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ABSTRACT. We give a sufficient condition for an Ext-finite triangulated
category to be saturated. Saturatedness means that every contravariant
cohomological functor of finite type to vector spaces is representable.
The condition consists in the existence of a strong generator. We prove
that the bounded derived categories of coherent sheaves on smooth
proper commutative and noncommutative varieties have strong gener-
ators, and are hence saturated. In contrast, the similar category for a
smooth compact analytic surface with no curves is not saturated.
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1. INTRODUCTION AND MOTIVATION

In this paper k will be a field. Unless otherwise specified, all categories will be
k-linear. If D is a triangulated category, then a cohomological functor H: D —
Vect (k) is of finite type if >, dim H(A[i]) < oo for all A € D.

This paper is inspired by the following result.

Theorem 1.1. Assume that X is a reqular projective variety over a field k. Let
D be the derived category of bounded coherent complexes on X. Then every con-
travariant cohomological functor of finite type on D is representable.

This theorem was first announced in [3], but the proof in loc. cit. works only for
functors which are homologically bounded with respect to the standard ¢-structure.
In the appendix to this paper we will give a short proof of a generalization of
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2 A. BONDAL AND M. VAN DEN BERGH

Theorem 1.1 which states that every contravariant cohomological functor of finite

type on the derived category of perfect complexes on a (possibly singular) projective

variety over a field is representable by a bounded complex of coherent sheaves.
Theorem 1.1 is a motivation for the following definition [3].

Definition 1.2. Assume that D is Ext-finite, i.e., >, dimHom(A, B[n]) < oo for
all A, B € D. Then D is (right) saturated if every contravariant cohomological
functor of finite type H: D — Vect(k) is representable.

Saturated triangulated categories are significant for non-commutative algebraic
geometry. It can be argued that any definition of a non-commutative proper scheme
should give rise to an associated saturated triangulated category which is the ana-
logue of the bounded derived category of coherent sheaves in the commutative case.
Some evidence for this point of view is given by [10].

One of the aims of this paper is to give an intrinsic criterion for D to be saturated.
The central observation is that D should be finitely generated in a suitable sense.
If E € D, then we say that E is a classical generator for D if D is the smallest
triangulated subcategory of D containing F which is closed under summands.

If we define (E),, to be the full subcategory of objects in D which can be obtained
from E by taking finite direct sums, summand, shifts and at most n — 1 cones, then

E is a classical generator if and only if (E) %ef U,.(E)n = D. We say that E is a
strong generator for D if for some n we have (E),, = D.
One of our main results is the following.

Theorem 1.3. Assume that D is Ext-finite and has a strong generator. Assume
in addition that D is Karoubian (i. e., every projector splits). Then D is saturated.

Let us give an idea of the proof of this theorem. If E is a classical generator, then
using a method similar to the one used for the Brown representability theorem, one
proves (see Lemma 2.4.1) that if D is Ext-finite and has a classical generator and
H: D — Vect(k) is a contravariant cohomological functor of finite type, then there
exists a directed system (4;);en € D such that H = lim Hom(—, A;). The final step
in the traditional proof of the Brown representability theorem consists in taking
the homotopy limit A of the directed system and proving that it represents H.

Unfortunately in our setting A is not defined, because the definition of the homo-
topy limit depends on an infinite summation. To handle this problem, we introduce
n-resolutions of H with respect to a subcategory £ in D (see Section 2.3). Such a
resolution is a directed system which gives a good approximation for H on the
subcategory £. At the price of increasing n, it continues to be a resolution with
respect to £ enlarged by cones and direct summands.

We prove several results related to existence of generators and (non)saturatedness
for some types of categories of geometric and noncommutative geometric origin.

We discuss the existence of generators and strong generators for schemes. In par-
ticular, we prove that every quasi-compact quasi-separated scheme has a classical
generator. In combination with a recent result of Keller [18] (see Theorem 3.1.7)
this shows that quasi-compact quasi-separated schemes are affine in the DG- or
A-sense. We also prove that on a smooth scheme every classical generator is a
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strong generator. It follows that the bounded derived category of coherent sheaves
on a smooth proper scheme is saturated.

We apply Theorem 1.3 to prove a result which generalizes Theorem 1.1 to the
non-commutative case. If R is a (non-commutative) graded left coherent ring,
then there is a natural category qgr(R) which is an analogue for the category of
coherent sheaves on the projective scheme associated to a commutative graded ring.
More precisely qgr(R) is the category of finitely presented graded left R-modules
modulo finite length modules. In Theorem 4.3.4, we show that under appropriate
homological conditions on R (which are analogous to those satisfied by smooth
projective varieties) the bounded derived category of qgr(R) is saturated. This
application represents our original motivation for studying this subject.

In contrast with the case of algebraic varieties, we prove that the bounded derived
category of coherent sheaves (or, equivalently, of complexes of sheaves with coherent
cohomology, see Corollary 5.2.2) on a smooth compact analytic surface with no
curves is not saturated. The proof uses perverse coherent sheaves and a result from

[30]-

Throughout the paper, if € is an abelian category then D°(£) and D(€) denote,
respectively, the bounded and unbounded derived category of £. If A is a ring or a
DG-algebra, then D(A) denotes its unbounded derived category.

2. GENERATORS AND RESOLUTIONS IN TRIANGULATED CATEGORIES

2.1. Generators. In this section, we temporarily drop the assumption that our
triangulated categories are k-linear. In this section and the next one, we define
various notions of generators for triangulated categories.

If D is a triangulated category, then a triangulated subcategory B of D is called
epaisse (thick) if it is closed under isomorphisms and direct summands. As was
shown by Rickard [28], this is equivalent to Verdier’s original definition.

If £ = (E;)ier is a set of objects, then we say that £ classically generates D if
the smallest epaisse triangulated subcategory of D containing £ (called the epaisse
envelope of £ in D) is equal to D itself. We say that D is finitely generated if it is
classically generated by one object.

By the right orthogonal £+ in D we denote the full subcategory of D whose
objects A have the property that Hom(FE;[n], A) = 0 for all i and all n. &+ is
an epaisse subcategory of D. We say that £ generates D if £+ = 0. Clearly, if £
classically generates D, then it generates D, but the converse is false.

Assume now that C is a triangulated category admitting arbitrary direct sums.
An object B in C is compact if Hom(B, —) commutes with direct sums. Let C¢ be
the full subcategory of C consisting of compact objects. We say that C is compactly
generated if C is generated by C°. The following is proved in [7].

Proposition 2.1.1. C° is Karoubian.

Proof (Sketch). Using the standard limit argument, one first proves that C is Ka-
roubian. Since a direct summand of a compact object is compact, this implies that
C¢ is Karoubian. O
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Then we have the following result by Ravenel and Neeman [24].

Theorem 2.1.2. Assume that C is compactly generated. Then a set of objects
E C C¢ classically generates C¢ if and only if it generates C.

2.2. Strong generators. In what follows, objects and subcategories will be con-
sidered in a fixed triangulated category D.

If £ is a subcategory (or simply a set of objects), then we denote by add(&) the
minimal strictly full subcategory in D which contains £ and is closed under taking
finite direct sums and shifts. We denote by smd(€) the minimal strictly full sub-
category which contains £ and is closed under taking (possible) direct summands.

Following [5], one introduces a multiplication on the set of strictly full sub-
categories. If A and B are two such subcategories, let A x B be the strictly full
subcategory whose objects X occur in a triangle A - X — B with A € A, B € B.
This multiplication is associative in view of the octahedron axiom. If A and B are
closed under direct sums and/or shifts, then so is A % B.

Lemma 2.2.1. If A and B are closed under finite direct sums, then:
(i) smd(A) * B C smd(A*B), Axsmd(B) C smd(A* B);
(ii) smd(smd(A) x B) = smd(Axsmd(B)) = smd(A * B).

Proof. (ii) obviously follows from (i). If X € smd(A) = B, then X fits in a triangle
Ay - X — B with B € Band Ao ® A1 = A for some A € A. If we add to
this triangle the triangle A; u, A; — 0, we get the triangle A — X & A; — B,
which shows that X € smd(Ax B). This proves the first inclusion in (i). The other
inclusion is similar. O

Lemma 2.2.2. The epaisse envelope of a strictly full triangulated subcategory A C
B consists of summands of objects in A.

Proof. By Lemma 2.2.1, we have
smd A *smd A C smd(A x.A) = smd A.

This proves the lemma. O

Now we define a new multiplication on the set of strictly full subcategories closed
under finite direct sums by the formula:

Ao B =smd(Ax* B).
This multiplication is associative in view of Lemma 2.2.1 and the associativity of %:
(AoB)oC = smd(smd(AxB)*C) = smd(A*BxC) = smd(Axsmd(B*C)) = Ao(BoC).
Moreover, the following formula holds:
Aj oAz 0.0 A, =smd( Ay x---x Ay). (2.1)
Denote
(€)1 = smd(add(€)),
(EVk=(E)k—10(E)1=smd((E)1 %+ - -x(E)1) =smd(add(E) x- - -xadd(£)) (k factors),
&) =@

k
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Thus (€) is the epaisse envelope of € in D. So & classically generates D in the sense
of Section 2.1 if and only if (£) = D.

Definition 2.2.3. We say that & strongly generates D if D = (E)y, for some k. We
say that D is strongly finitely generated if it is strongly generated by one object.

In other words & strongly generates D if we can get to any object in D from
objects in £ by a universally bounded number of cones.

Assume now that C is a triangulated category admitting arbitrary direct sums
and let £ be a set of objects in C. We denote by add(£) the minimal strictly full
subcategory in C which contains £ and is closed under taking arbitrary direct sums

and shifts. We define (£), in the same way as (£), but replacing add by add.
Analyzing the proof of Theorem 2.1.2 one obtains the following statement:

Proposition 2.2.4. Assume that £ consists of compact objects. Then (£), NC® =
(E)k-
Proof. The following is taken from Keller’s writeup of the proof of Theorem 2.1.2

(see [19, §5.3]). Let M € (), NC° Thus M is a summand of an object Z €
(), *add(€).
We now have a commutative diagram

M

i

Zh1 A VA

)

where the lower row is a triangle with Z,_; € (), ,, Z’' € add(€). Since M is
compact, the composition M — Z — Z’ factors through an object M’ in add(£).
From this we may construct a morphism of triangles

My, M M’

Z_1 Z A
Repeating this construction we obtain a commutative diagram
M, M, . My M
0 A ce Zr_1 Z.

By construction, the cone of each of the upper maps lies in add(€). Hence by the

octahedral axiom, the cone M” of the composition My — M lies in add(£) % - -+ x
add(€) (k times).
Now consider the resulting commutative diagram

M()#M

|

0——Z.
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The right vertical map is split and hence monic. It follows that « is zero and hence
M is a summand of M”. This finishes the proof. O

2.3. Resolutions. As above D is a triangulated category and £ is a subcategory
of D. If A € D, then we write hy for the representable functor Hom(—, A).

Below we say that a directed system of abelian groups (G;, d;);>0 is of order n
if the compositions of any n consecutive transition maps is zero (following [16], we
could also say that (G;); is a complex of order n).

If (F;); and (E;); are of order a and b, respectively, and (F;); — (Gi)i — (E;);
is exact, then (G;); is easily seen to be of order a + b.

Definition 2.3.1. Assume that H: D — Ab is a contravariant cohomological
functor. Then an n-resolution of H with respect to £ is a directed system of
objects (A;)i>o together with natural transformations (;: ha, — H, compatible
with the transition maps A; — Aj, such that for any £ € &, p € Z, ;(E[p]) is
surjective and ker({;(E[p])); is of order n. A resolution of H is a 1-resolution.

Lemma 2.3.2. If (A;); is an n-resolution of H with respect to &, then it is also
an n-resolution with respect to (£)1.

The following key lemma is perhaps less obvious.

Lemma 2.3.3. Assume that (A;); is an a-resolution of H with respect to £ C D
and a b-resolution with respect to F C D. Then (A;+p)i is an a + b-resolution with
respect to (€)1 ¢ (F)1.

Proof. We have (€)1 ¢ (F); = smd(smd add £ * smd add F) = smd(add € * add F).
In view of Lemma 2.3.2 we may without loss of generality replace add(£), add(F)
by &£, F and then again using Lemma 2.3.2, it suffices to show that we have an
a + b-resolution with respect to £ x F.

Let G € £€x F. Then G fits into a triangle ¥ — G — F with £ € £, F € F.
Define K(U); and C(U); as the directed systems given by the kernel and cokernel
of Hom(U, A;) — H(U). We now look at the following diagram:

0 0 0 0 0

K(Elp+1])i —— K(F[pl)i —— K(G[p])i —— K(Ep]))i — K(F[p—1]):

Hom(E[p+1],A;) — Hom(F[p],A;) — Hom(G|p], A;) — Hom(FE|[p], A;) — Hom(F[p—1],A4;)

H(E[p+1]) —— H(F[p]) —— H(Glp]) — H(E[p]) — H(F[p—1])

0 0 C(Glp))i 0 0
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If we think of the spectral sequence associated to the acyclic double complex formed
by the two middle rows, then we quickly obtain the following:

(1) C(G]p]); is a subquotient of K (F[p—1]);. It follows that the order of C(G[p]);
is less than or equal to b. Since the transition maps in C(G[p]); are obviously
surjective, it follows that C'(G[p]); = 0 for i > b.

(2) There is an exact sequence:

K(F[pl)i — K(G[p))i — K(Ep]):
whence K(G|[p]); has order a + b. O

This lemma yields our main result.

Proposition 2.3.4. Assume that (A;); is a resolution of H with respect to € C D.
Take a > 1. Then:

(1) (Aui); is a resolution of H with respect to (£),.
(2) H is a direct summand of the representable functor h,,, when restricted

to (E)q.

Proof. (1) From Lemma 2.3.3 we obtain by induction, that (A;y,—1); is an a-
resolution with respect to (£),. The first element of this a-resolution is A,. Hence
(Aqi)i is an honest resolution with respect to (£),.

(2) It Z € (€),, then for ha, (Z) we have an exact sequence:

0 — ker Co(Z) — ha, (Z) 2 H(Z) — 0.

The transition map ha,(Z) — ha,,(Z) kills ker (,(Z). Therefore we obtain a map
0(Z): H(Z) — ha,,(Z), which is natural in Z. It is easily seen that the composition
C2a(Z) 0 0(Z) is the identity on H(Z). Therefore H is a summand of hy,, when
restricted to (£),. O

2.4. Construction of resolutions. In this section, D is an Ext-finite k-linear
triangulated category.

Lemma 2.4.1. Let E € D and let H: D — Vect(k) be a contravariant cohomolog-
ical functor of finite type. Then H has a resolution with respect to E.

Proof. This is proved in the same way as the Brown representability theorem [19],
[25]. For completeness let us repeat the construction of the resolution.

We start by taking Ay = @,, E[n] ®, H(E[n]). This sum is finite since H is of
finite type. There is an obvious canonical map (1: ha, — H which is surjective
when evaluated on (E[n]),. Let G = ker(; and put By = @,, E[n] @ G(E[n]).
Then the composition hg, — G — hga, is by Yoneda’s lemma given by a map
1: By — A;. We now have a complex of functors

h
hp, — ha, <5 H —0 (2.2)

which is exact when evaluated on (E[n]),.

Let As be the cone of By b, A;. Since H is a cohomological functor, we have
an exact sequence
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which by Yoneda’s lemma translates into an exact sequence
Hom(ha,, H) — Hom(ha,, H) — Hom(hp,, H).

From (2.2) it follows that (; is mapped to zero in Hom(hp,, H). Whence (; lifts
to a map (a: ha, — H. The fact that the composition

h’Bl - hA1 - hA2

is zero combined with the exactness of (2.2) on (E[n]),, implies that ker ¢; (F[n]) is
killed in h4,(E[n]). Thus it is clear that if we repeat this construction, we obtain
a resolution (A;, ¢;); of H with respect to E. O

Lemma 2.4.2. Assume that D is Ext-finite. Let H: D — Vect(k) be a contravari-
ant cohomological functor of finite type and let E be an arbitrary object in D. Then
for all n there exists an object Qy, such that H restricted to (E), is a direct sum-
mand of the representable functor Hom(—, Q).

Proof. By Lemma 2.4.1, H has a resolution with respect to E. Then in the notation
of Proposition 2.3.4 we may take Q,, = Aa,. (|

Proof of Theorem 1.3. Let E € D be a strong generator and let H: D — Vect(k)
be a contravariant cohomological functor of finite type. Then D = (E),, for some
n and according to Lemma 2.4.2 H will be a direct summand of Hom(—, Q).
This direct summand corresponds to a projector in the endomorphism ring of the
functor Hom(—, @,). By Yoneda’s lemma, we obtain a corresponding projector in
End(Q,). By the assumption that D is Karoubian, this projector corresponds to a
summand of @,. It is easy to see that this summand represents H. O

2.5. A counter example. In this section, we show with a simple counter example
that Theorem 1.3 is false if we only assume the existence of a generator (and not
of a strong generator).

Let R = k[[z]], where k is a field and let € be the category of torsion R-modules.
Let S be the simple R-module. Then S is a generator for D = D(E). To see this,
note that & is hereditary and has enough injectives. So every object in D is the
direct sum of its cohomology objects (see Lemma 4.2.9 below for a more general
statement). Hence we have to show that the right orthogonal of S in £ is zero. Since
€ is closed under injective hulls in Mod(R), we have Extg (S, M) = Exti(S, M). If
ExtR(S, M) is zero, then M is both z-torsion and uniquely divisible by z. Hence
M =0.

It is easy to see that the compact objects in D are finite direct sums of shifts of
Sp = R/x™R. From this it is clear that S is not a strong generator (the number of
cones we need to reach S, depends on n) and neither is any other object in D¢.

D is also not saturated. Indeed if F is the injective hull of S, then Hom(—, E)
defines a functor of finite type which is not representable. This is a special case of
the following more general result proved in [30].

Lemma 2.5.1. Assume that £ is an Ext-finite abelian category of finite homolog-
ical dimension in which every object has finite length. Then D°(E) is saturated if
and only if € = mod(A), where A is a finite-dimensional algebra of finite global
dimension and mod(A) is the category of finite-dimensional A-modules.
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In particular, the category D considered above cannot be saturated, since then
it would have enough projectives, which is clearly not the case.

3. GENERATORS AND STRONG GENERATORS FOR SCHEMES.

In this section, we consider generators and strong generators for certain types of
schemes.

3.1. Statement of results. If X is a scheme, then by Qch(X) we will denote
the category of quasi-coherent O x-modules. If X is noetherian, then coh(X) is the
category of coherent Ox-modules. If X is a ringed space, then D(X) is the derived
category of Ox-modules, and if X is a scheme, then Dqen(X) will be the derived
category of Ox-modules with quasi-coherent cohomology. It is clear that D(X)
and Dqen(X) admit arbitrary direct sums.

Quasi-coherent sheaves are well-behaved on quasi-compact quasi-separated
schemes. Recall that a quasi-compact scheme is a scheme that has a finite cov-
ering by affine open subschemes and a quasi-separated scheme is a scheme such
that the intersection of any two affine open subschemes is quasi-compact. Actually
it is sufficient to check this last condition on the affine opens of an arbitrary finite
affine covering.

A noetherian scheme is quasi-compact and quasi-separated. If X is quasi-com-
pact and quasi-separated, then Qch(X) is a Grothendieck category [30].

Our aim is to describe the category of compact objects in Dqqn(X) for a quasi-
compact quasi-separated scheme. Recall that a complex on a scheme is said to be
perfect if it is locally quasi-isomorphic to a bounded complex of vector bundles. In
particular, a perfect complex is in Dqen(X) and if X is quasi-compact then it is in
D(gch (X) .

We will prove the following theorem.

Theorem 3.1.1. Assume that X is a quasi-compact quasi-separated scheme. Then
(1) The compact objects in Dqgen(X) are precisely the perfect complezes.
(2) Dqen(X) is generated by a single perfect complex.
Denote by Dpers(X) the category of perfect complexes on X.

Corollary 3.1.2. If X is quasi-compact and quasi-separated, then Dpe(X) is
finitely generated.

Proof. This follows from Theorem 3.1.1 and Theorem 2.1.2. O

We recall the following result for separated schemes.

Theorem 3.1.3 [1], [7], [20]. If X is quasi-compact and separated, then the canon-
ical functor D(Qch(X)) — Dqen(X) is an equivalence.

This result is false (even on bounded derived categories) if we only assume X to
be quasi-compact and quasi-separated. A counter example by Verdier is given in
[14, App. 1].

If X is smooth over a field (in particular, separated), then using Theorem 3.1.3
or directly it is easy to see that D?(coh(X)) 2 Dpert(X). For smooth schemes, we
will prove the following result:
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Theorem 3.1.4. Assume that X is smooth over a field (in particular, separated).
Then D®(coh(X)) is strongly finitely generated.

Presumably the last theorem is true under the weaker hypothesis that X is
noetherian and regular.

Corollary 3.1.5. Assume that X is smooth and proper over a field. Then the
category D®(coh(X)) is saturated.

Proof. This follows from Theorem 1.3 and Proposition 2.1.1. O

Remark 3.1.6. In characteristic zero one may give a different proof of Corollary 3.1.5
as follows. By Chow’s lemma and Hironaka’s theorem, there is a birational dom-
inant map f:Y — X such that Y is projective and smooth. Since X is smooth,
it has rational singularites and hence Rf,Oy = Ox. Then f* makes D’(coh(X))
into an admissible subcategory [J] in D®(coh(Y')). In this situation, saturatedness
of Y (which follows from Theorem 1.1) implies saturatedness of X.

It is not clear to the authors if this proof can be generalized to characteristic p.

Recently Bernhard Keller has proved the following result [18]

Theorem 3.1.7. Let £ be a Grothendieck category and assume that A = D(E) is
generated by a compact object E. Then A = D(A), where A is a DG-algebra whose
cohomology is given by Ext*(E, E).

Combining this theorem with Theorem 3.1.1, we find the following corollary to
our results

Corollary 3.1.8. Assume that X is a quasi-compact quasi-separated scheme. Then
Dqen(X) is equivalent to D(A) for a suitable DG-algebra A with bounded cohomol-

0gy.

Proof. The fact that A has bounded cohomology follows from Lemma 3.3.8 below.
O

Informally we may say that quasi-compact quasi-separated schemes are affine in
a “derived sense”.

3.2. Extension of compact objects. First recall the following.

Theorem 3.2.1 [24, Thm. 2.1]. Let D be compactly generated triangulated category
admitting arbitrary direct sums and let K be a triangulated subcategory which is
closed under direct sums and which is in addition generated by objects which are

compact in D. Put C =D/K. Then

(1) C admits arbitrary direct sums;

(2) C is compactly generated;

(3) D¢ maps to C° under the quotient functor;

(4) the induced functor D¢/K¢ — C€ is fully faithful;
(5)

3
4
5) C¢ is the epaisse envelope of D¢/KE.
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Assume that we are in the situation of the previous theorem, put B = C¢, and let
A be the closure under isomorphisms of D¢/K¢ inside D/K. Then B is the epaisse
envelope of A. In this situation, there is a simple criterion to decide if an object in
B lies in A. This is contained in the following proposition.

Proposition 3.2.2. Let A be a strictly full triangulated subcategory in a triangu-
lated category B such that the epaisse envelope of A is B. Then an object X in B
is in A iff its representative [X| € Ko(B) belongs to the image of Ko(A).

We will give the proof below. In the situation of Theorem 3.2.1 this was proved
in [24]. In the case of schemes it is [36, Prop. 5.5.4].
We immediately obtain the following corollary.

Corollary 3.2.3. In the situation of Proposition 3.2.2, if X € B, then X®X[1] € A.

The rest of Section 3.2 is devoted to proving Proposition 3.2.2.

For an abelian monoid M with an operation @, denote by F'(M) the free abelian
group generated by elements of M and by G(M) the quotient of F(M) by the
subgroup E(M) generated by elements [X & Y] — [X] — [Y] taken for all pairs of
elements X, Y € M.

For an additive category A, denote by G (.A) the abelian monoid with elements
the isomorphy classes of objects in A and with operation @. We also use the
notation F(A), G(A), E(A) for the corresponding groups F(G1(A)), G(G+(A)),
(G- (A)).

The following lemma is classical and easy to prove.

Lemma 3.2.4. For two objects X and Y in an additive category A, [X] =[Y] in
G(A) iff there exists Z € A such that X @ Z =Y & Z.

If A is a strictly full additive subcategory in B, then the natural morphism
F(A) — F(B) is obviously an embedding, which takes F(A) to E(B). Thus, we
may regard F(A), E(A) as subgroups of F(B), E(B).

Lemma 3.2.5. Let A be a strictly full additive subcategory in an additive category
B such that any object in B is a direct summand of an object in A. Then E(B) N
F(A)=E(A).

Proof. Any element in G(.A) can be presented in the form [X]—[Y] with X, Y € A.
Hence any element in F'(A) has the form [X]—[Y]+v with X, Y € Aand v € E(A).
Suppose this element is in E(B). Since E(A) C E(B), then [X]—[Y] € E(B). Then
by Lemma 3.2.4, there exists Z € B such that X ® Z 2 Y & Z. By the assumption,
we can find Z’ such that Z @ Z' isin A. Then X @ (ZaZ)Y2Yad(ZaZ'). Tt
follows that [X] — [Y] € E(A). O

The Grothendieck group Ky(A) of a triangulated category A is the free abelian
group generated by the isomorphy classes of objects modulo the relations [Y] =
[X] + [Z] taken for all exact triangles X — Y — Z — -.-. Denote by I(A) the
kernel of the natural homomorphism G(A) — Ky(A).

Proposition 3.2.6. Let A be a strictly full triangulated subcategory in a triangu-
lated category B. Suppose that the epaisse envelope of A coincides with B. Then:
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(i) The induced homomorphism G(A) — G(B) is monic.
(ii) The induced homomorphism I(A) — I(B) is an isomorphism.
(iii) The induced homomorphism Ko(A) — Ko(B) is monic.

Proof. 1t is clear that A satisfies the conditions of the last lemma. A lifting to
F(A) of an element z from the kernel of G(A) — G(B) belongs to E(B). Hence by
the last lemma it is in E(A). Then z is zero, and (i) is checked.

It follows from (i) that I(A) — I(B) is monic. Let us show it is epic. The
group I(B) is the subgroup in G(B) generated by elements [Y] — [X] — [Z], where
X — Y — Z is a triangle in B. Find elements X’ and Z’ in B such that X' & X
and Z & Z’ are in A. Add the trivial triangles X’ — X’ - 0and 0 — Z' — Z’ to
the primary triangle. Then we get the triangle:

XeX—-XeoYozZ -ZZ.

As the two extreme elements of the triangle are in A then so is the middle one.
Hence (X' @Y @ Z'| - [X' @ X]— [Z® Z'] is an element in I(A). Its image in I(B)
coincides with [Y] — [X] — [Z] modulo relations in G(B). This proves (ii).

An element from the kernel of Ky(A) — Ky(B), once lifted to G(A) C G(B), is
in I(B). Hence by (ii) it is in I(A). Then (iii) follows. O

Proof of Proposition 3.2.2. In view of Proposition 3.2.6 we may regard G(A) and
Ky (A) as subgroups of G(B) and Ky(B), respectively. From the snake lemma and
Proposition 3.2.6(ii) it follows that G(B)/G(A) = Ko(B)/Ko(A). Hence the image
in Ko(B) of an element z in G(B) is in Ky(A) iff z € G(A).
Let us prove the following criterion for an object X € B to yield an element in
G(A):
[X] € G(A) <= X ® A; = Ao, (3.1)

for some A, As in A.

Indeed, if [X] € G(A) then [X] = [Y] — [Z] for some Y, Z € A. Therefore,
[X @ Z] = [Y]. By Lemma 3.2.4, there exists W € B, such that X @ Z ¢ W =
Y @ W. By hypotheses, we can find V' € B, such that U = W &V € A. Then
X@(ZaeU)=Y &U. This proves (3.1).

But the right-hand side of (3.1) yields a (split) exact triangle of the form A; —
Ay — X, ie, X e A O

3.3. Compact generators for derived categories of quasi-coherent sheaves.
Recall that an object in the homotopy category of complexes is K-injective if it is
right orthogonal to the acyclic complexes. Spaltenstein [34] has proved that every
complex of Ox-modules on a ringed space X has a K-injective resolution. Right
derived functors are computed by evaluating the original functor on a K-injective
resolution.

Most of the arguments below are based on Mayer—Vietoris type triangles. Let
us indicate how these are constructed. Assume X = U; UUs with Uy, Us open and
put Uis = Uy NUs. Let j1, jo and ji2 be the inclusions of Uy, U; and Uys into X.
By looking at stalks, we see that we have a short exact sequence in Mod(Ox):

0 — 71210y, — j110u, & j2:Oy, — Ox — 0.
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If A€ D(X), then we obtain a triangle
RHom(Ox,A) — RHom(j11Oy,, A) ®RHom(j2Ov,, A) = RHom(j12:0y,,, A) —

For the definition of RHom, see [34, Prop. 6.1]

If A" is a K-injective complex on X and j: U — X is an open embedding, then
j*A" is K-injective on U. This follows from the existence of the exact left adjoint
1. From this we easily obtain RHom(j1Oy, A) = Rj.(j*A). Hence we obtain a
triangle

A — Rj1.(j1(A)) @ Rjax (52 (A)) = Rj12.(j12(A)) — (3.2)
From this triangle we may derive other Mayer—Vietoris type triangles by applying

suitable functors. If f is a map X — Y and the restrictions of f to Uy, Us, Uyo are
denoted by f1, fo, fi2, respectively, then applying Rf, we obtain a triangle

RfA = RfL(E(A) ® R (3(A) = Rfina(G(A) = (33)
Let E be another object in D(X). Applying RHom(E, —) to (3.2) we find a triangle

RHom(E, A) — RHom(ji E, ji A) & RHom(j5 E, j; A) — RHom(ji, E, jipA)) —

(3.4)
The Mayer—Vietoris triangles may be used in connection with the following princi-
ple:

Proposition 3.3.1 (Reduction principle). Let P be a property satisfied by some
schemes. Assume in addition the following.

(1) P is true for affine schemes.
(2) If P holds for Uy, Us, U1 as above, then it holds for X.

Then P holds for all quasi-compact quasi-separated schemes.

Proof. (See the proof of [21, Lemma 3.9.2.4]) Let us first assume that X is quasi-
compact and separated. Let X = X; U---U X,, be an affine cover of X. We use
induction on n. The case n = 1 is (1). Assume n > 1. Since X is separated,
X;NX, is affine. Put U; = X1 U---UX,,_1, Uy = X,,. U; and U;5 have a covering
by n — 1 affine schemes and hence by induction P holds for Uy, Uys and Us. By (2)
then P holds for U as well.

In the general case we use a similar reasoning with “affine” replaced by “sepa-
rated”. Let X be quasi-compact and quasi-separated. Since X has a finite affine
cover, it has a finite cover by quasi-compact separated schemes X1, ..., X,,. As
above put Uy = X; U---UX,,_1, Uy = X,,. Being open subsets of X, Uy, Us, Ujo
are quasi-separated, and by looking at affine covers of the X;, we easily see that
these subsets are also quasi-compact. Furthermore, since X; N X,, is a subscheme
of a separated scheme, it is itself separated. Hence U; and Uy have coverings by
n — 1 quasi-compact separated schemes. By induction, we may assume now n = 1,
in other words, X is separated. O

Remark 3.3.2. It is easy to see that the class of quasi-compact quasi-separated
schemes is the biggest class of schemes to which the reduction principle is applicable
(for all properties P).
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A map f: X — Y between schemes is said to be quasi-compact, respectively,
quasi-separated if for every affine open U C Y the inverse image of U is quasi-
compact, respectively, quasi-separated. Quasi-compact and quasi-separated mor-
phisms are stable under composition and pullback.

Theorem 3.3.3 [21, Prop. 3.9.2]. If f: X — Y is quasi-compact and quasi-
separated, then
(1) Rf. maps Dqen(X) into Dgen(Y).
(2) If Y is quasi-compact, then the image of Dqen(X)<? lies in Dqen(Y)SN
for some N.

Proof. Since this statement is crucial for what follows, we sketch the proof. We
may clearly assume that Y is affine. Then by the Mayer—Vietoris triangle (3.3) and
the reduction principle, we may assume that X is also affine.

We first prove that the image of Dqen(X)=0 lies in D(Y)<" (this is part of (2)).
Let A € Dqen(X)<%. According to [34, Prop. 3.13] A has a so-called “special”
K-injective resolution I. By construction, I is the inverse limit lim I, of left bounded

injective resolutions of 7>_, A such that I,, — I,,_; is split epinin every degree.
Now f.I is the “sheaffication” of U ~ T'(f~1(U), I), where U runs through

the affine opens of Y. Note that f~!(U) is also affine. Hence it is sufficient to

show for all V' C X affine open that I'(V, I) = ImI'(V; I,,) is acyclic in degrees

greater than 0. This is clearly true for I'(V, I,,). Furthermore, the map I'(V, I,,) —
[(V, I,—1) is surjective, and a quasi-isomorphism in degree greater than or equal
to —n+1. We can now conclude by [34, Lemma 0.11] which guarantees under these
conditions that H*(lim '(V; I,,)) = lim H*(T(V, I,,)) for all i.

Now we prove (1). Together with the previous discussion this also completes
the proof of (2). Since we have an affine map, it is clear that Rf. maps Qch(X)
to Qch(Y'). Hence to conclude it is sufficient to prove that for A € Dgen(X) we
have H (Rf.(A)) = f.(H'(A)). If A € DQCh( ), then this is clear by devissage.
The case of arbitrary A is handled by writing it as an extension 7« _yA — A —
T>_nA — for N > 0. O

Corollary 3.3.4. Assume that f: X — Y is quasi-compact and quasi-separated.
Then Rf,. commutes with arbitrary direct sums on Dqen(X).

Proof. This question is local on Y, so we may assume that Y is affine. Since a
direct sums of injective resolutions is a complex of flabby sheaves, which are acyclic
for f,, and since in addition f,. commutes with direct sums, it is clear that Rf,
commutes with arbitrary direct sums in D(X)Z~" for all N.

Let (A;)ier be a family of objects in Dqen(X). According to Theorem 3.3.3(2)
for N large compared to j, we have the following sequence of equalities:

Hi (Rf* (@ Az-)) —HI (Rf* <T>N (@ Ai> )) —HI (Rf* (@(T>NA-)>)

—@HJ Rf.(t>_nA)) @Hﬂ Rf.A;
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Thus we obtain that the canonical map @, HY(Rf.A;) — H/(Rf.(D, 4i)) is a
quasi-isomorphism. O

The following analogue of Serre’s theorem is a special case of Theorem 3.1.3.

Corollary 3.3.5. [1], [7], [20] Assume that X = Spec R is affine. Then the obvious
functor D(R) = D(Qch(X)) — Dqen(X) has a quasi-inverse given by RT'(X, —).

Proof. It is easy to see that this amounts to showing that if A € Dqen(X) then
HY(RT(X, A)) = T'(X, H(A)). For X left bounded this is clear and we may reduce
the general case to this using (the analogue for RI' of) Theorem 3.3.3(2) (in the
same way as in the previous corollary). O

Recall the following result [7].

Lemma 3.3.6. If R is a ring, then the compact objects in D(R) are precisely the
perfect complexes (bounded complexes of finitely generated projective modules).

Lemma 3.3.7. If X is quasi-compact quasi-separated and E € Dqen(X) is perfect,
then E is compact in Dqen(X).

Proof. In the notation of (3.4), it follows from the five-lemma that if j; F, j3 F and
J1oF are compact, then so is £. By the reduction principle, it is then sufficient to
consider the affine case but this follows from Lemma 3.3.6 and Corollary 3.3.5. O

The following lemma was needed for Corollary 3.1.8.

Lemma 3.3.8. If X is quasi-compact and quasi-separated, E € Dyer(X) and
Fe Dgch(X), then RHom(E, F) is bounded.

Proof. This follows from (3.4) and the reduction principle. O

Proof of Theorem 3.1.1. Our proof that Dqen(X) is generated by a single perfect
complex is a modification of the proof of [25, Prop. 2.5]. We proceed by induction
on the number of elements in an affine covering of X. The case in which X itself is
affine is obvious by Corollary 3.3.5: the generating object is Ox. To perform the
induction step, we consider the situation in which X has an open covering U UY
with ¥ quasi-compact and Dqen(Y) having a perfect generator E and U = Spec R
being affine. Put S = U NY and let the inclusion maps be as in the following
diagram
S—=U

o, b

Let V=X\Y =U\S. Then V is a closed subset of U and X. Since S is quasi-
compact and U is affine, it follows that V is defined by a finite number of elements
fi, ..., fn € R. Let Q be the object in Dqen(U) associated to the complex of free

R-modules ), (R ELR R). According to [7], @ is a compact generator for the kernel
of the restriction map o*: Dqen(U) — Dgen(S).

Since the homology of @ has support in V, it follows that Rv,.Q | Y = 0.
Furthermore, we have Rv,.Q | U = @ (this holds for any @ and any open immersion
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U C X). It follows that Rv.Q is perfect. Furthermore, from the Mayer—Vietoris
triangle (3.4) (with Uy =Y, Uy = U, E = Rv.Q, and A = Z) we obtain

Hom(R7.Q, Z) = Hom(Q, Z | U) (3.5)

for any Z € Dqen(X).

Since Dqen(U) is compactly generated and ker a*: Dqen(U) — Dqen(S) is gen-
erated by a compact object in Dqen(U), it follows from Theorem 3.2.1 and Corol-
lary 3.2.3 that there exists F' € Dqen(U)¢ such that F | S = E’ | S with
E' = E & E[1]. By Corollary 3.3.5, F is a perfect complex. The perfect com-
plexes F' on U and E’ on Y can be glued, yielding a perfect complex on X in the
following way. Define P € Dgen(X) by the exact triangle

P — Rv,F ® R6E — R6B,(E' | S) —

(the middle arrow is the direct sum of the two obvious morphisms). One can easily
check that 0*P = E’, v*P = F by applying §* and v* to this triangle. Thus P is
perfect.

We claim that C' = P & Rv.Q is a compact generator for Dgen(X).

Assume that Z is right orthogonal to R7v,.Q. Using (3.5), we find that Z | U
is right orthogonal to Q. It follows that Z | U — Ra.(Z | S) is an isomorphism
(cf. [7]) and hence Rv.(Z | U) = R(683)«(Z | S). We then obtain from the Mayer—
Vietoris triangle (3.2) that the map

Z — R6,(Z|Y) (3.6)

is an isomorphism.

Assume now in addition that Z is right orthogonal to P. Then by the iso-
morphism (3.6) and adjointness, we obtain that Z | Y is right orthogonal to
P|Y = E®E[l]. Hence Z | Y = 0. Again using the isomorphism (3.6), we
obtain Z = 0. This finishes the proof of the fact that Dqen(X) is generated by a
single perfect complex.

Now we will prove that all compact objects are perfect. By Lemma 3.3.7 and
Theorem 2.1.2, it follows that every compact object is a direct summand of a
perfect complex. But by looking at an affine cover and invoking Corollary 3.3.5 and
Lemma 3.3.6, we see that a direct summand of a perfect complex is perfect. O

3.4. Strong generators for smooth schemes. In this section, we prove Theo-
rem 3.1.4. The proof uses an extension of Beilinson’s “resolution of the diagonal”
argument. The idea for this approach is due to Maxim Kontsevich.

Lemma 3.4.1. Let f1: X — W, fo: Y — W be quasi-compact maps of quasi-
compact quasi-separated schemes. Assume that E, F are compact generators for
Dqen(X) and Dgen(Y). Then ERy F is a compact generator for Doen(X xw Y).

Proof. The fact that F Xy F is compact follows from Theorem 3.1.1. So we only
need to show that E Xy, F is a generator. Assume that Z is right orthogonal to
EXw F. Let pr; 5 be the projections of X Xy Y on the first and the second factor.
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Since

Homx v (F Ry F, Z[m + n])
= Homxx,, v (Lpri E, RHomx xy (Lprs F, Z[m])[n]),

we deduce that Rpry, RHomxx,, v (Lprs F, Z[m]) = 0 for m arbitrary.
Now let U, V and T be open affines in X, Y and W such that f;(U) C T,
fo(V) CT. We find

0=T(U, Rpry, RHomxx,,v(Lprs F, Zm + n]))
= Homy (F, Rpry,(Z[m] | U xw Y)[n]).

From which we deduce Rpry, (Z[m] | U xw Y) = 0. Restricting to V yields
F(U Xw V, Z[m]) = F(U X7V, Z[m]) = 0.

Since U, V, T, m are arbitrary, and since X Xz Y is covered by the affine open
sets U xp V, this implies Z = 0 by Corollary 3.3.5. O

Proof of Theorem 3.1.4. Assume that X is smooth over the field k and let E be
a compact generator for Dqcy(X). Then X x X is smooth as well and if A C
X x X is the diagonal then Oa is compact by Theorem 3.1.1. Hence according
to Theorem 2.1.2 and the above lemma, O € (F X E)j for certain k € N. Let

L
Z € Dgn(X). Then Z = Rpry,(prs Z ® Oa) and hence Z € (Rpry, (pr3 Z @

EXE)), = (E® RT(FE é Z))k. Since RT'(E é Z) is a complex of vector spaces,
we find that Z € (E), and hence by Proposition 2.2.4, Dge(X)¢ = (E)j. Since
for smooth varieties we have Dqen(X)¢ = DP(coh(X)), this finishes the proof of
Theorem 3.1.4. (]

4. DERIVED CATEGORIES FOR GRADED RINGS

In this section, we will associate to a graded ring R a category QGr(R) which is a
non-commutative analogue of the category of quasi-coherent sheaves on a projective
variety [2], [38]. We will prove that under appropriate homological conditions on R
the category of compact objects D(QGr(R))¢ in the derived category of QGr(R) is
strongly finitely generated and hence saturated.

If R is coherent, then we may also introduce a category qgr(R) which is analogous
to the category of coherent sheaves on a projective variety. Under the homological
conditions alluded to above, we have D(QGr(R))¢ = D®(qgr(R)). Thus in this way
we obtain a complete non-commutative analogue to Theorem 1.1.

4.1. Generalities. In this section, we develop some rudiments of projective ge-
ometry for graded rings. We begin with some of the standard material on functors
related to the category of graded R-modules. Since we do not assume initially that
R is noetherian or coherent, we state some of the basic facts and give their proofs.

Below R=k® R ®Ro®- - is a graded ring over a field k£ with graded maximal
ideal m = @, Rn. Following [37] we assume throughout that dim Ext}(k, k) <
oo for all ¢ > 0 (Ext’s are taken in the graded category). In particular, R is finitely
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presented and hence dim R,, < oo for all n. Note that this condition on R is
left-right symmetric.

Gr(R) denotes the category of graded left R-modules. For n € Z, Gr(R) comes
equipped with a shift functor M +— M (n), where M(n) is defined by M(n); =
Mn+j- ) '

We will write Ext, gy (M, N) for the Ext-groups in Gr(R) and Exty (M, N) for
the graded Ext-groups €, ExtiGr(R)(M, N(n)). Thus

Extg, gy (M, N) = Extyp(M, N)j.

We say that M € Gr(R) is torsion if it is locally finite-dimensional, or equiv-
alently if for all @ € M there exists n such that m™a = 0. Let Tors(R) denote
the corresponding full subcategory of Gr(R). Since R is finitely generated, Tors(R)
is a localizing subcategory of Gr(R). Furthermore, finitely generated objects in
Tors(R) are finite-dimensional. Let QGr(R) = Gr(R)/ Tors(R). We define 7 as
the functor which assigns to a graded R module its maximal torsion module. By
m: Gr(R) — QGr(R) we denote the quotient functor. By standard localization
theory, 7 is exact and commutes with colimits. We denote the (fully faithful) right
adjoint to m by w and we denote the composition wm by Q. Since 7w is the identity,
it follows Q% = Q.

The shift functors M — M (n) define shift functors on QGr(R) for which we will
use the same notation. Finally we will write O = wR. Note that by adjointness it
follows that

(R'wM)o = Extqar) (O, M) (4.1)

for M € QGr(R).
Lemma 4.1.1. For any directed system (N;);cr and for any n, we have

Extiy(R/ Rz, lim N;) = lim Exty (R/ Rz, N).

Proof. The fact that dim Ext’(k, k) < oo implies that R/R>,, has a graded reso-
lution consisting of finitely generated free modules. From this fact the lemma is
clear. (]

Lemma 4.1.2. Rt commutes with filtered colimits (and hence with direct sums)
for all i.

Proof. This follows from the description [35]
R'7 =lim ExtR(R/R>p, —) (4.2)

n

together with Lemma 4.1.1. O
Lemma 4.1.3. Assume that T is torsion. Then
RTT =0 fori>0.

Proof. By Lemma 4.1.2, it suffices to prove this in the case that T is finite-dimen-
sional. But then it is clear from (4.2) if we look at the degrees of the generators of
the modules occuring in a minimal free resolution of R/R>,,. O
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Lemma 4.1.4. Q is given by
QM = lim Hompg(R>,, M).

n

Proof. Standard localization theory [35] tells us
QM = lim Homp(Rs, M/TM).

So we need to show that li_rr)lExt}c(RZn, T7M) = 0 for i < 1. The vanishing of
lim Homp(R>,, 7M) is obvious and since Exth(Rsn, TM) = Ext%(R/R>y,, TM)

the other vanishing follows from Lemma 4.1.3 and (4.2). O

Lemma 4.1.5. For M € Gr(R), there is a long exact sequence
0—7M — M — QM — R'TM — 0

and isomorphisms RIQM = R™'TM for i > 1. In particular, R'Q vanishes on
Tors(R) for all i and commutes with filtered colimits.

Proof. These assertions follow from the long exact sequence obtained by applying
lim Hompg(—, M) to the system of exact sequences 0 — R<,, = R — R/R>, — 0

and then invoking Lemma 4.1.4 and (4.2). O

Lemma 4.1.6. One has R'Q = R'wo .
Proof. One has to show that if E € Gr(R) is injective then wE is acyclic for w. Let
0O—-nE —Fy—F —F —---

be an injective resolution of wFE. Since mw is the identity, applying w to this
sequence, we see that

0— QF - wFy —» wF; - wkFy — - (4.3)

is a complex with homology in Tors(R). Since E — QF has torsion kernel and
cokernel, applying R‘Q to this morphism, we find (using the vanishing of R'Q on
torsion objects by Lemma 4.1.5 and the injectivity of E)

p . QFE ifi=0,
R'Q(QE) = R'QE = .
0 otherwise.
Similarly, R7Q(wF;) = 0 for j > 0, given the fact that wF; is injective by adjoint-
ness.
Then the spectral sequence for hyper cohomology yields that (4.3) becomes exact
if we apply Q. Since Q’E = QFE and QwF; = wF;, it follows that the original
sequence was already exact. O

Lemma 4.1.7. R'w commutes with filtered colimits.
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Proof. Let (Mj); be a directed system in QGr(R). Then we have

—

J J J J

= hL_nRiQ(wMj) = lim(Riw omow)(M;) = lim Riw(M;). O
J J J

Riw(h_;)n M;) = R"w(h_g; TwM;) = (R'wo ) (lim wM;) = R'Q(limwM;)
— —

In the sequel we will make the following assumption on 7:
Hypothesis. 7 has finite cohomological dimension, i.e., R"7 = 0 for n > 0.

This hypothesis implies that w and @ also have finite cohomological dimension
by Lemmas 4.1.5, 4.1.6. Finite cohomological dimension implies that, using the
methods in [13], we may compute the unbounded (!) derived functors Rr, Rw, RQ
by means of resolutions by objects, acyclic for these functors. This easily yields the
following properties.

Properties. (1) R, Rw, Ext’ (O, —), RQ, Rt = 7 commute with direct sums.
(2) Rw is the right adjoint to 7 and 7 o Rw = id.
(3) Rt is the right adjoint to the inclusion functor Dryeg(g) (Gr(R)) — D(Gr(R)).
(4) RT o Rw = 0.
(5) RQ = Rwom.
(6) For M € D(Gr(R)), there is a triangle:
RTM — M — RQM — (4.4)

4.2. Saturatedness. In this section, we will show that under suitable hypotheses
the category D(QGr(R))° is Ext-finite and saturated.

We recycle the notations and assumptions of the previous section. If M is a
finitely generated graded R-module, we say that R satisfies x (M) if dim Extlé(k, M)
is finite for all 4.

Remark 4.2.1. This definition is equivalent with the one given in [2]. First note
that from our standing hypotheses Ext's(k, k) < oo for all 4, it easily follows that
Ext}:i(k‘, M) has left bounded grading and is finite-dimensional in every degree.
So dim Ext’(k, M) < oo is equivalent to dim Ext%s(k, M) being right bounded.
The latter condition is denoted by x°(M) in [2], and the actual definition of x (M)
in [2] is more complicated. However it is easy to see that for the type of rings
we consider (Ry = k, dim R; < oo for all i), the definitions of x°(M) and x(M)
in [2] are equivalent (Artin and Zhang specifically state that their more complicated
definition is for non-“locally finite” algebras).

The significance of the y-condition is the following
Lemma 4.2.2 [2, Cor. 3.6(3)]. Assume that M is finitely generated. The following

are equivalent.

(1) R satisfies x(M).
(2) For all i, R'TM is finite-dimensional in every degree and in addition has
right bounded grading.
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Proof. Since this result was stated in [2] under the hypothesis that R is noetherian,
let us explain why it remains true in the current setting. That (1) implies (2)
is trivial so let us assume (2) and prove (1). As explained in Remark 4.2.1 it is
sufficient to show that Ext’s(k, R) has right bounded grading for all 4,

The hypothesis Ext%(k, k) < oo for all 4 implies that all syzygies of k are finitely
generated. Let us write €, = 0 for n < 0, Q¢ = k and for n > 0 and let 2, be the
n-th syzygie of k. Then we have short exact sequences

0—-Q, = F—Q,_1—0, (4.5)
where F'is a finitely generated free module. We claim that lim Extl(Qn/Qp >0, M)

has right bounded grading for all ¢, n. Then, putting n = 0 yields what we want.
Our claim is clearly correct for ¢ < 0 so we use induction on i. The ex-
act sequence (4.5) and the hypothesis on rightboundedness of R7*M yields that
liL)nEthR(Qn/Qn,Zu, M) has rightbounded grading, if and only if it is the case for
@Extgl(ﬁn,l/Qn,LZu, M). This finishes the proof. O
Lemma 4.2.3. (i) D(QGr(R)) is generated by {O(n)}nez.
(ii) One has D(QGr(R))¢ = (O(n)nez)-

Proof. Assume that M € D(QGr(R)) is right orthogonal to {O(n)}nez. Using
adjointness, this implies that RwM is right orthogonal to R(n). Hence RwM = 0,
but then 0 = 7o RwM = M.

By property (1) above, O(n) is compact. Hence (ii) follows from (i) together
with Theorem 2.1.2. ]

Corollary 4.2.4. Assume that R satisfies x(R). Then D(QGr(R))¢ is Ext-finite.

Proof. By Lemma 4.2.3, D(QGr(R))¢ is classically generated by {O(n)}nez. Hence
it suffices to prove that ). dim Ext'(O(m), O(n)) is finite. Now we have

Ext(O(m), O(n)) = Ext' (O, O(n —m)) = (R'wO)p_m = (R'QR)p_m

by (4.1) and property (5). The corollary now follows from Lemma 4.2.2 and the
triangle (4.4). O

We will now show that it is possible to do better than Lemma 4.2.3. In the rest
of this section o<, 0>, 7< and 7> denote, respectively, the “stupid” and “canonical”
truncations of complexes.

Lemma 4.2.5. Let d be the cohomological dimension of w. Then there exists a
number | < 0 such that O(n) € (O(k)i<k<o)a+1 for all n > 0 (see Section 2.2 for
notation).

Proof. Let (F,)i>0 be a minimal free resolution of (R/R>y)(n) (where as usual Fj,
is placed in complex degree —i). Clearly Fy, = R(n) and the other Fj, are direct
sums of R(v)’s with v < 0. Put Z; = ker(F;, — F;_1,). Then o<_10>_q_1(7F.;,)
represents an element of Ext®™ (O(n), 7Z4,1) which is zero by (4.1). Thus O(n)
is a direct summand of o<_10>_g_1(7F.;,). This shows that O(n) € (O(k)k<0)d+1-
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To obtain the stronger conclusion of the proposition, we have to bound above
the u such that R(—u) occurs in 0<_10>_g_1F.,,. That is we have to bound u such
that k(u) occurs in Exts((R/R>n)(n), k) for i < d+ 1. Since (R/R>y)(n) is an
extension of k(t), 0 < t < n, we have to bound the k(u) occuring in Ext%(k(t), k)
for i <d+1and t > 0. Since Exth(k(t), k) = Exth(k, k)(—t), such a bound is
given by the maximal v such that k(v) occurs in Ext’(k, k) for i <d + 1. O

Now we discuss the case when QGr(R) has finite homological dimension. Recall
that if C is an abelian category, then the homological dimension of C is the maximal
i such that there exist M, N € C with the property that Ext;(M, N) # 0.

Lemma 4.2.6. Assume that QGr(R) has finite homological dimension. Then the
functor T has finite cohomological dimension.

Proof. This follows from combining Lemmas 4.1.5, 4.1.6 with (4.1). O

Lemma 4.2.7. Assume that QGr(R) has homological dimension h < co. Then for
every M € QGr(R) one has M € (O(k)k) ;-

Proof. This is proved by observing that if M = 7N then a sufficiently long free
resolution of N splits in QGr(R). The same argument was used in the proof of
Lemma 4.2.5. (]

Lemma 4.2.8. Assume that QGr(R) has homological dimension h. Then one has
D(QGr(R)) = (O(k)x)ap-

Proof. Let U € D(QGr(R)). It is easy to see that we can construct maps «;: Q; —
U with the following properties:

(1) Q; is a complex consisting of (possibly infinite) direct sums of O(k)’s which
starts in degree ¢h + 1 and ends in degree (i + 1)h — 1.
(2) H*(«;) is an isomorphism in homology in degrees ih + 2 up to (i + 1)h — 1
and surjective in degree ih + 1.
Now put Q = @, Qi, a« = P, a;: @ — U and let V be the cone of . We find
that HP(V) = 0 except when h | p. Invoking Lemma 4.2.9 below we find that
V =&, H"(V). By Lemma 4.2.7, each of the H*(V') can be produced by using
at most h cones. So the total number of cones we need is:

h—2(to produce Q)+ h(to produce V) +1(to produce U from @, V) =2h—1. O

The following lemma was used in the proof.

Lemma 4.2.9. Assume that C is an abelian category which satisfies AB4 (exact
direct sums) and has enough injectives. Assume that the homological dimension of
Cish < oo andlet V € D(C) be a complex satisfying HP (V) = 0 unless h | p. Then

V=@, V).

Proof. Write H(V) = @ H*"(V)[—ih] (this sum exist since we have AB4 [7]). We
want to construct a quasi-isomorphism H (V) — V. To this end it is sufficient to
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construct maps H*"(V)[—ih] — V which induce isomorphisms on the ih-th coho-
mology. Since 7<;, X — X induces an isomorphism on H th it is clearly sufficient
to show that the canonical map 7<;,V — H®(V)[—ih] splits. From the triangle

T<(imvnV — T<inV — H*(V)[=ih] —
we find that we have to show that
Hom(H™(V)[ih], T<i-1)nV[1]) = 0. (4.6)

Now according to [13, Thm 5.1, Cor. 5.3], if C has enough injectives and the
functor Hom(H*(V'), —) has finite cohomological dimension then we can compute
Hom(H®(V), —) (which is equal to H°(RHom(H*(V'), —))) by acyclic resolutions.
It follows easily that an object in D(C)<~% can be represented by an acyclic complex
which is non-zero only in degree greater than or equal to —N + h. This clearly
implies (4.6). O

Some of the statements below will refer to the ring R°PP. As a rule we will
decorate the corresponding notations with a superscript “opp”.

Lemma 4.2.10. Assume that QGr(R) has homological dimension h < oo and that
R satisfies x(R°PP). Then for n >0, O(—n) € (O(k)k>0)h+1-

Proof. This is proved in a similar way as Lemma 4.2.5. We start with a minimal
resolution of (R/R>,)(n)°PP, dualizing we obtain a complex starting with R(—n)
whose homology is finite-dimensional (using the x(R°PP)-condition). Applying ,
we obtain an exact sequence which start with O(—n) and, in higher degrees, consists
of direct sums of O(k), k > 0. As in Lemma 4.2.5, O(—n) will be a direct summand
of a truncation of length h + 1 of this exact sequence. O

Lemma 4.2.11. Assume that R satisfies x(R) and x(R°PP). Assume furthermore
that QGr(R) has finite homological dimension. Then there exist numbers m < 0,
e > 1 such that O(n) € (O(k)m<k<o)e for all n.

Proof. By Lemma 4.2.5, 7 has finite cohomological dimension. The current lemma
follows by combining Lemma 4.2.5 with Lemma 4.2.10. U

Proposition 4.2.12. Assume that R satisfies x(R) and x(R°PP). Assume further-
more that QGr(R) has finite homological dimension. Then for some a < 0, b > 1
the following holds:

(1) D(QGr(R)) = (O(k)a<k<0)ys

(2) D(QGr(R))® = (O(k)a<k<o)s-
In particular, the Ext-finite triangulated category D(QGr(R))¢ is strongly finitely
generated.

Proof. (1) follows by combining Lemma 4.2.11 with Lemma 4.2.8. (2) follows from
Proposition 2.2.4. O

We can now finally prove the following theorem.

Theorem 4.2.13. Under the hypotheses of the previous proposition, D(QGr(R))®
is saturated.
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Proof. This follows Theorem 1.3, Proposition 2.1.1 and the previous proposition.
O

4.3. The case that R is coherent. Let R satisfy the blanket assumptions made
in the beginning of Section 4.1 and assume that R is left graded coherent. In other
words, the kernel of a graded map between two free graded R modules of finite
rank is finitely generated. Let gr(R) be the category of finitely presented graded
R-modules. It is standard that this is an abelian category.

Put tors(R) = gr(R) N Tors(R). Then tors(R) consists of the finite-dimensional
graded R-modules. We put qgr(R) = gr(R)/tors(R). It is easy to see that the
obvious functor qgr(R) — QGr(R) is fully faithful.

Lemma 4.3.1. Let M € qgr(R). Then Extégr(R)(M, —) commutes with filtered
colimits.

Proof. By Lemma 4.1.7 and (4.1), this is clearly true if M = O(n) and it is a
tautology if i < 0. To treat the general case, we construct a short exact sequence

0—-N-—>F-—->M-—0,

where F is a finite sum of shifts of O(n). Let (T}); be a directed system. We now
have the following commutative diagram

h;_nExtifl(F, Tj) — h;nExtifl (N,Tj) — @Exti(M, Tj) — li_r)nExti(F, Ty) — h_I_I}Exti(N, T5)

J J J J J
Ext'™!(F,limT;) —= Ext'~ ! (N,limT;) — Ext’(M,limT;) — Ext(F,limT;) — Ext*(N,limT})
J J J J J
in which a and § are isomorphisms by the above discussion. Furthermore, we may
assume by induction that § is an isomorphism. It now follows by diagram chasing

that « is monic. Then, replacing M by N we find that € is also monic. Performing
another diagram chase yields that ~ is also epic. O

Lemma 4.3.2. Assume QGr(R) has finite cohomological dimension. Then
D(QGr(R))® = Dy (QGr(R)).

Proof. By Lemma 4.2.3, D(QGr(R))® is classically generated by {O(n)}nez. Since
O(n) € qgr(R), this proves one inclusion.

To prove the other inclusion, we have to show that every M € qgr(R) is compact.
This follows easily from Lemma 4.3.1 and the fact that by hypotheses Exti(M , =)
has finite cohomological dimension. O

To conclude we give an alternative description of Dggr( r)(QGr(R)).

Lemma 4.3.3. The canonical functor D*(qgr(R)) — D?

aer(r) (QGI(R)) is an equiv-

alence.

Proof. According to the dual version of [17, 1.7.11] it is sufficient to prove the
following result: if B — C' is an epimorphism in QGr(R) with C € qgr(R) then



GENERATORS AND REPRESENTABILITY OF FUNCTORS 25

there exists a map D — B with D € qgr(R) such that the composition D — B — C
is an epimorphism.

The map B — C' is obtained from a map 6: By — Cj in Gr(R) with Cy €
gr(R). But then the cokernel of 6 is finite-dimensional. Since k itself is finitely
presented (using the implicit hypothesis dim Ext}(k, k) < oo for all i), we obtain
that the image of 0 is finitely presented as well. Hence, without loss of generality,
we may assume that 6 is epic. Since C is finitely generated, we may select a
finitely generated graded submodule Dy of By which contains inverse images of the
generators of Cy. This proves what we want. O

Combining everything we obtain (explicitly stating all assumptions):
Theorem 4.3.4. Let R = k+ Ry + Ry + -+ be a finitely generated graded left
coherent ring which satisfies the following hypotheses:
(1) R satisfies x(R) and x(R°PP);
(2) QGr(R) has finite homological dimension.
Then D°(qgr(R)) is Ext-finite and saturated.

Proof. The fact that R is graded left coherent and finitely generated implies that
ExtR(k, k) is finite-dimensional for all i. Everything else has been proved. O

5. DERIVED CATEGORIES OF ANALYTIC SURFACES

We have shown in Corollary 3.1.5 that if X is a smooth proper algebraic variety
over a field k, then D®(coh(X)) is saturated. Since smooth proper algebraic varieties
and compact analytic manifolds have similar properties, it is a natural question to
ask if this result remains true if we assume that X is compact analytic. In this
section, we show that the answer to this question is negative.

5.1. Serre functors. Let X be a connected compact complex analytic manifold

of dimension n. Write DY, (X) for the bounded derived category of sheaves of

Ox-modules with coherent cohomology. We first prove that D’ (X) has a Serre

functor [8]. This is presumably well-known.

Proposition 5.1.1. Let &, F € D°, (X). Then there are natural isomorphisms
Homop, (€, F) =2 Homop, (F, SE)7, (5.1)

where SE = € ®o, wx([n].

Remark 5.1.2. In [8] the definition of a Serre functor contains an extra condition
which states that applying (5.1) twice should be the same as applying S. However
this condition is superfluous by [30, Lemma I.1.1].

Proof of Proposition 5.1.1. We start with classical Serre duality [29]:
e H"(X,wx)=_C.
e Let F € coh(X). The Yoneda pairing

HY(X, F) ® Exty "(F, wx) = C

is non-degenerate.
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Now let F € D? , (Ox). From the pairing

coh
RT'(X, F) ®x RHomp, (F, wx) — RI(X, wx) — C[—n]

we obtain a map
RT(X, F) — RHomp, (F, wx|[n])*. (5.2)
We claim that this is an isomorphism. By induction over triangles, we reduce to
the case F € coh(X). Then to show that (5.2) is an isomorphism we have to show
that it is an isomorphism on cohomology, which is precisely classical Serre duality.
If £ € D~ (X), F € D"(X), then we have the usual local-global isomorphism

[39]:
RHomop, (€, F) = RT'(X, RHomo (€, F)).
Now assume &, F € D?, (X), G € D*(X). We claim that the following holds.

coh
(a) RHomoy (€, F) € Db, (X).
(b) The natural map

L
RHomoy (F, £ ®G) — RHomo, (RHomo, (€, F), G)
is an isomorphism.
Since these statements are local, we may assume that £, F are bounded complexes

consisting of free Ox-modules of finite rank. In that case (a) and (b) are obvious.
The proof of the proposition now follows from the following computation:

RHome, (€, F) = RT'(X, RHomoe, (€, F))
~ RHomo, (RHomo, (€, F), wx[n])*
= RT'(X, RHomoy (RHomo, (€, F), wx[n]))*
= RT'(X, RHomo (F, wx[n] ® £))*
= RHomop, (F, wx[n] ® £)*. O

5.2. Comparison of Ext. If X is algebraic, then it is well-known and easy to prove
that D®(coh(X)) and D%, (X) are equivalent. We do not know if the corresponding
result is true for the complex analytic case. For surfaces it is implied by the following

proposition.

Proposition 5.2.1. Let X be a smooth compact analytic surface. Then the Yoneda
Ext-groups in coh(X) coincide with the Ext-groups in the category of all Ox-
modules.

Proof. Without loss of generality we may assume that X is connected. Let us
respectively write {Ext and /Ext for the Yoneda Ext and the Ext in Mod(Ox).
Both Ext’s are d-functors in their first and second argument and they coincide in
degree zero. Hence to show that 'Ext = /Ext it is sufficient to show that /Ext is
elementwise effaceable in its first argument [14, Lemma I11.2.1.3]. That is if i > 0,
£, F € coh(X) and f € Ext’(E, F) then we have to show that there exists an
epimorphism & — & in coh(X) such that the image of f under the induced map
TExt! (&, F) — TExt'(E', F) is zero.
Let £, F € coh(X). We clearly have

TExt! (&, F) = "Ext' (&, F),
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since the extension of two coherent sheaves is coherent. Since 'Ext! is effaceable,
so is TExt!.

Furthermore, we also have ! Exti(é’ , F) =0 for i > 2. This follows for example
from (5.1). Hence by [5] we only have to show that /Ext? is effaceable. To do this,
we use the following sublemma:

Sublemma. Let £, F € coh(X). Choose z € X and let m, be the corresponding
maximal ideal in Ox. Then there exists n such that Ext?(m?&, F) = 0.

Proof. By (5.1), it suffices to show that for n > 0 one has Hom(G, mZE) = 0 with
G = F@wy'. Since Hom(G, m7&) is finite-dimensional, it is clearly sufficient to
show that for a € N there exists b > a such that Hom(G, m%&) # Hom(G, m2€).
So pick a non-zero f: G — m2&. Then there will exist b such that im f, ¢ m2&,
(look at stalks). Hence f & Hom(G, m%&). This finishes the proof. O

To complete the proof that /Ext? is effaceable, we pick  # y in X and we
choose n such that "Ext*(m7€, F) = TExt*(m€, F) = 0. Since the canonical
map my& & myE — £ is surjective, we are done. O

Corollary 5.2.2. Let X be as above. Then the canonical functor F': D®(coh(X)) —
Db . (X) is an equivalence.

Proof. By induction over triangles and the above proposition, we see that F' is fully
faithful. That it is essentially surjective also follows by induction over triangles. [

5.3. The derived category of an exact category. Assume that £ is an exact
category [26]. In [23] Neeman defines the derived category D(E) of £. By definition,
D(€) = K(€)/K(€)°*, where as usual K (&) is the homotopy category of £ and
K (&) is the epaisse envelope of the category K(£)* of acyclic complexes in
K(€). By definition, a complex

L X Xn+1 _ Xn+2 — ...

is acyclic if each map X™ — X"+ decomposes in & as a composition of an admissi-
ble epimorphism with an admissible monomorphism: X — D™ — X"*! such that
D" — Xntl — Dt g exact. Since by [23, Lemma 1.1] K ()% is triangulated,
it follows from Lemma 2.2.2 that every object in K(£)°*° is a direct summand of
an object in K(£)*. Furthermore, if £ is Karoubian, then by [23, Lemma 1.2]
K(g)eac — K(g)ac

5.4. Torsion pairs in abelian categories. Assume that C is an abelian category
and let (7, F) be a torsion pair in C, i.e., T and F are full subcategories in C such
that Hom(7, F) = 0 and every object C' € C fits in an exact sequence

0—-T—-C—F—0 (5.3)

with T € 7 and F € F. It follows that 7 and F are respectively closed under
quotients and subobjects.

The assignments C' — T and C +— F in the exact sequence (5.3) yield functors
7:C — T and ¢: C — F which are, respectively, the right and left adjoint to the
inclusions 7 — C, F — C.
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It is easy to see that 7 and F possess kernels and cokernels. We have formulas

ker r = kere, (5.4)
cokerz = ¢ o cokere
and dual formulas for 7.

Following [12] we say that (7, F) is tilting if every object in C is a subobject of
an object in 7. Similarly (7, F) is cotilting if every object in C is a quotient of an
object in F.

The torsion pair (7, F) defines a t-structure on D°(C) by

PDY(C)SY = {C e D*(C)S': HY(C) e T},
PDY(C)2° = {C € D*(C)=°: H°(C) € F}.

By definition, the tilting PC of C with respect to (7, F) is the heart of this ¢-
structure. It is easy to see that (F, 7[—1]) is a torsion pair in PC. Furthermore,
according to [12, Prop. 1.3.2] (7, F) is tilting if and only if (F, 7[—1]) is cotilting
and vice versa.

Let & be either 7 or F. The exact structure on C induces an exact structure on
E. This is intrinsically determined in the following way: a morphism f: A — B in
& is strict if the canonical morphism coker ker f — ker coker f is an isomorphism.
A diagram

0-ALBLcoo

is an admissible exact sequence if f is a strict monomorphism, g is a strict epimor-
phism and coker f = g, kerg = f.

We have the following.

Lemma 5.4.1. (1) A complex over £ is acyclic if and only if it is acyclic in C.
(2) K(&)ec = K(&)%e.
(3) A map between complexes over £ is an isomorphism in D(E) if and only if
it is a quasi-isomorphism over C.

Proof. (1) and (3) are obvious. (2) follows from the fact that £ is Karoubian and
the above discussion. O

Lemma 5.4.2 [5, Ex. 1.3.23(iii)]. Assume that (T, F) is cotilting. Then the canon-
ical map D(F) — D(C) is an equivalence.

Proof. Since (T, F) is cotilting and F is closed under subobjects, every object in
C has a resolution of length two by objects in F. Therefore by the (dual version
of) [13, Lemma I1.4.6] it follows that if X is a complex over C there exists a quasi-
isomorphism F' — X with F' a complex over F.

We find for F}, F» complexes over F

Hompc)(Fi, F2) = lim Homg)(X, F2) = lim Hompgc)(F, [2)
X—" Fl—F
N F{GQ;((}‘)
= Hompr)(F1, Ib).
The last equality follows from Lemma 5.4.1(3). O
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This result was also proved by Schneiders in the (equivalent) setting of quasi-
abelian categories. This is explained in Appendix B.

The following result is proved in [12] under some additional (unnecessary) con-
ditions.

Proposition 5.4.3. Assume that (T, F) is cotilting. Then D(PC) = D(C).

Proof. According to Lemma 5.4.2 we have D(C) = D(F). Since (F, T[-1]) is
tilting, we can invoke the dual result for PC which is D(PC) = D(F). Since the exact
structure on F is intrinsic, the induced exact structures on F from the inclusions
F — C and F C PC are the same and this finishes the proof. O

Remark 5.4.4. Lemma 5.4.2 and Propositions 5.4.3 are also valid for D® (the equiv-
alences preserve boundedness).

5.5. Tilting in noetherian abelian categories.

Lemma 5.5.1. Let (T, F) be a torsion pair in C. Then C is noetherian if and only
if the following conditions hold:
N1. Every chain of subobjects of F: Fy C Fy C Fo C --- for F; ¢ F, F € F
becomes stationary.
N2. Ewvery chain of epimorphisms Ty — Ty — T — --- for T; € T becomes
stationary.

Proof. Let us show that N1, N2 imply that C noetherian. Let Cy C C; C --- be
an ascending chain of subobjects of C' € C. The sequence F; = Im(¢(C;) — ¢(C))
becomes stationary by N1. Denote by F C ¢(C) the limiting subobject of the
sequence. We may replace C' by the fiber product C' = C x40y F' = ker(C & F —
#(C)). Indeed, the natural morphisms C; — C’ are monic, because so are the
composites C; — C' — C.

By construction of C’, ¢(C’) = F and the maps ¢(C;) — ¢(C’) are epic for
i> 0. If R, = C"/C;, then we have a complex ¢(C;) — ¢(C’) — ¢(R;). As ¢ is
a left adjoint it takes epi to epi, so both morphisms in this complex are epic. It
follows that ¢(R;) = 0,i.e., R; € T for ¢ > 0. Therefore, the chain of epimorphisms
Ry — Ryy1 — -+ for N > 0 becomes stationary by N2. This proves that the
primary chain of C;’s becomes stationary. The converse statement is obvious. [

By (5.4), morphisms in 7 are epimorphisms iff they are epimorphisms in C and
morphisms in F are monomorphisms iff they are monomorphisms in C. So N1 and
N2 are intrinsic in 7, F.

We will use the following criterion for PC to be noetherian.

Lemma 5.5.2. Assume that C is noetherian and (T, F) a torsion pair in C. Then
PC is noetherian if and only if the following is true: every ascending chain Fy C
Fy C -+ with F; € F and coker(Fy — F;) € T for all i, is stationary.

Proof. 1f there is an ascending chain as in the statement of the lemma which is not
stationary, then it is easy to see that we have an ascending chain of subobjects of
FO in PC

Hence PC is not noetherian. So we will now concentrate on the converse direction.
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By Lemma 5.5.1, to check that PC is noetherian we have to verify N1, N2 with
T and F exchanged. To this end we have to know the nature of monomorphisms
in 7 and epimorphisms in F. From (5.4) we obtain:

e Monomorphisms in 7 are the maps whose kernel in C is in F.

e Epimorphisms in F are the maps whose cokernel in C is in 7.
Let us now check that N2 holds if we replace 7 by F. Thus we have a chain of
maps in F

F0—>F1—>F2—>~-~ (55)

whose cokernel is in 7. Using the fact that C is noetherian, we see that for any i
the kernel K;; = ker(F; — F}) will become stationary for j > 0. Let K; = K;; for
j > 0. Then the maps F;/K; — F;1/K; 1 are injective. Using the fact that F;/K;
injects in Fj fOI‘j > O, we see that FL/KZ e F. Furthermore, (FZ+1/K’L+1)/(F’L/KL)
is a quotient of coker(F; — Fj11) so it lies in 7.

It follows that the condition given in the statement of the lemma holds for the
sequence (F;/K;);, i.e., this sequence will become stationary. Hence by left shifting
if necessary we may assume that F;/K; — F;;1/K;y1 is an isomorphism for all
i > 0. From the snake lemma we then deduce that coker(K; — K1) is isomorphic
to coker(F; — F;11) and hence is in 7. By definition of Ky, the map Ky — Fj
is zero for j > 0, hence Ky — K is zero, since K; C Fj. This implies that for
j >0, K; = coker(Ky — Kj;) € 7. Since also K; € F, this implies K; = 0 for
j > 0. Truncating the beginning of the sequence at a sufficiently big j, we obtain a
sequence which satisfies the conditions in the statement of the lemma. This implies
that F; — Fj4, is an isomorphism for j > 0.

Let us now assume N2 and check that N1 holds if we replace F by 7. Thus we
have a chain of maps in 7

To—1Ty — 15 — - =T

whose kernels are in F. Since C is noetherian, the images of the maps T; — T will
become stationary. Since these images are in 7, we may, without loss of generality,
assume that the maps T; — T are surjective. Put F; = ker(T; — T). Then
coker(F; — F;y1), being isomorphic to coker(T; — T;11), is in 7. Hence the chain
(F;); is like that in (5.5), hence it becomes stationary. This implies that the chain
(T}); also becomes stationary. O

Remark 5.5.3. If T C C is the subcategory of torsion sheaves in the category of
coherent sheaves on an analitic or algebraic variety (the case of our interest in the
next subsection), then 7 has the property of being closed under subobjects in C.
Under this additional condition the proof of the lemma can be simplified in two
places: coker(K; — K;i1) are torsion being subobjects of coker(F; — F;;1) and
N1 with F replaced by 7 is automatically satisfied as the kernels of T; — T;41 and
T; — T are trivial.

5.6. Non-saturation for analytic surfaces. We can now prove the following
result:

Theorem 5.6.1. Let X be a smooth compact analytic surface with no curves. Then
D®(coh(X)) is not saturated.
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By Corollary 5.2.2, the result also holds for D , (X).

coh

Proof. Step 1. Let T C coh(X) be the full subcategory of objects in coh(X) whose
support is strictly smaller than X. Since X contains no curves and is compact, this
support must be a finite set of points. Let F be the full subcategory of objects F
in coh(X) such that Hom(7, F) = 0. It is clear that (7, F) is a torsion pair.

Step 2. 7 is closed under essential extensions. To prove this, let T € 7 and
let T C T be an essential extension. Let {1, ..., x,} € X be the support of T.
By the Artin-Rees property of the stalks of Ox ,,, there exists ¢ > 0 such that
mt T, NT,, =0 forall i. Thus mf ---m! T'NT = 0 and, since we are in an
essential extension, it follows m! ---ml T’ =0. Hence 7" € T.

Step 3. Let E € coh(X). Then E is a quotient of an object in F. In [33]
Schuster proved the more general result that every coherent sheaf on a complex
surface is a quotient of a vector bundle. We give a simple proof of the weaker
statement that we need.

We write E as an extension

0—-T—-F—F—0,

where T' € 7T is torsion and F' € F. Take the maximal £’ C E, such that B/’ NT =
0. As T C E/E’ is an essential extension, the previous step yields E/E’ € T.
Furthermore, ' € F since £/ — F is an embedding. We now obtain an exact
sequence

0—-F —-—E—-=T =0

with TV € 7. It is easy to see that every object in 7 is a quotient of a free Ox-
module. So write 77 as a quotient of F' € F and let E” be the corresponding
pullback of E. Then E” is an extension of E' and I’ and hence E” € F. Thus we
have written E as a quotient of E” € F.

Step 4. By the previous step, (7, F) is cotilting. Hence by Lemma 5.4.3
D’(coh(X)) = D*(Pcoh(X)).

Step 5. Now we claim that Pcoh(X) is noetherian. By Lemma 5.5.2, we need
to show that every ascending chain

FhCF CFyC---

with F; € F, F;/Fy € T becomes stationary.

This is satisfied in our case because we must have F,, C F§* and F§*/F, has
finite length.

Step 6. Note that Pcoh(X) is self-dual under RHom(—, Ox). Hence it is both
noetherian and artinian. Thus Pcoh(X) has finite length.

Step 7. Assume that coh(X) is saturated. By Step 4, Pcoh(X) will also be
saturated. Since this is a finite length category, it follows from Lemma 2.5.1 that
it has to be of the form mod(A) for a finite-dimensional algebra A.

By Proposition 5.1, S[—2] is a functor which preserves coh(X), 7 and F. Hence
it preserves Pcoh(X) (regarded as a subcategory in DY(coh(X)). For a finite-
dimensional algebra, the Serre functor takes projectives into injectives. Therefore,
its shift by —2 cannot preserve the category mod(A). We have obtained a contra-
diction. d
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Remark 5.6.2. It seems likely that this counterexample is only the tip of the iceberg
and that in fact a compact analytic manifold is saturated if and only if it is an
algebraic space. This would mean that saturatedness would be a criterion for a
triangulated category to be of algebraic nature.

Among the surfaces to which the theorem is applicable are K3, 2-dimensional
tori and surfaces of type VII in the Kodaira classification [22].

APPENDIX A. AN ALTERNATIVE PROOF IN THE COMMUTATIVE CASE

Theorem 1.1, as stated follows from the non-commutative result Theorem 4.2.13.
However in the commutative case it is possible to give a straightforward proof of a
more general result.

Theorem A.l. Assume that X is a projective variety over a field k. Let D be
the triangulated category of perfect complexes on X. Then every contravariant
cohomological functor of finite type on D is representable by a bounded complex
with coherent homology.

Proof. According to [11, Lemma 2.13] H is represented by an object F in the
category D(Qch(X)). We have to show that this object is in D®(coh(X)). To prove
this, we repeat the argument of [8].

Choose an embedding 7: X — P™ and consider the functor

H' = H o Lz*: D°(coh(P")) — Vect(k).

According to Beilinson’s result [6] as it was reformulated in [3], [9], there is an
equivalence 6: D?(mod(A)) — D®(coh(P")), where A a finite-dimensional algebra
of finite global dimension. Put H” = H' o §. Invoking [11, Lemma 2.13] again,
we see that H” is representable by an object G in D(A). Since H” is still of
finite type, it follows that ) dim H""(A) = " dimHom(A[n], G) < oco. Thus
G € D’(mod(A)). This implies that H' is represented by F' = 6(G) € D’(coh(X)).

Thus if A € D®(coh(P")) we have

Hompn (A, Rm.E) = Homy (L7*A, E) = H(L7n*A) = H'(A) = Homgpx (4, F).

Putting A = F we obtain a map p: F' — Rw,E which becomes an isomorphism
if we apply Hompn (A4, —) for A € Db(coh(P")). In other words, the cone of p is
right orthogonal to D®(coh(P™))). By taking A = O(n)y, it follows easily that the
cone of 1 is zero and hence y is an isomorphism. Thus Rr,E € D®(coh(P")). This
implies £ € D®(coh(X)). O

APPENDIX B. QUASI—ABELIAN CATEGORIES

In this appendix, we discuss quasi-abelian categories. Let £ be an addititive
category with kernels and cokernels. A morphism f: A — B is said to be strict if
the canonical map coker ker f — ker coker f is an isomorphism.

We say £ is quasi-abelian if £ satisfies the property that the pullback of any
strict epi is strict epi and the pushout of any strict mono is strict mono. Quasi-
abelian categories appear frequently in the literature, often under different names.
They are called “preabelian” in [15], “semiabelian” in [27] and quasi-abelian in
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[32], [31]. Tt can also be seen that quasi-abelian categories are additive categories
which are regular and coregular [4]. In this appendix, we show that the notion of
a quasi-abelian category is the same as that of a (co)tilting torsion theory.

Let £ be quasi-abelian. £ carries an intrinsic exact structure with the admissible
mono- and epimorphism being respectively the strict mono- and epimorphisms [32,
§1.1.4].

In [32, §1.2.3] it is shown that £ has two canonical embeddings into abelian
categories LH(E) and RH(E) preserving and reflecting exactness. Furthermore, £
is stable under extensions in these embeddings.

Proposition B.1 [32, Prop. 1.2.35]. The embedding € C LH(E) is characterized
by the following properties: £ C LH(E) is a fully faithful embedding of € into an
abelian category, £ is closed under subobjects in LH(E) and every object in LH(E)
is a quotient of an object in &.

The following result is [32, Prop. 1.2.31].

Proposition B.2. The inclusion € C LH(E) extends to an equivalence of derived
categories D(E) = D(LH(E)).

The following result shows that the notion of a quasi-abelian category is the
same as that of (co)tilting torsion theory.

Proposition B.3. Let £ be an additive category. The following are equivalent.
(1) &€ is quasi-abelian.
(2) There exists a cotilting torsion pair (T, F) in an abelian category C with
EXF.
(3) There exists a tilting torsion pair (T', F') in an abelian category C' with
ExT.
In the situation of (2) we have C = LH(F) and in the situation of (3) we have
C' = RH(F).

Proof. That C = LH(E) and C' =2 RH(E) follows directly from Proposition B.1
(and its dual version).

To prove the stated equivalence, we note that by symmetry we only need to
prove the equivalence of (1) and (2).

(2) = (1). Since F is exact, pullbacks of admissible epimorphisms are admissible
epimorphisms. Since the admissible epimorphisms are precisely the strict epimor-
phisms, this shows that pullbacks of strict epimorphisms are strict epimorphisms.
The corresponding result for strict monomorphisms is proved in the same way.

(1)=(2). Put F = € and C = LH(E). Let T be the full subcategory of C
consisting of objects cokere f, where the morphism f is an epimorphism in F.

We claim that (7, F) is a cotilting torsion pair in C. If T = cokerc f € 7 and
F € F, then from the fact that f is an epimorphism in F we immediately obtain
Hom(T, F) = 0.

Now let C' be an arbitrary object in C. According to Proposition B.1 there exists
a short exact sequence in C

FLF 0c-o0 (B.1)
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with F, F' € C. In particular, if (7, F) is a torsion theory then it will certainly be
cotilting.

We will now show that C'is an extension of the form (5.3). We have the following
commutative diagram

F—l o 9 coker z f

|

kerz ¢’ —>F’ —>coker;f

(B.2)

It is easily checked that cokerz f satifies the universal property for being a cokernel
of f’. Thus cokers f' = cokerz f and hence ¢’ a strict epimorphism.

Hence we obtain in particular the following: a cokernel of an arbitrary mor-
phism in F is a strict epimorphism. Dually we also obtain: a kernel of an arbi-
trary morphism in F is a strict monomorphism. Thus in particular f’ is a strict
monomorphism. It also follows that the lower sequence in (B.2) is an admissible
exact sequence.

We claim that « is an epimorphism in F. To show this, assume that there is
a morphism f3: kerr g — Z in F whose composition with « is zero. We have to
prove 8 = 0.

We extend the commutative diagram (B.2) as follows:

F F' %5 cokerr f
kerr ¢’ 7> F’" — cokerr f (B.3)
9
BJ{ lv

7z 7
where the lower square is a pushout in F. We now have f” o o a = 0 and hence
~vo f=0. Thus v = ¢ o ¢’ for some morphism ¢: cokerr f — Z'.

We deduce f" o3 =~of' =¢og of =0. Since we had assumed that F =&
is quasi-abelian, we know that f” is a strict monomorphims, and in particular it is
a monomorphism. Thus it follows that § = 0 and hence « is an epimorphism.

Furthermore, by looking at the decomposition

F S kerrg' EANy
of f in C we find that C' = cokerc f is an extension of cokere f’ by cokere a. From
the fact that a is an epimorphism in F we obtain that coker¢ o is in 7. Now since
the lower sequence in (B.2) is an admissible exact sequence and the embedding of

F C C preserves exactness, we have cokerc f’ = cokerr f’ € F. This finishes the
proof of (1) = (2). O

Corollary B.4. If (7T, F) is a cotilting torsion theory in an abelian category C,
then C = LH(F) and PC = RH(F).
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Proof. By Proposition B.3, we have C = LH(F). Now (F, T[-1]) is a tilting
torsion pair in PC and hence, again by Proposition B.3, we have C = RH(F). O

Hence we find that Lemma 5.4.2 follows from Proposition B.2.
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