C ONTEMPORARY

MATHEMATICS
S = O TR TR T e

Recent Developments in the
Inverse Galois Problem

A Joint Summer Research Conference on
Recent Developments in the
Inverse Galois Problem
July 17-23, 1993
University of Washington, Seattle

Michael D. Fried, Coordinating Editor

Shreeram S. Abhyankar
Walter Feit
Yasutaka |hara
Helmut Voelklein

Editors

American qu‘hemotical Society




http://dx.doi.org/10.1090/conm/186

Other Titles in This Series

186

185

184

183

182
181
180

179

178
177

176

175

174

173

172
171

170

169

168

167
166

165

164

163

162

161

160

Shreeram S. Abhyankar, Walter Feit, Michael D. Fried, Yasutaka Thara, and Helmut
Voelklein, Editors, Recent developments in the inverse Galois problem, 1995

Raiil E. Curto, Ronald G. Douglas, Joel D. Pincus, and Norberto Salinas, Editors,
Multivariable operator theory, 1995

L. A. Bokut’, A. 1. Kostrikin, and S. S. Kutateladze, Editors, Second International
Conference on Algebra, 1995

William C. Connett, Marc-Olivier Gebuhrer, and Alan L. Schwartz, Editors,
Applications of hypergroups and related measure algebras, 1995

Selman Akbulut, Editor, Real algebraic geometry and topology, 1995

Mila Cenkl and Haynes Miller, Editors, The Cech Centennial, 1995

David E. Keyes and Jinchao Xu, Editors, Domain decomposition methods in scientific
and engineering computing, 1994

Yoshiaki Maeda, Hideki Omoro, and Alan Weinstein, Editors, Symplectic geometry and
quantization, 1994

Hélene Barcelo and Gil Kalai, Editors, Jerusalem Combinatorics 93, 1994

Simon Gindikin, Roe Goodman, Frederick P. Greenleaf, and Paul J. Sally, Jr., Editors,
Representation theory and analysis on homogeneous spaces, 1994

David Ballard, Foundational aspects of “non”standard mathematics, 1994

Paul J. Sally, Jr., Moshe Flato, James Lepowsky, Nicolai Reshetikhin, and Gregg J.
Zuckerman, Editors, Mathematical aspects of conformal and topological field theories
and quantum groups, 1994

Nancy Childress and John W. Jones, Editors, Arithmetic geometry, 1994

Robert Brooks, Carolyn Gordon, and Peter Perry, Editors, Geometry of the spectrum,
1994

Peter E. Kloeden and Kenneth J. Palmer, Editors, Chaotic numerics, 1994

Riidiger Gobel, Paul Hill, and Wolfgang Liebert, Editors, Abelian group theory and
related topics, 1994

John K. Beem and Krishan L. Duggal, Editors, Differential geometry and mathematical
physics, 1994

William Abikoff, Joan S. Birman, and Kathryn Kuiken, Editors, The mathematical legacy
of Wilhelm Magnus, 1994

Gary L. Mullen and Peter Jau-Shyong Shiue, Editors, Finite fields: Theory, applications,
and algorithms, 1994

Robert S. Doran, Editor, C*-algebras: 1943-1993, 1994

George E. Andrews, David M. Bressoud, and L. Alayne Parson, Editors, The Rademacher
legacy to mathematics, 1994

Barry Mazur and Glenn Stevens, Editors, p-adic monodromy and the Birch and
Swinnerton-Dyer conjecture, 1994

Cameron Gordon, Yoav Moriah, and Bronislaw Wajnryb, Editors, Geometric topology,
1994

Zhong-Ci Shi and Chung-Chun Yang, Editors, Computational mathematics in China,
1994

Ciro Ciliberto, E. Laura Livorni, and Andrew J. Sommese, Editors, Classification of
algebraic varieties, 1994

Paul A. Schweitzer, S. J., Steven Hurder, Nathan Moreira dos Santos, and José Luis
Arraut, Editors, Differential topology, foliations, and group actions, 1994

Niky Kamran and Peter J. Olver, Editors, Lie algebras, cohomology, and new applications
to quantum mechanics, 1994

(Continued in the back of this publication)



Recent Developments in the
Inverse Galois Problem



CONTEMPORARY
IMATHEMATICS

186

Recent Developments in the
Inverse Galois Problem

A Joint Summer Research Conference on
Recent Developments in the
Inverse Galois Problem
July 17-23, 1993

University of Washington, Seattle

Michael D. Fried, Coordinating Editor

Shreeram S. Abhyankar
Walter Feit
Yasutaka lhara
Helmut Voelklein
Editors

American Mathematical Society
Providence, Rhode Island



Editorial Board

Craig Huneke, managing editor
Clark Robinson J. T. Stafford

Linda Preiss Rothschild Peter M. Winkler

A conference on Recent Developments in the Inverse Galois Problem was held
at the University of Washington, Seattle, Washington, July 17-23, 1993.

1991 Mathematics Subject Classification. Primary 12F12, 20F34, 11G30, 11G99;
Secondary 11R58, 11F80, 20D06, 20B05, 12E10, 12E25.

Library of Congress Cataloging-in-Publication Data

Joint Summer Research Conference on Recent Developments in the Inverse Galois Problem (1993:
Seattle, Wash.)

Recent developments in the inverse Galois problem : a Joint Summer Research Conference on
Recent Developments in the Inverse Galois Problem, July 17-23, 1993, University of Washington,
Seattle / Michael D. Fried, coordinating editor; Shreeram S. Abhyankar. .. [et al.], editors.

p. cm. — (Contemporary mathematics, ISSN 0271-4132; v. 186)

Includes bibliographical references (p. - ).

ISBN 0-8218-0299-2

1. Inverse Galois theory—Congresses. I. Fried, Michael D., 1942- . II. Abhyankar, Shree-
ram Shankar. III. Title. IV. Series: Contemporary mathematics (American Mathematical So-
ciety); v. 186.

QA247.J65 1993
512/.3—dc20 95-15047
CIP

Copying and reprinting. Material in this book may be reproduced by any means for educational
and scientific purposes without fee or permission with the exception of reproduction by services
that collect fees for delivery of documents and provided that the customary acknowledgment of the
source is given. This consent does not extend to other kinds of copying for general distribution,
for advertising or promotional purposes, or for resale. Requests for permission for commercial use
of material should be addressed to the Assistant Director of Production, American Mathematical
Society, P. O. Box 6248, Providence, Rhode Island 02940-6248. Requests can also be made by
e-mail to reprint-permission€math.ams.org.

Excluded from these provisions is material in articles for which the author holds copyright. In
such cases, requests for permission to use or reprint should be addressed directly to the author(s).
(Copyright ownership is indicated in the notice in the lower right-hand corner of the first page of
each article.)

© Copyright 1995 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.
Printed in the United States of America.

€9 The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.
& Printed on recycled paper.
All articles in this volume were printed from copy prepared by the authors.

Some articles were typeset using AMS-TEX or ApS-TATEX,
the American Mathematical Society’s TEX macro systems.

10987654321 00 99 98 97 96 95



Contents

Preface ix
Part A: Explicit Quotients of Gg and Gy,

Explicit Galois realization of C¢-extensions of A, and S,
TERESA CRESPO 3

Topics in Galois theory
MICHAEL FRIED 15

Parametric solutions of embedding problems
B. H. MATZAT 33

Some projective linear groups over finite fields as Galois groups over Q
AMADEU REVERTER AND NURIA VILA 51

K-admissibility of metacyclic 2-groups
STEVEN LIEDAHL AND JACK SONN 65

Embedding problems and the Cjs — Cg obstruction
JOHN R. SWALLOW 75

Cyclic covers of P! and Galois action on their division points
HELMUT VOLKLEIN 91

Part B: Moduli Spaces and the Structure of Gg

Introduction to modular towers: Generalizing dihedral group-modular curve
connections
MICHAEL FRIED 111

On Galois actions on profinite completions of braid groups
YASUTAKA IHARA AND MAKOTO MATSUMOTO 173

On the Galois image in the derivation algebra of m; of the projective line
minus three points
MAKOTO MATSUMOTO 201

Part C: The Structure of Gr), G, (r), and Gg,(z)

Covers of P! over the p-adics
PIERRE DEBES 217

vii



viil CONTENTS
Existence de points p-adiques pour tout p sur un espace de Hurwitz
BRUNO DESCHAMPS 239

Stable models
Eric DEw 249

Tout groupe fini est un groupe de Galois sur Q,(T'), d’apres Harbater
QING LIu 261

Specializations of coverings and their Galois groups
WOLFGANG K. SEILER 267

Rational points and canonical heights on K3-surfaces in P! x P! x P!
LAN WANG 273

Part D: Group Theory and Geometric Monodromy Groups

Mathieu group coverings and linear group coverings
SHREERAM S. ABHYANKAR 293

Fundamental groups for arbitrary categories
PauL FEIT 321

Monodromy groups of branched coverings: The generic case
ROBERT M. GURALNICK AND MICHAEL G. NEUBAUER 325

Fundamental groups and embedding problems in characteristic p
DAvID HARBATER 353

On free profinite groups of uncountable rank
MOSHE JARDEN 371

Primitive monodromy groups of polynomials
PETER MULLER 385



Preface: Recent developments
in the Inverse Galois Problem

MICHAEL D. FRIED

The conference Recent Developments in the Inverse Galois Problem
occurred late July of summer 1993. Experienced American Mathematics So-
ciety staff was host to a turnout of over 75. Funding came from AMS, NSF and
Siam. The organizing committee included Shreeram Abhyankar, Walter Feit,
Michael Fried (chair), David Harbater, and Helmut Volklein. All four areas of
the conference had intense mathematical activity from the period proceeding
that summer. Some papers in this volume are the first publications of those
events. As editor, I encouraged authors to emphasize connections to other con-
ference areas. The central topic, of course, was the absolute Galois groups of the
classical fields Q, Q(T), Q,(T) and F,(T). Here, Q, is the p-adic numbers; F, is
the algebraic closure of the prime finite field F,. The authors of two papers here
weren’t at the conference. These fulfill aspects of Harbater’s part of the proof of
Abhyankar’s conjecture.

The conference sought to recognize the maturity of several techniques. An en-
hanced review of Serre’s book Topics in Galois Theory serves as a starting point
for the conference. Practical applications in the moduli space approach through
braids appear in the papers of Débes, Deschamps, and Volklein. Deschamps
completes the paper of Débes on the following point. They start with a given
finite group G, and apply a Fried-Volklein result to produce an infinite sequence
of absolutely irreducible Hurwitz spaces over Q with these properties. First: If
even one had a QQ point, G would have regular realization as a Galois group over
Q. Second: Each has real points and Q,, points for every prime p (an application
of Harbater’s patching method). Débes also answers questions posed by Dew’s
paper on local-global computations relations the field of definition to the field of
moduli of covers. Wang’s presentation of Mazur’s conjecture influenced Débes.
(Haran didn’t contribute a paper. Still, his talk on joint work with Fried and
Volklein emphasized the natural way Hurwitz spaces organize information on
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real components of varieties. Thus, it pointed to the potential of Hurwitz spaces
for Mazur’s conjecture.)

Reverter and Vila continue old programs of Shih and Ribet collecting regular
realizations of Galois groups from modular curves. Voélklein produced various
Chevalley group series of high rank over non-prime finite fields as Galois groups.
He uses Tate modules to construct projective linear profinite groups as Galois
groups. Matzat’s parametric method and GAR-realization approach influenced
him. Indeed, Matzat reviewed the continuing contributions of him and Malle
to Shafarevich’s conjecture. The classical (generalized) rigidity hypothesis for
realizing a group G as the Galois group of a regular extension of Q is that G
has no center. Contributions of Crespo, and Swallow go deeply into examples
that drop this assumption. Liedahl and Sonn bring new aspects of a mainstay
application of the inverse Galois problem, admissible groups.

Fried, Thara and Matsumoto cover totally new aspects of profinite use of
braids. IThara and Matsumoto bring the Grothendieck-Teichmuller group into
the proceedings. They find a canonical section to the geometric-arithmetic fun-
damental group sequence attached to projective n-space minus its discriminant
locus. Fried’s paper ties to that approach with the introduction of modular
towers, generalizations of sequences of modular curve covers. Thus, the inverse
Galois problem collects under one umbrella modular curve applications and profi-
nite aspects like pro-braids and universal frattini covers. A separate paper by
Matsumoto uses Soulé elements to find ranks of low quotients from a canonical
pro-¢ grading of Gg.

Abhyankar summarizes production of explicit quotients of the affine line fun-
damental group in positive characteristic. Elkies’s gave a talk (without submit-
ting a paper) updating classical elimination theory in characteristic p. This sug-
gested the classical Noether approach to fixed fields of invariants of subgroups of
Sn might work better in characteristic p than in characteristic 0. Data accrues
that embarrassingly simple polynomials produce many sequences of Chevalley
groups as such fundamental group quotients. Still, theoretical data clarifies you
can’t expect all quasi-p-groups to come from genus 0 covers. Guralnick and
Neubauer give a characteristic 0 result in this direction. They (essentially) com-
plete the classification of genus zero covers with affine geometric monodromy
groups. Of immediate application is Milller’s complete classification of geomet-
ric monodromy groups of polynomials f € C[z] and of polynomials in Q[z].

Liu’s well known rigid analytic geometry proof of Harbater’s tactic for pro-
ducing groups over valuation rings appears here. Harbater’s older Grothendieck
patching method gives a function field analog of Shafarevich’s conjecture. Jar-
den answers an embedding problem question of Harbater distinguishing profinite
Galois groups of uncountable fields. Galois descent and embedding problems are
a natural part of the inverse Galois problem. Feit considered these in cate-
gorical generality. Seiler departs from Harbater’s specialization (generalization)
techniques; he uses deformations without totally degenerate specializations.

UC IrvINE, IrRVINE, CA 92717, USA

E-mail address: mfried@math.uci.edu
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This book contains the refereed proceedings of the AMS-IMS-SIAM Joint
Summer Research Conference on Recent Developments in the Inverse Galois
Problem, held in July 1993 at the University of Washington, Seattle. A new re-
view of Serre’s Topics in Galois Theory serves as a starting point. The book de-
scribes the latest research on explicit presentation of the absolute Galois group
of the rationals. Containing the first appearance of generalizations of modu-
lar curves, the book presents applications that demonstrate the full scope of
the Inverse Galois Problem. In particular, the papers collected here show the
ubiquity of the applications of the Inverse Galois Problem and its compelling
significance. The book will serve as a guide to progress on the Inverse Galois
Problem and as an aid in using this work in other areas of mathematics. This
includes coding theory and other finite field applications. Group theory and
a first course in algebraic curves are sufficient for understanding many papers
in the volume. Graduate students will find this an excellent reference to cur-
rent research, as it contains a list of problems appropriate for thesis material in
arithmetic geometry, algebraic number theory, and group theory.
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