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My first acquaintance with the book under review dates back to my graduate
school years. At the end of every school year, my classmates and I used to ask
our advisor, G. A. Margulis, to recommend a book or a topic to study over the
summer in our student seminar. One summer the suggestion was Tree lattices
by Hyman Bass and Alex Lubotzky, which at that time was only a draft that
circulated from person to person. I must say in retrospect that each of my advisor’s
recommendations turned out to be most useful in my subsequent career and was
also great mathematical literature. Needless to say, I was thrilled when the book
Tree lattices [BL] came out in its present form and rushed to purchase a copy. I
was not disappointed: the book contains many new results that appeared only as
conjectures in the earlier draft.

This book presents an extensive study of tree lattices, which we will define. Let
X be a locally finite tree. Then G = AutX is a locally compact group. The vertex
stabilizers Gx are open and compact. A subgroup Γ ⊂ G is discrete if Γx is finite
for some and hence all x ∈ V X . In this case one can define

Vol(Γ\\X) :=
∑

x∈Γ\X

1
|Γx|

.

We call Γ a lattice if Vol(Γ\\X) < ∞. We say Γ is a uniform lattice if Γ\X is
a finite graph. A classical example of tree lattices is provided by consideration
of rank-1 Lie groups defined over a non-archimedean local field. For instance, let
F = Fq((1

t )) be a local field of Laurent formal power series over a finite field of
cardinality q. Then the group SL2(F ) acts on the associated Bruhat-Tits tree X
(see [Se]) and Γ = SL2(Fq[t]) is a non-uniform X-lattice.

The lattices in higher rank Lie groups have been studied extensively, with most
definitive results obtained by G. A. Margulis. These results largely motivated the
questions asked about the existence, structure and properties of tree lattices. The
different behavior of rank-1 lattices from that of higher rank lattices suggests that
we should prepare for new and unexpected answers for tree lattices in general.
Below we will briefly survey and compare the properties of tree lattices, rank-
1 lattices and higher rank lattices in Lie groups. For a more extensive survey
consider [Lu2] and Chapter 0 in Tree lattices. We will denote by G a connected
simple algebraic group defined over a local field k and of k-rank ≥ 2. It acts
on the associated symmetric space X if k is archimedean and on the Bruhat-Tits
building, also denoted by X , if k is not archimedean. A lattice Γ in G is a discrete
subgroup with Γ\G of finite volume under the measure induced by Haar measure
of G. A rank-1 simple Lie group will be denoted by H , and a general group of tree
automorphisms will be denoted by G. We will label by (G), (H), (G) the information
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pertaining respectively to the case of lattices in higher rank Lie groups, rank-1 Lie
groups and groups of tree automorphisms.

1. Existence of lattices

(G): A. Borel [Bo] showed that G has uniform and non-uniform lattices. G. Mar-
gulis showed that all higher rank lattices are arithmetic.

(H): If charF = 0, every lattice in H is uniform [Ta] and H has arithmetic
[BH] and non-arithmetic [Lu1] lattices. If charF = p > 0 there exist non-uniform
arithmetic lattices in H . There exist uniform arithmetic lattices if and only if H
is of type (A) [BH]. A. Lubotzky showed [Lu1] that there exist uncountably many
conjugacy classes of uniform and non-uniformH-lattices and, hence, non-arithmetic
lattices of both types.

(G): The following theorem about existence of uniform tree lattices was proved
in [BK].

Theorem 1 (Uniform Existence Theorem). The following conditions are equiva-
lent, in which case we call X a uniform tree:

• G is unimodular, and G\X is finite;
• there exists a uniform X-lattice.

Let H be a closed subgroup of G = AutX . We will denote by GH the group of
deck transformations, GH = {g ∈ G|gx ∈ Hx, ∀x ∈ X}. The following tree lattice
existence result, applicable to the non-uniform lattices as well, is proved in full by
H. Bass, L. Carbone and G. Rosenberg and can be found in an appendix of the
book under review. Many cases of this theorem are proved in Chapter 7.

Theorem 2 (Lattice Existence Theorem). There exists an X-lattice Γ ⊂ GH if
and only if H is unimodular and Vol(H\\X) <∞.

Here H is a locally compact group with Haar measure µ, and Vol(H\\X) =∑
x∈H\X

1
µ(Hx) .

Let X be a uniform tree. One can ask whether this tree admits a non-uniform
lattice as well as a uniform one. The answer is negative in general. We call the tree
X rigid if the group G is discrete. The simplest infinite example of a rigid tree is
the linear (2-regular) tree X = X2 with G = D∞. A rigid tree need not admit any
lattices, but if it does, they must be uniform (see Section 3.5). More generally, if
X0 is the minimal G-invariant subtree of X , then the rigidity of X0 implies that all
X-lattices are uniform. H. Bass and A. Lubotzky had previously conjectured that
this is the only obstruction to the existence of non-uniform lattices on a uniform
tree. This conjecture was proved in full by L. Carbone [Ca1], [Ca2]:

Theorem 3. Suppose that H is unimodular, H\X is finite and GH|X0 is not dis-
crete; then there exists a non-uniform X-lattice Γ ⊂ GH.

Several cases of this theorem were verified earlier by H. Bass and A. Lubotzky and
are presented in Chapter 8 of the book, since L. Carbone makes use of them in her
proof.

The notion of an arithmetic lattice does not exist in G. However, if one restates
Margulis’ arithmeticity theorem as: A lattice Γ is arithmetic if and only if its
commensurator CG(Γ) is not discrete; then one can define a lattice of G to be
arithmetic if CG(Γ) is not discrete. The commensurator CG(Γ) of Γ in G is a
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subgroup of G consisting of elements g ∈ G such that Γ ∩ gΓg−1 is of finite index
in both Γ and gΓg−1. It turns out that every uniform lattice in G is “arithmetic”
[Li]; in fact CG(Γ) is dense in G. In Chapter 10 of Tree lattices one finds examples
of non-uniform lattices with discrete as well as non-discrete commensurators.

2. The structure of Γ\X and volumes

(G): Since every lattice of a higher rank Lie group G is arithmetic, reduction
theory implies that a fundamental domain of Γ in G is covered by a union of finitely
many Siegel sets [Ma]. Let V (G) denote the set consisting of real numbers µ(Γ\G),
where µ is a measure induced by Haar measure on G, as Γ runs over all lattices in
G. Then V (G) is discrete, and there is a positive number ε such that µ(Γ\G) > ε
for all lattices Γ.

(H): The quotient graph Γ\X is obtained from a finite graph by attaching
finitely many infinite rays (“cusps”) [Ra], [Lu1]. The set V (H) is a closed discrete
subset of R.

(G): In contrast with the previous two cases we have

Theorem 4 (All Quotients Theorem). Given any connected locally finite graph A,
there exist a locally finite tree X and an X-lattice Γ such that Γ\X ∼= A.

This theorem is proved in Chapter 4 of the book. Call an integer D > 0 a
d-number if for all primes p,

p|D ⇒
{
p ≤ d and
p = d ⇒ p2 6 |D.

If Γ is a uniform X-lattice, then Vol(Γ\\X) is a rational number whose denominator
is a d-number. For non-uniform X-lattices a great variety of volumes can be found
already on the regular trees. The following theorem is proved in Chapter 4:

Theorem 5 (Arbitrary Real Volumes Theorem). Let X be a regular tree of degree
d ≥ 3. Given v > 0, there is an X-lattice Γ with Vol(Γ\\X) = v and Γ\X a ray.

G. Rosenberg generalized the arbitrary volume theorem to all uniform trees that
admit a non-uniform lattice.

3. Structure of Γ

(G): If rank G ≥ 2, by [Ka], [Ma] G and Γ have property (T). Discrete groups
with property (T) are finitely generated. Since Γ is arithmetic, the reduction theory
[Bo2] implies that Γ is finitely presented. A group is said to be residually finite if
the intersection of its finite index subgroups is the identity. Finitely generated
linear groups are residually finite. Hence every lattice in G is residually finite.

(H): A non-uniform lattice in H is not finitely generated [Be], [Lu1]. Every
lattice Γ in H is residually finite [Lu1], [Se].

(G): It was shown in [Ba] that a group Γ is isomorphic to a uniform tree lattice
if and only if Γ is finitely generated and virtually free. Hence also Γ is residually
finite. If Γ is a non-uniform X-lattice, then Γ is not finitely generated. This Γ may
or may not be residually finite. Both kinds of examples are given in the book.



250 BOOK REVIEWS

4. Centralizers, normalizers and commensurators

(G) and (H): We will describe the situation for both of these cases at the same
time for convenience using only notation of (H). The centralizer ZH(Γ) is finite, the
quotient NH(Γ)/Γ of the normalizer NH(Γ) by Γ is finite, and we have Margulis’
Alternative: either the commensurator CH(Γ) is discrete and Γ is not arithmetic,
or CH(Γ) is dense in H and Γ is arithmetic.

(G): If Γ is a uniform tree lattice, then ZG(Γ) is finite, unless Γ is virtually
cyclic [BK], the group NG(Γ)/Γ is finite [BK] and CG(Γ) is dense in G [Li]. In the
non-uniform case the situation is more complex. Let Γ be an infinite non-uniform
tree lattice; then ZG(Γ) is a closed subgroup of G. If Γ fixes no end of the tree
X , then ZG(Γ) is shown to be a direct product of finite groups in Proposition
6.7. Γ acts minimally (without proper Γ-invariant subtrees) if and only if G acts
minimally on X , in which case ZG(Γ) = 1 (see Sections 5.12, 6.5). The subgroup
NG(Γ) is closed in G, and NG(Γ)/Γ is a profinite group (see Proposition 6.8). The
commensurator CG(Γ) may or may not be dense in G. Both kinds of examples are
given in Chapter 10. If Γ acts minimally on X and CG(Γ) is dense in G, then Γ
must be residually finite.

5. Further developments

The methods developed by H. Bass and A. Lubotzky in their study of tree
lattices were further extended by M. Burger and S. Mozes [BM1], [BM2], who
investigated the structure of (irreducible) lattices on a product of two (or more)
trees. One can consider this theory as a generalization of the theory of lattices
in semisimple Lie groups. In the case of lattices on product of trees, one meets
rigidity phenomena [BMZ] not present for tree lattices. This is similar to the case
of lattices in the semisimple group PSL2(Qp) × PSL2(R) which satisfy Margulis’
Superrigidity theorem, whereas the lattices in the simple group PSL2(R) may not.
The investigation of M. Burger and S. Mozes led to construction of remarkable
examples of uniform lattices on a product of two trees which are finitely presented,
torsion-free, simple groups. Furthermore, these lattices are free amalgams of finitely
generated free groups. The question of existence of such groups was raised by
P. Newmann. In addition, these lattices also present the first example of finitely
presented simple groups of finite cohomological dimension.

6. Comments about the book

The book under review is a research monograph aimed at an extensive study of
tree lattices. The questions considered here are motivated by the remarkable theory
of lattices in simple Lie groups. The authors investigate the existence, structure
and properties of tree lattices, drawing parallels and contrasts with the situation for
lattices in Lie groups. The book, however, does not require knowledge of Lie theory
and is essentially self-contained. The study of uniform tree lattices was initiated
in [BK]. The present work focuses much more on the non-uniform lattices, for
which the phenomena are considerably more complex. In this way the book can be
considered a sequel to [BK].

The methods the authors use are based on the notion of graphs of groups first
developed by J.-P. Serre [Se] and edge indexed graphs. These techniques were
further elaborated upon in [Ba] and [BK] and are reviewed in the text (Chapter 2).
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The book contains a great number of examples that are extremely helpful in
motivating and illustrating the results proved. There are three appendices. The
first appendix, by H. Bass, L. Carbone and G. Rosenberg, contains the complete
proof of existence of tree lattices whenever the group G = Aut(X) is unimodular
and G\X has finite volume. The second appendix, by H. Bass and J. Tits, presents
a criterion for the full automorphism group of a tree to be discrete. Such a group
cannot contain a non-uniform tree lattice. The third appendix, by H. Bass and
A. Lubotzky, describes a group theoretic construction of P. Newmann which was
used to produce some interesting examples of self-normalizing non-uniform lattices.
In fact, the book comments on or presents the results of the research of so many
mathematicians in the field that apparently it was difficult to find an uninvolved
person to review the book. On the other hand, it makes this book the most complete
and up to date reference in the theory of tree lattices.

In summary, I found this book extremely well written and enjoyable, with an
abundance of very helpful examples clarifying the theory. I recommend this book
highly to the interested reader.
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