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1. Introduction

This book explores the interface of probability and partial differential equations
centered around the characterization of solutions of a class of semilinear elliptic
equations including the equations

∆u = uα

with α > 1 and a class of measure-valued processes called superdiffusions. This
research program has flourished since around 1990 and has created a nonlinear ana-
logue of the now classical relation between Brownian motion and potential theory.
This is a new chapter in the theory of semilinear parabolic and elliptic equations
that complements the purely analytic approach that has been developed through
the fundamental contributions of Keller, Osserman, Brezis and Strauss, Loewner
and Nirenberg, Gmira and Véron, Brezis and Véron, Baras and Pierre, Marcus and
Véron and others (see e.g. [27], and [28] for a recent survey).

2. Diffusions and linear partial differential equations

The main mission of this book is to report on a remarkable research program
on semilinear equations that has emerged over the past fifteen years. However, to
obtain a perspective on its significance, it is useful to recall the earlier development
of Brownian motion and other diffusions and their relation with linear parabolic
equations and potential theory. The genesis of this development goes back to the
seminal work of Bachelier (1900) and Einstein (1905), who derived the probability
density at time t > s, p(s, x; t, ·) of Brownian motion starting at x at time s and
showed that it satisfies the heat equation

∂u

∂t
= D∆u

where D is the coefficient of diffusivity and ∆ is the Laplacian operator. A proba-
bilistic representation for the Dirichlet problem for Laplace’s equation in a bounded
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domain D ⊂ Rd,

∆u = 0(1)
u = f on ∂D

where the boundary value f is a continuous function, goes back to 1920’s work of
Phillips and Wiener [25] and Courant, Friedrichs and Lewy [2], who obtained a
solution in the limit as ε→ 0 of the approximating sequence

(2) u(x) =
∫
f(wτD )Πε

x(dw)

where τD is the first exit time from D and Πε
x is the probability measure on the

set of paths of a symmetric random walk {wn} on the lattice εZd starting at the
point x. In 1923 Wiener [30] constructed a probability measure, Πx, on the space
of continuous paths C([0,∞),Rd) corresponding to the continuous limit of these
random walks and whose finite dimensional distributions are given in terms of the
probability transition density p(s, x; t, ·). This made possible the next step due
to Kakutani [14],[15], who showed that (2) with Πε

x replaced by the probability
measure Πx provides the solution of the Dirichlet problem. Classical potential
theory, the study of harmonic functions, that is solutions of (1), involves a number
of basic objects and concepts. Given a domain D, the Green’s function gD(·, y) with
pole y is a positive superharmonic function, harmonic in D\{y}, gD(y, y) = +∞,
and gD(·, y) has limit 0 at the boundary. Doob introduced the notion of Greenian
domain, that is, a domain in Rd such that there is a Green’s function satisfying

gD(x, y) ≤ const · Γ(x − y)

where

Γ(x) = |x|2−d for d ≥ 3

= log+ |x| for d = 2
= 1 for d = 1.

Given a Greenian domain D, a representation of all positive harmonic functions
was obtained by Martin [19] in terms of a compactification D̂. Points in the Martin
boundary ∂̂D = D̂\D can be identified with harmonic functions, and an arbitrary
positive harmonic function can be represented by the Poisson integral

h(x) =
∫
D′
k(x, y)µ(dy)

where D′ is the subset of ∂̂D corresponding to extreme harmonic functions, k(·, y)
is the Poisson kernel and tr(h) = µ is a finite measure on the Borel subsets of D′

called the boundary trace of h.
A basic question involves the identification of exceptional sets. A subset A of a

Greenian domain D is polar if there is a neighborhood of each point in the set that
carries a superharmonic function equal to +∞ at each point in the intersection of A
with the neighborhood. Polar sets can also be characterized as sets of zero capacity
where the capacity C(A) of an analytic subset A of a Greenian domain is defined
by

C(A) = sup{µ(A) : µ supported by A and
∫
gD(x, y)µ(dy) ≤ 1}.
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Kakutani also obtained the probabilistic characterization of a polar set as one that
is not hit by Brownian path at a strictly positive time.

During the 1950’s consideration of the structure of potential theory and its prob-
abilistic counterparts led to the development of axiomatic potential theory (see e.g.
[1]) and probabilistic potential theory (see e.g. [5],[6],[12]) in which the Laplacian
operator is replaced by the infinitesimal generator of a Markov process on a locally
compact space or Polish space. This development also included parabolic potential
theory based on the heat operator (1

2∆− ∂
∂t ) which has many parallels to classical

potential theory.

3. Semilinear equations and superdiffusions

We now turn to the class of semilinear elliptic equations of the form

(3) Lu = ψ(u)

in a Greenian domain D where ψ satisfies

• for every x, ψ(x, ·) is convex and ψ(x, 0) = 0, ψ(x, u) > 0 if u > 0;
• ψ(x, u) is continuously differentiable;
• ψ is locally Lipschitz continuous in u uniformly in x.

Equations of this type arise in astrophysics, meteorology, theory of atomic spectra
and the Yamabe problem in geometry. An important subclass of equations of this
type is given by

(4) ∆u = uα

in a Greenian domain D ⊂ Rd where α > 1. A natural question is the characteri-
zation of the set U(D) of all positive solutions to equations (3), (4). This has led
to a rich theory involving both analytical and probabilistic tools and ideas.

One of the important developments in tackling the problem of characterizing the
solutions of semilinear elliptic equations of the form (3) is a relationship between a
subclass of these equations and a class of measure-valued Markov processes known
as superdiffusions that were first constructed by S. Watanabe [29] in 1968. The book
includes an exposition of a construction of superdiffusions, but readers not already
familiar with this area would be advised to begin with more complete expositions
such as the Saint Flour lecture notes of Perkins [24].

A superdiffusion is defined as follows. Let {ξt}t≥0 be a Markov diffusion process
generated by the elliptic operator L on Rd and ψ be a function of the form

(5) ψ(x;u) = b(x)u2 +
∫ ∞

0

(e−λu − 1 + λ)n(x; dλ)

where b is a bounded nonnegative measurable function and n is a measurable kernel
from Rd to R+ such that ∫ ∞

0

λ ∧ λ2n(x; dλ)

is bounded. Then the associated superdiffusion {Xt}t≥0 is a Markov process with
state space M(Rd), the space of finite Borel measures on Rd, and transition law
given by the Laplace functional

Pµe
〈−f,Xt〉 = e−〈Vtf,µ〉, µ ∈ M(Rd)
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for every nonnegative measurable function f and vt = Vtf satisfies the semilinear
parabolic equation

∂vt
∂t

+ Lvt = ψ(vt).

The special case L = ∆, α = 2 corresponds to super-Brownian motion that also
arises in the scaling limit in high dimensions of a “universality class” including
random trees, percolation clusters and a number of interacting particles systems
(see Slade [26]). Superprocesses also can be viewed as generalized solutions of a
class of stochastic partial differential equations and have been extensively studied
over the last 25 years (see [3],[8],[17],[24]).

The superdiffusion Xt can be obtained as the limit of a cloud of particles in which
at a constant rate particles die and are replaced by a random number of particles
and during their lifetimes the motions of the particles are given by independent L-
diffusions. This picture suggests a richer structure than the measure-valued process
that has been developed in different ways (see for example [17]). For the purposes
of representing the solution of semilinear elliptic equations, Dynkin introduced the
notion of a branching exit system. This involves the measures XQ produced by
the particles at the times they exit from a collection of open subsets Q ⊂ Rd. The
resulting exit measure from Q is given by

XQ = δ(t1,y1) + · · ·+ δ(tn,yn)

where (t1, y1), . . . , (tn, yn) denote the exit times and locations of the particles and
δ(t,x) denotes a unit measure at (t, x). Given a class of open sets O, we then obtain
a family of random measures {XQ : Q ∈ O} with law Pµ. As a consequence of the
independence of the particles if Z = exp(−

∑
i〈fi, XQi〉), it can be shown that

PµZ = e−〈u, µ〉

where the function defined by

u(y) = VQ(f)(y) = − logPδye
−〈f,XQ〉

satisfies
u+GQψ(u) = KQf.

Here Green’s operator GQ and the Poisson operator KQ associated with the L-
diffusion ξs are given by

KQf(x) = Πx1τQ<∞f(ξτQ)

GQρ(x) = Πx

∫ τQ

0

ρ(ξs)ds.

If Q is a smooth domain and f is a continuous function, then u satisfies

Lu = ψ(u) in Q(6)
VQ(f)(x̃)→ f(x̃) as x→ x̃ ∈ ∂Q.

In this special case (6) establishes a link between the semilinear elliptic equation
and the superdiffusion. An objective of the research program is to extend this to
general Greenian domains and to identify the set of all positive solutions U(D) of
the semilinear elliptic equation (3) when ψ is in the class (5). It can be shown
that U(D) is a complete lattice with partial order ≤ as follows. Let π(u) = v if
u ∈ C+(D) and VDn(u)→ v pointwise for every sequence exhausting D. Then we
define u∧v = π(max(u, v)) and u∨v = π(min(u, v)). We also define u⊕v = π(u+v).
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In the special case (4) the nature of the solutions, as well as the techniques used,
depends in an important way on the values of d and α and in particular on whether
d < α+1

α−1 (subcritical case) or d ≥ α+1
α−1 (supercritical case).

A first consequence of the nonlinearity is the possibility of the existence of a
“large solution”, that is, a solution u(x) such that

lim
x→∂D

u(x) =∞.

When the large solution is unique, it is a maximal solution and dominates any
solution. The existence of the large solution in a ball was used by Iscoe in 1988 to
establish the compact support property of super Brownian motion demonstrating
the importance of the relationship between properties of the superdiffusion and
equation (4).

On the other hand it is natural to consider the class of solutions u dominated
by a positive harmonic function in D. Such solutions are called moderate solutions.
There is a 1-1 correspondence between moderate solutions U1(D) and a subclass of
positive harmonic functions through the relation

u(x) +
∫
D

gD(x, y)ψ(u(y))dy = h(x).

We write u = uµ where µ = tr(h). Let N1 denote the set of all measures on D′

which are traces of moderate solutions and N0 be the limits of increasing sequences
of measures in N1.

An essential step in the program to describe all positive solutions are the notions
of σ-moderate solution and fine trace. u ∈ U is σ-moderate if there are moderate
solutions un such that un ↑ u. The fine trace was introduced by Dynkin after
a counterexample of Le Gall showed that an earlier definition of trace (the rough
trace) was not adequate to uniquely characterize all positive solutions in the general
case. The fine trace Tr(u) is a pair (Γ, ν). The measure ν ∈ N0 is given by

ν(B) = sup{µ(B) : µ ∈ N1, µ(Γ) = 0, uµ ≤ u}.

Γ is a Borel subset of D′ that is closed in a fine topology introduced by Dynkin and
arises as the set of all singular points, SG(u), of u. A point y belongs to the set
SG(u) if

∫ ζ
0
ψ′[u(ξs)]ds =∞, Πy

x−a.s.∀ x ∈ D where Πy
x is the law of the diffusion

conditioned to exit at y at time ζ.
In 1998 Dynkin and Kuznetsov obtained a classification of all σ-moderate solu-

tions in terms of the fine trace, namely, u = uΓ ⊕ uν and showed that given any
solution u, uΓ ⊕ uν is the maximal σ-moderate solution dominated by u. Here in
terms of the lattice order

uν = Sup{uµ : µ ∈ N1, uµ ≤ u and µ(Γ) = 0}

and
uΓ = Sup{uµ : µ ∈ N1, µ(D′\Γ) = 0}.

Since the characterization of all σ-moderate solutions is known in these cases, a
key question is whether every positive solution is σ-moderate, and this is stated
as an open problem in the Epilogue of the book. In the case d = 2, α = 2, this
had been proved by Le Gall [16], but further progress was made only after the
publication of this book and largely stimulated by it. We briefly indicate these
recent developments.
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In the 2002 doctoral thesis of Benoit Mselati [20],[21], Le Gall’s result was ex-
tended to the case d ≥ 2, α = 2 using Le Gall’s Brownian snake process (refer to
Le Gall [17]). In the subcritical case (d < α+1

α−1 ) Le Gall and Mytnik [18] obtained
a probabilistic representation using the exit measure density. In (2003) Dynkin
[9],[10] announced progress on an extension of Mselati’s result to 1 < α ≤ 2 using
a probabilistic representation of solutions and a new inequality for superdiffusions.
Dynkin’s superdiffusion representation is as follows. The range RD of a superdif-
fusion in a domain D is a minimal closed set that supports an exit measure XO for
an arbitrary open set O. The random variable Zν ≥ 0 is the stochastic boundary
value of uν , Zν = SBV (uν), if for every sequence Dn exhausting D

lim
n→∞

〈uν , XDn〉 = Zν , a.s.

Then if Tr(u) = (Γ, ν), Dynkin’s approach is to show that

u(x) = − logPδx{RD ∩ Γ = ∅, e−Zν}
= (uΓ ⊕ uν)(x)

which implies that u is σ-moderate. The Brownian snake and superdiffusion repre-
sentations provide powerful tools for the analysis of these equations but are limited
in that they are only applicable for the case 1 < α ≤ 2. There has been a parallel
development due to Marcus and Véron [22] on the analytical side, including an
extension of the boundary trace to the case α > 2 and the characterization of solu-
tions in the subcritical case. See [28] for a recent exposition of the analytic results
on nonlinear elliptic equations. Marcus and Véron (2003) [23] have also announced
progress on the extension of Mselati’s result to the supercritical case. This is one
of a number of results obtained first by probabilistic methods that have stimulated
analytical developments in the more general case and led to cross-fertilization be-
tween the two approaches. Moreover the probabilistic approach has been successful
in studying equations with singular coefficients (arising from branching in random
catalytic media) for which there are at present no comparable analytical tools (see
[4]).

4. The book

The primary focus of the book is a systematic exposition of the results obtained
in a series of papers of Dynkin, and Dynkin and Kuznetsov going back to the early
1990’s (e.g. [7],[11]) but also includes basic background on the necessary analytic
and probabilistic methods.

The book is divided into two parts. The first part includes a review of finite
dimensional diffusions and the associated linear parabolic equations, and superdif-
fusions and the associated semilinear parabolic equations. In addition there is an
elegant development of branching exit Markov systems that starts with branching
particle systems and provides the basis for a development of superdiffusions tailored
for the study of boundary value problems for elliptic equations.

The second part provides a systematic development of both the analytic and
probabilistic aspects of linear and semilinear elliptic equations based largely on the
work of Dynkin, and Dynkin and Kuznetsov. To a remarkable extent this results in
a theory parallel to the beautiful classical potential theory. However, the technical
machinery required is substantial, and a whole range of concepts are required.
This includes the analytic notions of moderate and σ-moderate solutions described
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above, as well as trace, following both the earlier definition of rough trace and the
fine trace, and the probabilistic notions of range of a superdiffusion and stochastic
boundary values. In addition, classes of exceptional boundary sets are introduced.
This includes polar sets, that is, sets not hit by the range of a superdiffusion, and
null capacity sets with respect to Martin capacity, which is a Choquet capacity
defined for B ⊂ ∂̂D by

CMα(B) = sup{ν(B),
∫
gD(c, x)dx[

∫
B

k(x, y)ν(dy)]α ≤ 1}.

Not surprisingly, the theory is not yet as complete as the classical linear case, and
a number of important open problems remain.

The notes at the end of chapters provide historical comments and a guide to
the literature. The last chapter includes additional historical comments and a brief
survey of the extensive literature on branching measure-valued processes, superpro-
cesses and snakes.

The final chapter in the book is an epilogue that presents three open problems
and directions for research. The first is the question “Is every solution σ-moderate?”
which as indicated above has already produced fruit. The second deals with rela-
tions between the different classes and exceptional boundary sets, and the third is a
far-reaching direction of research to identify all functions on the space of measures
with compact support that are harmonic for the superdiffusion.

To conclude, this book provides the reader with an in-depth introduction to a
rich and rapidly developing research area that has already produced remarkable
results.
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[28] L. Véron, Generalized boundary value problems for nonlinear elliptic equations, Electron. J.

Diff. Equ. Conf. 6, 313-342, 2001. MR 2001j:35099
[29] S. Watanabe, A limit theorem on branching processes and continuous state branching pro-

cesses, J. Math. Kyoto Univ. 8, 141-167, 2001. MR 38:5301
[30] N. Wiener, Differential space, J. Math Phys. 2, 131-174, 1923.

Donald Dawson

Carleton University and McGill University

E-mail address: ddawson@math.carleton.ca

http://www.ams.org/mathscinet-getitem?mr=7:315b
http://www.ams.org/mathscinet-getitem?mr=11:357h
http://www.ams.org/mathscinet-getitem?mr=98c:60144
http://www.ams.org/mathscinet-getitem?mr=2001g:60211
http://www.ams.org/mathscinet-getitem?mr=2:292h
http://www.ams.org/mathscinet-getitem?mr=2000a:35077
http://www.ams.org/mathscinet-getitem?mr=2003k:60104
http://www.ams.org/mathscinet-getitem?mr=2003g:60170
http://www.ams.org/mathscinet-getitem?mr=98b:35053
http://www.ams.org/mathscinet-getitem?mr=2001j:35099
http://www.ams.org/mathscinet-getitem?mr=38:5301

	1. Introduction
	2. Diffusions and linear partial differential equations
	3. Semilinear equations and superdiffusions
	4. The book
	References

