
CONTEMPORARY 
MATHEMATICS 

~5, Part 1 

Applications of 
Algebraic K-Theory 

to Algebraic Geometry 
and Number Theory 

Proceedings of a Summer Research Conference 
June 12-18, 1983 

Spencer J. Bloch 
R. Keith Dennis 

Eric M. Friedlander 
Michael R. Stein 

Editors 



Titles in This Series 

Volume 
1 Markov random fields and their 

applications. Ross Kindermann and 
J. Laurie Snell 

2 Proceedings of the conference 
on integration. topology, and 
geometry in linear spaces. 
William H. Graves. Editor 

3 The closed graph and P-closed 
graph properties in general 
topology, T. R. Hamlett and 
L. L. Herrington 

4 Problems of elastic stability and 
vibrations. Vadim Komkov. Editor 

5 Rational constructions of 
modules for simple Lie algebras. 
George B. Seligman 

6 Umbral calculus and Hopf algebras. 
Robert Morris. Editor 

7 Complex contour integral 
representation of cardinal spline 
functions. Walter Schempp 

8 Ordered fields and real algebraic 
geometry, D. W. Dubois and 
T. Recio. Editors 

9 Papers in algebra. analysis and 
statistics. R. Lidl. Editor 

10 Operator algebras and K-theory, 
Ronald G. Douglas and Claude 
Schochet. Editors 

11 Plane ellipticity and related 
problems. Robert P. Gilbert. Editor 

12 Symposium on algebraic topology in 
honor of Jose Adem. Samuel Gitler. 
Editor 

· 13 Algebraists' homage: Papers in 
ring theory and related topics. 
S. A. Amitsur. D. J. Saltman. and 
G. B. Seligman. Editors 

14 Lectures on Nielsen fixed point 
theory, Boju Jiang 

COnTEMPORARY 
MATHEMATICS 

15 Advanced analytic number theory. 
Part 1: Ramification theoretic 
methods. Carlos J. Moreno 

16 Complex representations of 
GL{2. K) for finite fields K. 
llya Piatetski-Shapiro 

17 Nonlinear partial differential 
equations. Joel A. Smoller. Editor 

18 Fixed points and nonexpansive 
mappings, Robert C. Sine. Editor 

19 Proceedings of the Northwestern 
homotopy theory conference. 
Haynes R. Miller and Stewart B. 
Priddy, Editors 

20 Low dimensional topology, 
Samuel J. Lomonaco. Jr .. Editor 

21 Topological methods in nonlinear 
functional analysis. S. P. Singh. 
S. Thomeier. and B. Watson. Editors 

22 Factorizations of b" ± 1. b = 
2. 3. 5. 6. 7.10.11.12 up to high 
powers. John Brillhart. D. H. Lehmer. 
J. L. Selfridge. Bryant Tuckerman. and 
S. S. Wagstaff. Jr. 

23 Chapter 9 of Ramanujan's second 
notebook-Infinite series Identities. 
transformations. and evaluations. 
Bruce C. Berndt and Padmini T. Joshi 

24 Central extensions. Galois groups, 
and ideal class groups of number 
fields, A. Frohlich 

25 Value distribution theory and Its 
applications. Chung-Chun Yang. 
Editor 

26 Conference in modern analysis 
and probability, Richard Beals. 
Anatole Beck. Alexandra Bellow. and 
Arshag Hajian. Editors 

http://dx.doi.org/10.1090/conm/055.1



Titles in This Series 

Volume 

27 Microlocal analysis, M. Salah 
Baouendi. Richard Beals. and 
Linda Preiss Rothschild. Editors 

28 Fluids and plasmas: geometry and 
dynamics, Jerrold E. Marsden. Editor 

29 Automated theorem proving, 
W. W. Bledsoe and Donald Loveland. 
Editors 

30 Mathematical applications of 
category theory, J. W. Gray, Editor 

31 Axiomatic set theory, James E. 
Baumgartner. Donald A. Martin. and 
Saharon Shelah. Editors 

32 Proceedings of the conference 
on Banach algebras and several 
complex variables. F. Greenleaf and 
D. Gulick. Editors 

33 Contributions to group theory, 
Kenneth I. Appel. John G. Ratcliffe. 
and Paul E. Schupp, Editors 

34 Combinatorics and algebra. 
Curtis Greene. Editor 

35 Four-manifold theory, Cameron 
Gordon and Robion Kirby, Editors 

36 Group actions on manifolds, 
Reinhard Schultz. Editor 

37 Conference on algebraic topology 
in honor of Peter Hilton, 
Renzo Piccinini and Denis Sjerve. 
Editors 

38 Topics in complex analysis. 
Dorothy Browne Shaffer. Editor 

39 Errett Bishop: Reflections 
on him and his research, 
Murray Rosenblatt. Editor 

40 Integral bases for affine Lie algebras 
and their universal enveloping 
algebras. David Mitzman 

41 Particle systems. random 
media and large deviations, 
Richard Durrett. Editor 

42 Classical real analysis. Daniel 
Waterman. Editor 

43 Group actions on rings, Susan 
Montgomery. Editor 

44 Combinatorial methods in 
topology and algebraic geometry, 
John R. Harper and Richard 
Mandelbaum. Editors 

45 Finite groups-coming of age, 
John McKay. Editor 

46 Structure of the standard modules 
for the affine Lie algebra A11), 
James Lepowsky and Mirko Prime 

47 Linear algebra and its role in 
systems theory, Richard A. Brualdi. 
David H. Carlson. Biswa Nath Datta. 
Charles R. Johnson. and Robert J. 
Plemmons. Editors 

48 Analytic functions of one complex 
variable, Chung-chun Yang and 
Chi-tai Chuang. Editors 

49 Complex differential geometry and 
nonlinear differential equations, 
Yum-Tong Siu. Editor 

50 Random matrices and their 
applications, Joel E. Cohen. Harry 
Kesten. and Charles M. Newman. 
Editors 

51 Nonlinear problems in geometry, 
Dennis M. DeTurck. Editor 

52 Geometry of normed linear 
spaces, R. G. Bartle. N. T. Peck. 
A. L. Peressini. and J. J. Uhl. Editors 

53 The Selberg trace formula and 
related topics. Dennis A. Hejhal. 
Peter Sarnak. and Audrey Anne Terras. 
Editors 

54 Differential analysis and 
infinite dimensional spaces. 
Kondagunta Sundaresan and 
Srinivasa Swaminathan. Editors 

55 Applications of algebraic K-theory 
to algebraic geometry and 
number theory, Spencer J. Bloch. 
R. Keith Dennis. Eric M. Friedlander. 
and Michael R. Stein. Editors 



CoNTEMPORARY 
MATHEMATICS 

55, Part 1 

Applications of 
Algebraic K-Theory 

to Algebraic Geometry 
and Number Theory 

Proceedings of a Summer Research Conference 
June 12-18, 1983 

Spencer J. Bloch 
R. Keith Dennis 

Eric M. Friedlander 
Michael R. Stein 

Editors 

American Mathematical Society 
Providence, Rhode Island 



EDITORIAL BOARD 

Irwin Kra, 
managing editor 

Gerald J. Janusz 

Jan Mycielski 
Johannes C. C. Nitsche 
Carl M. Pearcy 

Alan D. Weinstein 

The AMS-IMS-SIAM Joint Summer Research Conference in the Mathematical 
Sciences on Applications of Algebraic K-Theory to Algebraic Geometry and Number 
Theory was held at the University of Colorado, Boulder on June 12-18, 1983 with 
support from the National Science Foundation Grant MCS-8218075. 

1980 Mathematics Subject Classification. Primary 18F25, 16A54; Secondary 19E, 19F. 

Library of Congress Cataloging-in-Publication Data 
AMS-IMS-SIAM Joint Summer Research Conference in the Mathematical Sciences on 

Applications of Algebraic K-Theory to Algebraic Geometry and Number Theory 
(1983: University of Colorado, Boulder) 
Applications of algebraic K-theory to algebraic geometry and number theory. 
(Contemporary mathematics, ISSN 0271-4132; v. 55) 
''The AMS-IMS-SIAM Joint Summer Research Conference in the Mathematical 

Sciences on Applications of Algebraic K-Theory to Algebraic Geometry and Number Theory 
was held at the University of Colorado, Boulder"-T.p. verso. 

Bibliography: p. 
1. K-theory-Congresses. 2. Geometry, Algebraic-Congresses. 3. Algebraic number 

theory-Congresses. I. American Mathematical Society. II. Institute of Mathematical Statistics. 
Ill. Society for Industrial and Applied Mathematics. IV. Title. V. Series: Contemporary 
mathematics (American Mathematical Society; v. 55) 
ClA612.33.A47 1983 512'.55 86-7904 
ISBN 0-8218-5054-7 (set: alk. paper) 
ISBN 0-8218-5055-5 (v. 1: alk. paper} 
ISBN 0-8218-5056-3 (v. 2: alk. paper) 

© Copyright 1986 by the American Mathematical Society. All rights resarved. 
The American Mathematical Society retains all rights ex capt thosa grantad 

to the Unitad States Government. 
Printad In the United Statas of America. 

Information on copying and reprinting can be found at the back of this volume. 
This volume was prlntad directly from author prepared copy. 

§ The paper used in this book is acid-free and falls within the guidelines 
established to ensure permanence and durability. 

10 9 8 7 6 54 3 2 02 01 00 99 98 



TABLE OF CONTENTS 

PART I 

Introduction . . . . . 
THE EDITORS 

List of Talks 
List of Participants 
Higher regulators of modular curves 

A. A. BEILINSON 
Notes on absolute Hodge cohomology . 

A. A. BEILINSON 
The K-theory of triangular matrix rings 

A. J. BERRICK, M. E. KEATING 
A note on Gersten's conjecture in the mixed 

characteristic case . . . . . . . 
S. BLOCH 

K2 and L-functions of elliptic curves: Computer 
calculations . . . . . . . . . . 

S. BLOCH, D. GRAYSON 
Cyclic homology and the algebraic K-theory of spaces I 

D. BURGHELEA 
Local class field theory for curves 

K. R. COOMBES 
Conjectural calculations of general linear group 

homology . . . . . . . . . . . • . . . 
W. G. DWYER, E. M. FRIEDLANDER 

Some remarks on the K-theory of fields . 
W. G. DWYER, E. M. FRIEDLANDER 

The K-theory of twisted complexes 
H. GILLET 

Simplicial objects in a Grothendieck topos 
J. F. JARDINE 

Milnor K-theory and the Chow group of zero cycles 
K. KATO 

Global class field theory of arithmetic schemes 
K. KATO, S. SAITO 

K , SK of integral group-rings and orders . . 
n n A. 0. KUKU 

K-theory and Chow groups on singular varieties 
C. PEDRINI, C. A. WEIBEL 

v 

ix 

xi 
xiii 

1 

35 

75 

79 

117 

135 

149 

159 

193 

241 

255 

333 

339 



vi TABLE OF CONTENTS 

Analogs of the Bloch-Wigner function for higher 
polylogarithms . . . • . . . . . . . . 

D. RAMAKRISHNAN 
Higher regulators on quaternionic Shimura curves and 

values of L-functions . • . . . 
D. RAMAKRISHNAN 

Bott stability in algebraic K-theory 
R. W. THOMASON 

PART II 

Introduction . . . . . 
THE EDITORS 

List of Talks 
List of Participants . 
Letters from Browder to Dennis and Stein concerning 

the image of K3 ( LZ [ C ] ) and JS ( LZ) in K3 of a 
finite field .•. P. . . . . • . . .•. 

W. BROWDER 
A comparison theorem for the 2-rank of K 2 (~ 

P. E. CONNER, J. HURRELBRINK 
The Hilbert polynomial of a union of lines • • 

B. H. DAYTON, L. G. ROBERTS 
A note on injectivity of lower K-groups for integral 

domains (with an Appendix: K2 of local domains -
Examples and questions by R. K. Dennis and 
C. C. Sherman) ....•... 

S. C. GELLER 
The theory of totally real function fields 

D. GOSS 
An application of algebraic K-theory to sums of squares 

J. S. HSIA 
The homotopy type of F~q. The complex and symplectic 

cases • . . . . . . 
J. HUEBSCHMANN 

On the 2-primary part of the Birch-Tate conjecture for 
cyclotomic fields . . . . . 

J. HURRELBRINK, M. KOLSTER 
K2 of fields and the Brauer group 

A. S • MERKURJEV 
Torsion in homotopy equivalences of s1-bundles 

R. OLIVER 
Properties of the wild kernel of K2 of global fields 

U. REHMANN 
Central extensions of SL2 over division rings and some 

metaplectic theorems • . . • . . • • . . • 
U. REHMANN 

Constructing algebraic K-theory elements from K1A 
V. SNAITH 

371 

377 

xi 

xiii 
XV 

407 

411 

421 

437 

449 

479 

487 

519 

529 

547 

555 

609 



TABLE OF CONTENTS 

The equivariant second Stiefel-Whitney class, the 
characteristic classes of symmetric bilinear forms 
and orthogonal Galois representations . . • . . . 

V. SNAITH 
Finite presentability of Steinberg groups and related 

Chevalley groups . . • . • . • 
S. SPLITTHOFF 

On the absolute stable range of rings of continuous 
functions • . . . . . . • • . . • • . . . . . . 

R. G. SWAN, L. N. VASERSTEIN 
Normalite des groupes elementaires dans les groupes de 

Chevalley sur un anneau . . . • . . . . • . . . 
G. TADDEI 

On the divisibility of generalized Bernoulli numbers 
J. URBANOWICZ 

On K1-theory of topological spaces •••••.•.. 
L. N. VASERSTEIN 

Merkurjev's elementary proof of Merkurjev's theorem 
A. R. WADSWORTH 

The ~ -regulator problem for K3 . 
p J. WAGONER 

K-theory of l-dimensional schemes 
C. A. WEIBEL 

vii 

617 

635 

689 

693 

711 

729 

741 

777 

811 



INTRODUCTION 

During the week of June 12-18, 1983, a research conference 
on APPLICATIONS OF ALGEBRAIC K-THEORY TO ALGEBRAIC GEOMETRY AND 
NUMBER THEORY was held at the University of Colorado in Boulder 
under the auspices of the American Mathematical Society with fund-
ing from the National Science Foundation. This volume contains 
the Proceedings resulting from that conference. 

The diversity of recent work in pure and applied algebraic 
K-theory is evident from the talks given at the conference as well 
as the papers in this volume. Although algebraic K-theory grew 
from topology and the ideas of Grothendieck on the Riemann-Roch 
theorem, it acquired a character of its own from the algebraic 
work initiated by Bass, Swan and Milnor, which focused in large 
part on matrices and matrix-related constructions. Bass and Tate 
realized the significance of ~ for arithmetic. Then Quillen 
gave an extraordinarily flexible reformulation of the foundations 
of the subject which paved the way for rich and varied inter-
actions with algebraic geometry and topology. 

The matrix/vector bundle tradition of concrete computations 
for specific rings is represented here, for example, by the papers 
of Berrick-Keating, Dwyer-Friedlander, Hurrelbrink-Kolster, 
Rehmann, Swan-Vaserstein, Vaserstein and Weibel. It is on these 
foundations that general conjectures are formulated and tested. 

Much of the interaction with algebraic geometry focusses now 
on algebraic cycles rather than vector bundles; the papers of 
Pedrini-Weibel and Kato exemplify this. This approach shades off 
into arithmetic: Kato-Saito study the arithmetic of 0-cycles on 
arithmetic schemes, providing a generalization of Artin recipro-
city by interpreting splitting of primes in abelian coverings of 
schemes of finite type over Z in terms of rational equivalence 
of 0-cycles. The analogous class field theory for curves over 
local fields is discussed by Coombes. 

An important new direction in K-theory and arithmetic in-
volves generalizing the regulator map for units (read "K1") in an 

ix 



X INTRODUCTION 

algebraic number field to the higher K-groups of varieties over 
number fields. A conjecture of Beilinson interprets certain 
transcendental numbers obtained in this way in terms of the values 
of L-functions. These ideas are discussed in the papers of 
Beilinson, Bloch, Bloch-Grayson, Ramakrishnan, and Wagoner. 

The important advances in the K-theory of fields made by 
Merkurjev and Suslin are reported on in the papers by Dwyer and 
Friedlander, Merkurjev, and Wadsworth. Many other topics ranging 
from the connections of K-theory with Hochschild homology and 
cyclic homology to the applications of K-theory to sums of squares 
were discussed at the conference. Although all topics discussed 
are not represented in these Proceedings, ample material remains 
to occupy the interested reader. 

The success of this conference is due to the hard work of 
many individuals and the generous support of two organizations. 
We would like to take this opportunity to thank them. The 
National Science Foundation provided financial support while the 
American Mathematical Society offered its organizational skills 
and support staff. The University of Colorado in Boulder provid-
ed the beautiful surroundings in which the conference took place. 
Ronnie Wells gave his help during the planning of the conference. 
The efforts of Carole Kohanski were indispensable. 

The Editors 
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