functions on H of the form £+/c7 +d. The group Mps(Z) is
generated by the elements S = ((? _01> /7)) and T = (((1) _11> ,1). Let p be
a representation of Mps(Z) on the complex vector space V. Then a real analytic

function F' : H +— V is an almost holomorphic modular form of weight (k*, k™) for
k* e %Z and type p on H if

FEED = v e+ (5 ) /e T arG)

for any element ((Z Z) ,E£Ver +d) € Mpy(Z) and the complex valued functions
fo on 'H defined by F' = Y fqv,, where the vectors {v, }a form a basis of V, can

be written as
SO elr,s)e*™ T (Im(r))~*

reQ seZ

Therefore F is holomorphic on H if k= = 0 and the coefficients ¢(r, s) = 0 for s # 0.

Note that we recover the usual definition of a complex valued holomorphic mod-
ular function for SL(2,Z) with character x when V = C, k= = 0 and p is the
representation of Mpo(Z) induced from the representation of SL(2,Z) given by x.
More generally a holomorphic modular form of level N for a subgroup of SL(2,Z)
induces a modular form of the above type. Jacobi forms [EicZ|] are also examples
of vector valued modular forms.

The automorphic forms which can be shown to have product expansions are
constructed from modular forms with values in a certain vector space and of a
certain type. In this paragraph we give more details about these modular forms.
Let M™* be the dual of M. Then M C M* and M*/M is a finite abelian group of
order det M. We consider the group ring V' = C[M*/M] as a vector space with
basis e,, for « € M*/M and the representation p of Mpy on V given by

\/—k —kt
p(S)(ea) = Yo emiene,
VIMF/M]
YEM* /M

and
P(T) (ea) = ™) Ca

We are now ready to give a rough idea of Borcherds’ main result on product
expansions of automorphic forms. From a modular form F of weight (1 — s/2,0)
and type p, holomorphic on H whose components f,, @ € M*/M have integer
coefficients ¢o(r) for all » < 0, Borcherds constructs an automorphic form ® on
the Grassmannian G(M) and gives its Fourier expansion. He then shows that
whenever the norm 0 vector z is primitive, its restriction ®, to L ® R + iC, where
L = M N zt/Zz (see above), has a converging product expansion in a region of
LR +iC.

We explain this in greater detail in the special case when M is even unimodular
[Bor§], i.e. M = M*. Such a lattice can be written

M=K&IL,®Il,,

where IT; 1 is the even unimodular Lorentzian lattice of rank 2 (see §3.5) and K is
a positive definite lattice in M. We remind the reader that the theta function of K
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is the complex valued modular function on H with the following Fourier expansion:

Ox(r) =Y ¢/,
acK

where as usual ¢ = €2>™7. The lattice L = K @ 11, is an even unimodular
Lorentzian lattice which is isomorphic to M N z*/Zz for any primitive vector z of
norm 0. Let f(7) = >, .5 a(n)q" be a complex valued modular form, holomorphic
on H of weight —s/2 with integer coefficients a(n), and 24|a(0) when s = 0. Let
d be the constant term of 0k (7) f(7) and m the constant term of O (7)f(7)E2(7),
where E5(7) is the Eisenstein series of weight 2: Eo(7) = 1—-23%, 632, 1)q"
Then

B(y) = e 2mPY) H (1 — e~ 2milry))a(=(rr)/2),
reM,(r,y)>0
where y € L& R +iC and p = (32, )~ a(—(r,7)/2)r/2,m,d/24) is an element of
L, is a meromorphic automorphic form of weight a(0)/2 for Ops(Z)". Furthermore
ify € K®C is a zero or a pole of @, then there exists an element = in M of positive
norm orthogonal to y. The element x can be written (b, 2a, ¢) with respect to the
standard basis of 1Ty 1, where b € L, a,c € Z such that (b,b) — 4ac > 0. With this
notation, if y is a zero, then the multiplicity of y is 3, . a(n?®(2ac — (b,b))).

The simplest application of this result gives an alternative proof for the de-
nominator formula of the Monster Lie algebra. With K = 0 and f equal to the
normalized modular invariant J, the above implies that the right hand side of (4)
in §4.3 is an automorphic form. Then the formula for the multiplicities of zeros
leads to equality (4).

We also get the denominator formula of the fake Monster Lie algebra from the
above result. Nikulin and Gritsenko use this work of Borcherds in their study of
hyperbolic Lie algebras contained in generalized Kac-Moody algebras or superalge-
bras in such a way that both have the same real root spaces. In particular, they
give explicit product expansions of automorphic forms connected to denominator
formulas in these cases [GriNT], [GriN2], [GriN3].

There are other product expansions of automorphic forms which correspond to
denominator formulas of generalized Kac-Moody algebras or superalgebras. How-
ever this is not a general rule. For example, if the lattice M is Lorentzian of rank
at least 3, then Nikulin and Gritsenko have shown that for each rank there are only
finitely many product expansions corresponding to generalized Kac-Moody algebras
or superalgebras [Nik2].

In [Bor9] Borcherds also gives sufficient conditions for a meromorphic modular
function to have a product expansion. Let ¥(7) be a meromorphic modular form
for some character of SL(2,Z), of weight k, leading coefficient 1, whose zeros and
poles are imaginary quadratic irrationals or cusps. Then there exists a modular
form

f(r) =3 aln)g"
neZ

holomorphic on H of weight 1/2 and level 4 with integral coefficients which are
non-zero only if n =0 or 1 (mod 4) such that

() =¢" T —gme

n>0
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and k = a(0). The constant h is the constant term of —f(7)>  H(n)q", where
H(n) is the Hurwitz class number of n. Conversely for any such modular function
f, there exists a modular form ¥ with the above product expansion.

For example, the classical A function satisfies the above conditions for ¥(7),
and its product expansion A(7) = q[],.q(1 — ¢™)** corresponds to f(r) =

12424% ., q"2. The modular invariant j also satisfies these conditions and thus
its product expansion corresponds to some f. This is also the case for the product
expansions of the Eisenstein series Fy, Eg, Fs, E19, F12.

The product expansion of some of the Eisenstein series, for example Fg, cor-
responds to the denominator formula of a generalized Kac-Moody algebra. Again
various product expansions of modular forms have an interpretation in terms of
generalized Kac-Moody algebras or superalgebras (see below), but this does not
seem to be the case for most of them (as, for example, A, j, Ey).

We saw in §4.2 that the denominator formulas of the affine Lie algebras give the
Macdonald identities. They are product expansions of Jacobi forms for SL(2,Z).
Jacobi forms play a fundamental role in the theory of affine Lie algebras [KacP3]. In
[Bor9], Borcherds gives sufficient conditions for other products to be Jacobi forms.
We finish this section by giving a brief summary of this result.

A Jacobi form of weight k and index m [EicZ] is a holomorphic function ¢ :
‘H x C — C such that

at +b z i 2mimes?
- — ) = cz+d
¢(CT+d’CT+d) (et +d)%e (7, 2)
for (Z Z) € SL(2,Z). Then ¢ can be considered as a function of ¢ = ¢*™7 and

¢ = 2™ and has a Laurent expansion Y a(n, m)q"¢™.

Let K be a positive definite integral lattice. We give a generalization of the
notion of an indecomposable finite root system. Let ¢ be function £ — Z, such
that ¢(v) # 0 for only finitely many vectors v € K, satisfying c(v) = ¢(—v) and
for which there exists r € R such that for any element y € K ® R of norm,
> vex ¢()(y,v)? = 7. The multiset V containing ¢(v) copies of each vector v of
K is called a vector system. We shall use the same notation v for each copy of
v. Set d to be the number of elements in V' (counted with multiplicity). When
¢(E) C {0,1} and V is indecomposable, ¢ is a finite root system.

As in the case of root systems, the hyperplanes perpendicular to V' partition F
into Weyl chambers. Let W be a fixed Weyl chamber. Let w be a vector in the
interior of W. A vector v € V is said to be positive (resp. negative) if (v,w) > 0
(resp. < 0). All vectors in V are either positive or negative irrespective of the
choice of w. The Weyl vector is defined as follows: p = % Zuev,v>0 v. Forv eV,
n € Z, we write (v,n) > 0 if either n > 0 or n = 0 and v > 0. Borcherds showed
that

o(r,2)=qii¢c? T (1-q"¢)

veEV,nEZ,(v,n)>0

is a sum of theta functions times modular forms holomorphic on H and thus is
a Jacobi form. The Macdonald identities, i.e. the denominator formula for the
untwisted affine Lie algebras, correspond to the case when V' is an indecomposable
root system.
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4.5. The character formula and Lie algebra homology. Coming back to
the proof of the Moonshine Conjecture, we now know the exact structure of the
Monster Lie algebra. As explained in §1.3, we next need to find formulas which will
give all the coefficients of the Thompson series Tj;, g € M. This will finally allow
us to conclude that these series are the same as the Hauptmoduls given by Norton
and Conway. In order to find these formulas, Borcherds uses the homology theory
of generalized Kac-Moody algebras. This section will be devoted to explaining this
theory and applying it to the Monster Lie algebra.

Let G be a generalized Kac-Moody algebra and F' the subalgebra generated by
the elements f;,i € I. We keep the notation of previous chapters. Let V(A)! be
the right G-module with the same underlying vector space as V(A) and with the
canonical G-action given by the G-action on V(A).

The character formula for V(A) can be deduced from the Euler-Poincaré prin-
ciple applied to the homology of F' with values in V(A)? and a straightforward
generalization to generalized Kac-Moody algebras of the Garland-Lepowsky proof
of Kostant’s formula in the Kac-Moody algebra case [Garll]. More precisely, let S
be a subset of I and Gg the generalized Kac-Moody algebra associated to the ma-
trix As = (asj)i,jes and with Cartan subalgebra H. Let AJSr be the set of positive
roots of G's and Ng the Lie subalgebra generated by the negative root spaces of
Gs: Ng = Boeat G_,. The standard Gg-module Koszul complex:

— VA @M (Ng) — VA @ ANHNS) — .. — V(A) —0,

with the usual maps gives the homology groups H;(Ng, V(A)).

Since the root spaces of Ng and the weight spaces of V/(A) are finite dimen-
sional and the weights of V/(A)"! ® A7(Ng) are of type A — > k;a;, k; € Z, the
Euler-Poincaré principle holds: Let A(Ng') and H(Ng ,V(A)) be the virtual spaces
S (=1)'AY(Ng) and >"(—1)"H;(Ng, V(A)) respectively. Then

(5) A(Ng) @V (A) = H(Ng,V(A)).

It can be shown that as a Gg-module, H;(Ng,V(A)) is the sum of all the G-
submodules of A*(Ng) ® V(A) isomorphic to the irreducible Gg-module S(X) for
A € H* satisfying the following: (A, a;) > 0 for all ¢ € S and % eZifieS
and a;; > 0 and (A+p, A+ p) = (A+ p, A + p) and A — X is the sum of 4 roots in

Ay — Ai. A root A € H* has this property if and only if
A=w(p+A=> a;)—p,
j=1

where the simple roots «;; are mutually orthogonal and each is orthogonal to A
and the element w € W has length i — 7.

When G is a Kac-Moody algebra and G is a finite dimensional Lie algebra, the
above was proved by Garland and Lepowsky [Garl] and for arbitrary subsets S of
I by Liu [Liu]. This result was extended to generalized Kac-Moody algebras by
Naito [Nai.

We apply the above to the particular case when S = (:

(6) H(F,V(A) =8V (w(p+ A= ai) = p)

shows that equality (5) is equivalent to the character formula for the highest weight
module V(A). Consider the virtual space A(F). This is defined as before as the
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alternate sum > (—1)?A%(F). Its character is easily seen to be

H (1 _ e—a)mult(x

aEA

by considering F' as a sum of 1-dimensional spaces since A(U @ V) = A(U) @ A(V)
for any vector spaces U, V.
When S = 0 and A = 0, we get the homology H(F) of F, and

A(F) = H(F)

is equivalent to the denominator formula for G. Equality (6) in this case is known
as Kostant’s formula, which he proved for finite dimensional simple Lie algebras.
Using these formulas when A = 0, Kang [Kanl], [Kan2] proved a recursive formula
and a closed form formula for the root multiplicities of Kac-Moody algebras, from
which he deduces a formula for the weight multiplicities of irreducible integrable
highest weight modules. Applying his results to the Monster Lie algebra, he discov-
ered many interesting identities between the coefficients of the modular invariant j
[Kan2| and for arbitrary Thompson series [KacK]. This was also done by Jurisch,
Lebowsky and Wilson [JurLW]. Kang’s work should also lead to the structure of
G considered as a Gg-module. Note that this Gg-module not only is not a highest
or lowest weight module but does not altogether belong to the category O of inte-
grable Gg-modules V defined to be V' =Y V(\), where V() is a finite dimensional
H-weight space and there is a finite number of weights v, ..., v such that if X is a
weight of V', then there exists ¢ for which v; — A is a positive sum of simple roots
of Gg. Very little is known about generalized Kac-Moody algebra representations
not belonging to this category.

It is straightforward to apply the above results to the Monster Lie algebra since
the Weyl group in this case has order 2. We find:

pTIAC DY Viap™d") =) V(m)p™ =Y V(n)g",
m>0,n€Z m n
where A(Zm>0,n€Z Vinn0™q™) again denotes an alternate sum of exterior powers.

Since the vector spaces V(n) are finite dimensional, the Adams operations ¢ and
the splitting principle in the trivial case of vector bundles over C ([Ati]) give:

plexp(=) > Tr(g'|V(mn)p™q" /i)

>0 m>0,n€EZ

(7)
=" Tr(glVm)p™ =3 Tr(glV (n))g"

for any element g in the Monster group M.

4.6. Replicable functions. Equation (7) of §4.5 is the formula for the Thompson
series we were aiming for. It induces various formulas for the coefficients of these
series, and in particular it implies that all the coefficients can be determined from
the first few ones. In this final section related to the proof of the Moonshine
Conjecture, we give some details about this last step.

Any formal power series satisfying an equation such as (7) is said to be completely
replicable. We next explain in greater detail what this means. Equation (7) says
that for all ¢ € M, the Thompson series Ty(q) = >, Tr(g|V(n))q" is a replicable
function.
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In [ConN], by considering the Hecke transform T'(p)J of the normalized modular
invariant J, Conway and Norton showed that for any prime p, J?(¢q)—J(¢?) equaled
a polynomial in positive powers of ¢ with integral coefficients. They found that
similar equations seem to hold for T?(g) — Ty»(g?) for any element g € M and that
p could also be taken to be a composite integer. These formulae, which they called
the replication formulae, yield many identities for the coefficients of the series 7.
Replicable functions were defined formally by Norton [Norll] in 1984. We reproduce
the definition given by Alexander, Cummins, McKay and Simons in [AleCMcKS],
which is equivalent to Norton’s original one.

Let

f@=a"+> amg”
m=1

be a formal power series with integer coefficients. For each positive integer n,
there exists a unique monic polynomial P, (t) with integral coefficients for which
P, (f(q)) — g™ is a series in positive powers of q. The series f(g) is a replicable
function if for all positive integers n, there is a power series

f =g+ aWem,
m=1
called the n-th replicate of f(g) such that
1 b s 1
(®) ~ Y fep(2rig)gt) = ~Pu(f(9)).

n
ad=n,0<b<d

When for all a, f((q) = f(q), the left hand side of (8) reduces to the Hecke
transform T'(n) f(q) of f(q). This is the case for J(g). It follows from (7) that the
n-th replicate of the Thompson series T,(q) is Tyn(q) (g € M).

Norton had conjectures in [Norl] that a function f(gq) of the above type with
infinitely many non-zero coefficients is replicable if and only if f(g) is a normal-
ized Hauptmodul for a genus 0 subgroup G of SL(2,R) containing the congruence
subgroup

To(N) = {(‘C’ Z) € SL(2,R|c = 0(modN)}
for some positive integer N. In [CumN], Cummins and Norton proved that a nor-
malized Hauptmodul for a genus 0 subgroup I'g(N) < G < SL(2,R) is replicable.
To prove the converse, more conditions are necessary.

Since the replicates of T,(q) are Ty»(g), all the replicates of T4(g) are replicable
and for all n,m € N,

T (g) = T (g).

Any replicable function with such properties is said to be completely replicable.
This property is equivalent to equality (7) in §4.5.

It can be shown that all the coefficients of a completely replicable function are
determined by the first few coefficients. To complete the proof of the Moonshine
Conjecture, Borcherds uses a result by Koike [Koi] which shows that the Haupt-
moduls given by Conway and Norton are completely replicable. Therefore it is only
a matter of checking whether these Hauptmoduls and the Thompson series given by
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Frenkel, Lepowsky and Meurman’s action of the Monster on the moonshine module
coincide by considering their first few coefficients. We give two examples:

1. For g = 1, we already saw that T, = J and the corresponding group of genus
0is SL(2,Z) itself.

2. When g is an involution belonging to the conjugacy class 2B in the no-
tation of the Atlas of character tables of finite simple groups [ConN], T,(q) =
24 4 ¢! [L,~o(1— ¢@®"*t1)24 and the genus 0 group is the principal congruence
subgroup I'y(2).

As mentioned in §1.3, rather than doing a case by case study to check that the list
of Hauptmoduls given by Conway and Norton coincides with the Thompson series,
one can use a result of Cummins and Gannon [CumG]. Since M is a finite group,
for any g € M, Ty(q) has only finitely many distinct replicates, and it can be easily
verified that T, (¢) has infinitely many non-zero coefficients. It can be shown that a
completely replicable function with such properties satisfies a modular equation of
degree p for infinitely many primes p. By this we mean that there are polynomials
Fy(z,y) € Clz,y] of degree p in = and y, which are monic in = and y and such that

Fy(z,y) = Fp(y,z) and for all 0 < b < p, F,(f(q), f(exp(ZWig)q%)) =0,

as a formal g-series. Cummins and Gannon'’s result implies that functions with this
property are Hauptmodul for genus 0 subgroups of SL(2,R).

We have finished explaining the proof of the Moonshine Conjecture. The fol-
lowing two sections discuss two interesting topics related to the field of generalized
Kac-Moody algebras.

5. LIE SUPERALGEBRAS

5.1. Definitions and elementary properties. A Lie superalgebra is a
Z,-graded algebra G = G @ Gt with a Lie bracket satisfying

[a,8] = =(=1)1"I[b,a] and  [a[b, c]] = [[a, b]e] + (=1)!*"/[[a, cJb],

where for any homogeneous element = € Gz, n = 0,1, |z| = . The subspace G
(resp. Gf) is the even (resp. odd) part of G. The finite dimensional simple Lie
superalgebras were classified by Kac [Kac3|] in the 70s. Kac also defined the Kac-
Moody superalgebras and proved a character formula for their highest weight mod-
ules [Kacd]. The class of generalized Kac-Moody algebras can also be extended to
that of generalized Kac-Moody superalgebras [Rayl], [Ray3], and natural examples
of generalized Kac-Moody superalgebras which are not Kac-Moody superalgebras
occur in the context of the Moonshine Conjecture [Bor7].

Let I be the indexing set as in §2, and I; a subset indexing the odd generators.
Apart from the defining properties given in the case of a generalized Kac-Moody
algebra, the Cartan matrix also satisfies % € Zif a; >0 and i € I;. The Cartan
subalgebra is assumed to be in Gg. B

Apart from the relations given in §2, the generators e;, f;, ¢ € I, and H satisfy
also:

0, ifigly
dege; = deg fi = {T, ifiel;

—a;;

(adei)ﬁﬂej=O=(adfi)_“%+1fj, for a; >0 and i€ 1.
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We give some surprising properties which make Lie superalgebras more complex
structures than simple generalizations of Lie algebras.

Unlike the Lie algebra case, most of the simple finite dimensional Lie superal-
gebras are not generalized Kac-Moody superalgebras. In fact not all of them are
contragredient Lie superalgebras (i.e. associated to a “Cartan” matrix). Only the
classical ones are, by which we mean the finite dimensional simple Lie algebras
and the Lie superalgebras of type A(m,n), B(m,n), C(n), D(m,n), D(2,1;«) for
a#0,—1, F(4), and G(3) (see [Kac3]). We use the standard symbols introduced
by Kac in [Kac3]. A simple classical Lie superalgebra G is a generalized Kac-
Moody superalgebra if and only if G is of type A(m,0), A(m,1), B(0,n), B(m,1),
C(n), D(m,1), D(2,1;a) for o # 0,—1, F'(4), and G(3). Affine Lie superalgebras
are constructed from the classical Lie superalgebras in a manner similar to affine
Lie algebras. Very few of them are generalized Kac-Moody superalgebras: apart
from the affine Lie algebras, only those of type A()(0,2n — 1), n > 3, A()(0,3),
CA(n+1),n>2, C22), AD(0,2n), n > 2, and A4 (0,2) [Kacd], [Leu], [Ray3)|
are.

Also Borcherds’ above characterization in terms of an almost positive definite
bilinear form has little meaning for superalgebras, as A(1,n), B(0,n) and B™M (0, n)
[Kac3], [Kacd] are the only Lie superalgebras which are not Lie algebras satisfying
this characterization [Ray3].

As we saw in §2.2, there are three equivalent definitions of real roots in the case of
generalized Kac-Moody algebras. In the general context of generalized Kac-Moody
superalgebras, these three definitions are no longer equivalent. For example, in
the finite-dimensional Lie superalgebra A(m, 1), there are roots of negative norm
and roots of positive norm satisfying condition (iii) (see §2.2), i.e. giving rise only
to finite chains through any other root. Furthermore the negative norm roots of
A(m,1) are not conjugate to simple roots under the action of the Weyl group.
Therefore, real and imaginary roots should be defined in terms of the length of
the root chains they give rise to. For real roots, this amounts to defining them by
condition (i7) of §2.2.

5.2. Character formulas of generalized Kac-Moody superalgebras. Gen-
eralized Kac-Moody superalgebras have highest weight modules, and a character
formula for integrable irreducible highest weight modules of Kac-Moody superal-
gebras was proved by Kac [Kacd] and later generalized to generalized Kac-Moody
superalgebras [Ray1], [GriNT]. However as most contragradient affine and finite di-
mensional simple Lie superalgebras are not generalized Kac-Moody superalgebras,
there is no general method to find a character formula in all the integrable cases
[Era], [Ten], [JeuHKT], [Kach], [Serg]. The problem is that the Cartan matrix can
contain some non-diagonal entries which are negative and some which are positive.
So one cannot apply the method used in the Lie algebra case. From the character
formula of a generalized Kac-Moody superalgebra, one can deduce its denominator
formula; and when it can be explicitly computed, it also corresponds to a product
expansion of an automorphic form. Denominator formulas for all classical simple
Lie superalgebras and their associated affine Lie superalgebras were established by
Kac and Wakimoto in [KacW]. As in the Lie algebra case, they give new proofs for
various classical identities.
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6. LATTICES

6.1. Some basic facts. Since positive definite and Lorentzian lattices play a
preponderant role in the theory of generalized Kac-Moody algebras, we shall finish
by mentioning them in slightly greater detail.

Elements of norm 2 are called roots, and positive definite lattices generated by
roots are the root lattices of the simply-laced finite dimensional Lie algebras, i.e.
those of type A, D, E whose roots all have the same length. The determinant
det L of L is an invariant of L given by det(e;, e;)|;,;, where the elements e; form
a basis of L. Let L* be the dual of L in L ® R. Then L* is a lattice containing L
and L*/L is an abelian group of order det L. Hence a lattice L is unimodular (i.e.
L = L*) if and only if det L = £1. They form an important class of lattices. Let d
be the dimension of L and s the signature. For each (d, s) € Z, there exists an odd
unimodular non-singular lattice, which is unique if L is not positive definite and
written I, n, whereas there exists an even unimodular non-singular lattice if and
only if 8 divides s. When s # 0, it is unique and written I1,, ,, (where d =m +n
and s = m — n).

Suppose L is even positive definite unimodular. If d = 8, L = Fg; and if d = 16,
L=FEs®FEgor L= Dfﬁ. When d = 24, there are 24 possibilities for L, all but
one of which contain roots. They are called Niemeier lattices after the person who
discovered them. The Leech lattice A is the unique 24-dimensional even positive
definite unimodular lattice with no roots, the minimal norm of an element being 4.
This lattice was first found by Leech in 1965. A simpler proof of its existence was
given by Venkov [Ven| in 1975, and the first proof of its uniqueness was given by
Conway [ConS]. In 1985 Borcherds gave a simpler proof [Borl], based on results of
Venkov and of Conway and Sloane on sphere packings [ConS].

If L has dimension s + 2 and signature s, then it is said to be a Lorentzian
lattice. Then maximal negative definite subspaces of L ® R have dimension 1, and
the negative norm vectors form two open cones. Such lattices are closely linked
to hyperbolic spaces. As in the positive definite case, for Lorentzian lattices, one
can define the root system as the set of roots, the Weyl chambers as the regions
separated out by the hyperplanes orthogonal to the roots system. Selecting a Weyl
chamber W, one can define the simple roots as the elements having inner product at
most 0 with the vectors of W and orthogonal to the hyperplanes corresponding to
W. We can therefore also define a Dynkin diagram in the usual way. An important
property of the even unimodular Lorentzian lattice of dimension 26, which is, as
we saw, the lattice of the roots of the fake Monster Lie algebra, is its connection
with the Leech lattice: 112571 =A (&) 11171 [()()TIS].

6.2. Lattices and modular forms. It is well-known that theta functions provide
a close connection between positive definite lattices and modular forms since ©p
(see §4.4 for definition) is a modular form when L is positive definite. For example,

Op,(r) =14240) o3(n)q"

n>1

and
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and the Ramanujan 7 function is defined as follows:

Yoty =q [J-q)*

n>0 n>1

In the more general case of a non-singular indefinite lattice L, the (Siegel) theta
function 6, generalizing the theta function of a positive definite lattice, is defined
as follows. Let V' be a maximal positive definite subspace of L ® R and V™ its
negative definite complement in L ® R. For z € L ® R, 1 and z_ will denote the
projections in V1 and V~ respectively. Then

0,(r,VT) = Z p2mi(rad /2472 /2)
zel
for 7 € H. One can define a more general vector valued theta function ©,; for a
lattice M which can be shown to be a modular form [Borl0]: Set

Onr i (7, (M +)*t) = Z p2mi(TAL /24722 /2)
AEM+~

for all vy € M'/M. Then
Om(r)= > Ouiyes

yEM' /M

is a modular form of weight (s*/2,s7/2) and type pas (defined in §4.4). As before
the vectors ey, v € M'/M, form a basis of M'/M, and M ® R is the direct sum
of a positive definite subspace of dimension s™ and a negative definite subspace of
dimension s~ .

We can now state the congruence Borcherds has derived for positive definite
lattices [Borl0]. It says that the constant term of the product of the theta function
of a positive definite lattice with a modular form satisfying certain conditions is
divisible by 24. In other words, it gives congruences for various linear combinations
of the coefficients of the theta function.

Let d be the constant term of 0 (7)/n(7)"™ ¥, where K is a positive definite even
unimodular lattice and as usual n(r) = g [1,50(1 —q"). We apply the results
of §4.4 to the unimodular lattice M = K & I1, ; ® I1;; and the modular function
= A(r)” 4imK/24 We keep the notation of §4.4. We can deduce that d = 24(p, v)
for v = (0,—1,0) € K & I so that (p,v) is an integer since both p and v are in
L. Therefore

d=0 (mod 24)

[Bor10]. M. Hopkins has recently given a simpler proof of this congruence by using
topological arguments [Hop].
We apply this result to a Niemeier lattice K. Thus K has rank 24 and,

k(M) /)™ =" g+ ang™),

rzeK n>0

where the constants a,, are non-negative. So the constant term d equals the number
of roots of K. We can thus conclude that the number of roots of a Niemeier lattice
is divisible by 24, which is well known [ConS].

We end this section by giving a generalization of the above result to other mod-
ular forms [Borl0]. Let K be a positive definite even lattice of rank s, f a modular
form of weight (—s/2,0) and type px, holomorphic on H, meromorphic at the cusps
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and with integral Fourier coefficients ¢,(m,0) when m < 0. As above consider the
vector pin L= K @11 1. Set d to be the constant term of N f(7)Ok (1), where N
is the integer giving the ideal NZ of Z generated by all possible values (x,y) with
x,y € K. Tt can be shown that 24d = (p,v) for v = (0,0, N) and that this inner
product is an integer [Borl0]. So

d=0 (mod 24).

As this paper shows there are many different ideas involved in the proof of
the Moonshine Conjecture. Furthermore they lead in turn to questions related to
other areas. There are many other topics connected to generalized Kac-Moody
algebras which we have not mentioned, for example the study of a modular version
of Moonshine and a Moonshine for other sporadic groups. The interested reader
is referred to works of Ryba and Borcherds [Ryb], [BorR], [Borll] in the first case
and of Conway, Norton, and Borcherds in the latter [ConN], [Bor7|, [Nor2].
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