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UNIFORMLY QUASIREGULAR MAPPINGS OF LATTES TYPE

VOLKER MAYER

ABSTRACT. Using an analogy of the Lattés’ construction of chaotic rational
functions, we show that there are uniformly quasiregular mappings of the n-
sphere R" whose Julia set is the whole sphere. Moreover there are analogues of
power mappings, uniformly quasiregular mappings whose Julia set is S*~1 and
its complement in S™ consists of two superattracting basins. In the chaotic case
we study the invariant conformal structures and show that Lattes type ratio-
nal mappings are either rigid or form a 1-parameter family of quasiconformal
deformations.

1. INTRODUCTION

There are a number of important tools, such as Rickman’s quasiregular version
of Montel’s theorem, that allow the development of a quasiregular analogue of the
theory of complex dynamical systems. However it is not clear how rich such a theory
is. What kind of uniformly quasiregular mappings with non-empty branch set and
interesting dynamical behaviour exist? Recall that in dimension n > 3 by Liouville’s
theorem (see e.g. [Ri]) every l-quasiregular map is a Mobius transformation and
that, furthermore, there is a rigidity phenomenon: there is a constant Ky > 1 so
that every K-quasiregular map with K < Ky is a homeomorphism.

Examples of uniformly quasiregular mappings are elements of quasiconformal
groups. Such groups have been studied and there are now many interesting ex-
amples in the literature. But these mappings are homeomorphic, their dynamical
behaviour is elementary, and their Julia set J(f) consists of at most two points.

Iwaniec and Martin [IM] gave the first examples of uniformly quasiregular maps
with interesting dynamical behaviour and with non-empty branch set. The Julia
sets of their examples are Cantor sets; the Fatou sets are attracting basins.

In 1918 S. Lattes gave the first example of a rational map f of C which is
chaotic, i.e. the Julia set is the whole sphere J(f) = C. The geometric nature of
Lattes’ construction adapts to our higher-dimensional setting and leads to chaotic
uniformly quasiregular mappings of R".

Theorem 1. For every d = 2,3, ... there is a uniformly quasiregular map f of R"
with degree d™ whose Julia set is the whole sphere J(f) = R".

We study the associated invariant conformal structures of these mappings (the
existence of such structures is proved in [IM]). Theorem 3 is an n-dimensional
version of the fact that Latteés rational mappings are either rigid or form a 1-
parameter family of quasiconformal deformations.
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Lattes’ construction also leads to uniformly quasiregular maps of R" which be-
have like the polynomial z — z%. We only present the three-dimensional case here.
There are quasiregular mappings that behave like power mappings [MRV, Ri]. Our
mappings are uniformly quasiregular and the dynamical behaviour is also like that
of z%. Moreover, the construction that leads to these mappings gives, in dimension
n = 2, precisely the power mappings. So we propose the following mappings as the
natural counterparts of power mappings.

Theorem 2. For every d = 2,3, ... there is a uniformly quasireqgular map f of R’
with degree d?, with Julia set J(f) = S?* and whose Fatou set F(f) = R’ \ §2
consists of two superattracting basins. Moreover, the map f can be chosen to be an
extension of a Lattés rational map.

The construction of this example goes as follows. Denote by W™ =]0, 1["* the
unit cube of R™ and by Z = W2 x R the standard cylinder of R3. Choose a
quasiconformal homeomorphism A from W™ onto the upper half-space of R™ in the
case of the chaotic example, and from the cylinder onto the upper half-space of
R3 for the maps that behave like 2¢. Now extend h to a quasimeromorphic map
defined on R™ by using reflections. So h alternately maps cubes or cylinders to the
upper and lower half-spaces and it is automorphic with respect to the affine group
whose elements correspond to “taking an even number of reflections in faces”. In
semi-conjugating the multiplication x — dx we get our maps f:

(1) f(h(z)) = h(dz) for zeR"™.

2. DEFINITIONS, AUTOMORPHIC MAPPINGS
AND SUPERATTRACTING FIXED POINTS

In this section we recall the definition of quasiregular mappings, some basic facts
of iteration and the automorphic quasimeromorphic mappings that we need.

2.1. Quasiregularity. Let D C R™ be a domain and f : D — R" a mapping of
Sobolev class Wﬁ)c” (D). We consider only orientation preserving mappings, that is,

the Jacobian determinant J¢(x) > 0 for a.e. € D. Such a mapping is said to be
K-quasiregular, where 1 < K < oo, if

mazp=1|f (x)h| < K minj,=1|f'(x)h| for ae. xzeD.

The smallest number K for which the above inequality holds is called the linear
dilatation of f. We will also make use of the inner and outer dilatations K, Ko
as defined in [Ri]. A non-constant quasiregular mapping can be redefined on a
set of measure zero so as to make it continuous, open and discrete, and we shall
always assume that this has been done. If D is a domain in the compactification
R" equipped with the spherical metric, then we use the chart at infinity z — z/|z|?
to extend in the obvious manner the notion of quasiregularity to mappings f :
D —R". Such mappings are also said to be quasimeromorphic. A mapping f of a
domain D into itself is called uniformly quasiregular if there is some 1 < K < oo
such that all the iterates f* are K-quasiregular. The branch set By is the set of
points « € D for which f is not locally homeomorphic at x.
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2.2. Basic facts of iteration. We consider uniformly quasiregular mappings of
R". The dynamical behaviour of such a mapping splits the sphere into two parts:
the Fatou set F(f), which is the set of points x for which {f*} is a normal family
in a neighborhood of , and the Julia set J(f) =R\ F(f). The Fatou set is open,
the Julia set is closed and they are both completely invariant. Moreover, if the
mapping f has a non-empty branch set, then the Julia set cannot be empty. See
[IM] for this and for a more detailed presentation.

Fixed points which are also branch points will be called superattracting fized
points. From the local behaviour of quasiregular mappings, it follows that super-
attracting fixed points are attracting. This is the content of the next Lemma. In
particular, it follows that in a neighborhood of a superattracting fixed point x the
iterates f* converge uniformly to . Let Q, = {y € R"; f¥(y) — z} be the basin of
attraction of x and ) the component of 2, containing x. When x is completely
invariant, that is, if f(z) = f~!(z) = {x}, then the immediate basin of attraction
Q7 coincides with €.

Lemma 2.1. Let x be a superatiracting fixed point of the uniformly quasiregular
mapping [ of R". Then there exists k € N and R > 0 such that

f*(B(x,7)) C B(, g) Y0 < r < R.

Proof. We may assume that the fixed point is the origin. We use the notation of
[Ri]. Assume for a moment that we have the following relation concerning the local
index:

(2) i(0, f*) =4(0, /)*, keN.

By [Ri, Thm. IT1.4.7] there exists for every k € N positive constants p and C' such
that

|f5(y)| < Cly|* Vy € B, = B(0,p)

with « = (i(0, f)k/KI)ﬁ and where K7 is the inner dilatation of f*. The fixed
point 0 is supposed to be also a branch point and so (0, f) > 1. It suffices now to
choose k such that « > 1. The Lemma holds then for R €]0, p[ with CR*~1 < 1/2.

It remains to prove (2). Let s = s(k) > 0 so that for any j = 1, ..., k the compo-
nent U; of (f7)~1(B;) containing 0 is contained in By and that U;N(f7)~1(0) = {0}.
These components are normal domains, i.e. f(6U;) = 6f(U;) and f(Uj41) = U;
[Ri, Lemma 1.4.7). When F is a K-quasiregular mapping the Hausdorff dimen-
sion of the image of the branch set is strictly less then n [Sa]. Hence, we can
choose y € B; \ f*(Ux N Byx). Notice that any preimage z € (f7)~!(y) N U; is
in the set € U; \ f(Uj41 N Bf). This enables us to apply [Ri, Prop. 1.4.10]
to get i(0, f*) = card(f*)~(y) N Uy, and i(0, f) = card(f)~1(z) N U1 for any
z € (f)"'(y)NU; and j = 0,...,k — 1. From this the relation (2) immediately
follows. |

2.3. Automorphic quasimeromorphic mappings. Recall that a map h is au-
tomorphic with respect to a group I' of Mobius transformations if h oy = h for
every v € I'. The following facts about automorphic quasimeromorphic mappings
that we need are found in [Ri].
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2.3.1. Zorich’s mapping. There is a quasiregular mapping h : R? — R3\ {0} auto-
morphic with respect to

I =(xw— (—z1,—22,23); T — T+ 2e1; T — =+ 2e3).

The construction of h goes as follows. First map Z = W2 x R by radial stretching
in the planes R? x {x3} onto the round cylinder D x R. The round cylinder D x R
can be mapped quasiconformally onto the upper 3-dimensional half-space H by the
mapping (7, p, z3) = (t,¢,0) with t = e, § = w5, where cylindrical and spherical
coordinates, respectively, are used. Now h is obtained by extending this map to a
quasiregular map of R3 onto R3\ {0} using reflections on faces of Z and in OH in the
range. So h alternately maps cylinders onto the upper and lower half-space. Note
that I'; is precisely the group whose elements are formed from an even number of
reflections in faces of Z. The branch set of h is Bj, = Z? x R, the edges of Z and
all the “reflected” cylinders.

The n-dimensional analogue of Zorich’s mapping [MS, Ri] can be used to get an
n-dimensional version of our Theorem 1.

2.3.2. Quasimeromorphic analogue of the Weierstrass P-function. The following
example of a quasimeromorphic mapping that behaves like the Weierstrass P-
function is due to Martio and Srebro [MS].

We start here with the unit cube W". Using again radial stretching and a
translation we get a bilipschitz mapping from W™ onto the unit ball B™. So there
is a quasiconformal map from W™ onto the upper half-space H”. Now one extends
this map as in Zorich’s example by using reflections on the faces of W™ and on
OH". In this way we get a quasimeromorphic map h : R — R" which maps cubes
alternately onto the upper and lower half-spaces. This map is automorphic with
respect to the affine group, say I's, corresponding to the even number of reflections
on the faces of W™. The group I's is generated by the translations x — x + 2v,
v € Z", and by the elements of the group

Y= (2= (T1, o0y Tim 1y =T, Tig 1, ooy T 1, —Tj, Tjp 1y ey Tn) 5 L <0 < J <),

The branch set of h consists in

Br=J U {zi=kia;=1}.

i35 k€L

3. THE CHAOTIC UNIFORMLY QUASIREGULAR LATTES TYPE MAPPINGS

The chaotic uniformly quasiregular mappings that we look for are the solutions of
Schroders equation (1) where h is the quasimeromorphic analogue of Weierstrass’
P-function. For this we have to check that the Schréder equation (1) gives a
well defined map f. This is based on the fact that the multiplication x — dz is
compatible with the reflections.

Let A(z) = AU x, with A > 0 and U € SO(n), be a conformal affine map. We
suppose that A is compatible with the reflections: if z is in some cube W’ and if we
reflect it an even number of times in its faces, we get another cube W’ containing
z', the image of x under these reflections. This is an equivalence relation ~ and we
suppose that A(z) ~ A(z’') whenever x ~ z’. In terms of the group I's this means
that if @’ = v(x), v € T, then A(2') = ' A(x) for some v € T's. So we demand
that Aoy 0 A~ C I'y. Note that in this case A automatically preserves the group
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of translations {z — z 4+ 2v; v € Z"}, which we note simply 2Z", and also the
group

Ao2Z"0 A1 c 27" and AoX oA l=3.

Therefore, we can first project A to a map my of the torus T = R"/2Z™ and, in a
second step, to a map M4 of R" /Ty = T/i, where ¥ is the projection of ¥ onto T.

On the other hand, our quasimeromorphic Weierstrass’ P-function h is I'y auto-
morphic. So A induces a homeomorphic map h:R" /Ty — R". Hence, when A is a
given map compatible with the reflections, then fa = ho M4 o h=! is a solution of
Schroders’ equation

(3) faoh(zx) =hoA(x) for zeR".
In particular, every multiplication = — dz (d = 2,3, ...) gives rise to a solution fj.
Lemma 3.1. The solution of Schriders’ equation fa is uniformly quasiregular.

Proof. Recall that h is obtained by extending a quasiconformal map defined on
W™ with range the upper half-space H". This quasiconformal map is in fact the
composition of a Mobius transformation with the radial stretching map that maps
W™ onto the unit ball B”. The radial stretching map is bilipschitz up to the
boundary which allows us to check that f4 € W1(R") and that f4 is continuous.
The set h(Bp,) of critical values of h consists in a finite number of smooth hyper-
surfaces of R"~1U{oo}. For every z € R\ h(B},) there exists an open neighborhood
Uz, x € Uy, so that the restriction of h to any component of h_l(Um) is a home-
omorphism. Hence, we can choose an inverse branch of h, say H, defined on U,,
with
(4) ff@)y = AR H(2')) for every 2’ € U,.

This shows that f, and all its iterates f*, are KZ?-quasiregular where K is the
constant of quasiregularity of h. O
Lemma 3.2. The Julia set of the map fa is J(fa) = R".

Proof. The proof is the same as for rational maps. The origin is a repelling fixed
point for A. Consider the I's-orbit of it: T'2(0) = {7(0); v € T's} = 2Z™. The set
E=Uiso A7F(T5(0)) is a dense subset of R™. Hence, h(E) is a dense subset of
R" and it is the backward orbit under f4 of the repelling fixed point h(0) of fa.
We conclude that (f%) cannot be equicontinuous in a neighborhood of any point of
R". This means that the Julia set is the whole sphere. O

Lemma 3.3. The branch set By of the mapping f = fa is contained in h o
A=Y(By,). Moreover, every non-critical value y € R\ f(By) has precisely \"
Preimages.

Proof. We first prove the affirmation concerning the branch set By. If x & ho
A7Y(By), so if x = h(a) with a ¢ A=Y(B},), then y = f(z) = ho A(a) & h(By). In a
neighborhood U, of y we can choose H, an inverse branch of h, with A(a) = H(y).
Therefore, h o A™! o H is an inverse branch of f defined in U,. This means that
x g Bf.

In order to determine the degree of f it is convenient to work in the quotient space
R™/T's. We proceed in two steps. First let us see what happens on the torus T. It is
clear that the preimage of any ¢ € T under m 4 consists in precisely A™ points. Now,
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when we do the second projection 7 : T — T/% = R™ /T, then M '(r(q)) consists
also in A" points, provided m;ll(q) has no Y-equivalent points. This is true for
points ¢ € T whose liftings to R™ are not in A(Bjy). Therefore, each y & h o A(B},)
has precisely A" preimages. If y € ho A(By) \ f(By), then f is homeomorphic in a
neighborhood U, of each point = € f~1(y). Let V = Neef-1(y) f(Usz) and choose
y' € V\ ho A(By). Since this point 3’ has A™ preimages we conclude that the same
is true for y. O

4. INVARIANT CONFORMAL STRUCTURES

A conformal structure is a measurable map g from R" into the space S =
SL(n,R)/SO(n) of n x n real positive definite matrices with determinant 1. The
general linear group GL(n,R) acts transitively on the right of S by

X[M] = |detX|"*XTM X, X eGL(nR), MeS5.

The Riemannian metric ds* = tr(M~1dM)? on S gives rise to a metric which is
invariant under the right action of GL(n,R). We denote this distance by dist(A, B),
A, B € S. More information about this can be found for example in [Tu, IM].

A conformal structure p is f-invariant if for a.e. x € R" we have

p(x) = f'(@)u(f @))] = (det f'(@)~ % /(@) u(f (@) ().

Iwaniec and Martin showed that for every uniformly quasiregular map f there ex-
ists an f-invariant conformal structure [IM]; see also [Hi| for uniformly quasiregular
semi-groups in two dimensions. We describe here all the possible invariant confor-
mal structures for the chaotic Lattes type mappings and we will see that this is a
very rigid situation.

Theorem 3. Let f = fa be one of the chaotic Lattes type mappings. Then a
conformal structure i is f-invariant if and only if the pull back of p by the mapping
h is M = h/[po k], a constant T'- and A-invariant structure. When the dimension
n > 3, then M has diagonal form:

M = diag(mi,ma,....,my,) with m; >0 and mimg---m, = 1.

Remark . This result generalizes the following fact concerning the quasiconformal
deformation of the Lattes rational mappings: when A(z) = dz, z € C, then any
matrix M € S gives rise to an f-invariant conformal structure. In the case A(z) =
Az with A € C\ R the A-invariance of M forces it to be the identity. So we see that
in the first case the Lattes rational map admits a (complex) 1-parameter family of
quasiconformal deformations while in the second case the map does not admit any
such deformation [DH].

Proof of Theorem 3. Let f = fa, A(x) = AU z, be a uniformly quasiregular chaotic
Lattes type map and p an f-invariant conformal structure. We pull back pu by h
and obtain v(x) = h'(z)[u(h(x))] for a.e. © € R™. The new structure v is I's- and
A-invariant:

A'lv(A(x))] = A'[W(A(@))[u(h o A(@))]] = B (2)[f' (h())[u(f © h())]

and, using the f-invariance of u, we get, still for a.e. x € R™,

A'v(A@))] = W(@)[u(h(x))] = v(2).
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Since v is a measurable function it is approximately continuous a.e. [Fe]. Let zg
be a point where v is approximately continuous: for every ¢ > 0,

lim [{x € B(xzg,r) ;dist(v(zg), v(z)) < e} _
r—0 | B(xo,7)|
Let € > 0. For a given 6 > 0 let r > 0 so that
|Eo| = |{z € B(xo,r); dist(v(zg),v(z)) < e}| > (1 —6)|B(zo,r)|-
We blow this up using the expanding map A. Denote
xp = A¥(z0), Bp = A¥(B(zo,7)) = B(xg, \¥r) and  Ej, = A*(Ey).
Clearly |Ey| > (1 — 6)|Bg|. Moreover, by the A-invariance of v,
dist(v(xzk),v(yr)) = dist((A") [v(zo)], (A7) [v(yo)]) = dist(v(o), v(yo)) <
for every yr = A¥(yo) € Ej. In other words,
Ey, = {z € B(xy, \'r); dist(v(zy),v(z)) < €}.

1.

The group SO(n) of orthogonal matrices is compact and thus a subsequence
U~ki converges to some V € SO(n). Let M = V[v(x0)] = limj_oc(A7%) [v(x0)].
Then dist(M,v(y)) < 2¢ for every y € Ej, when k = k; is big enough.

Since v is T's-invariant we can project Ex, = Ex(6,¢) to the torus T. In this way
we get a set Es. C T with |Es.| > (1 — 26)|T| = 1 — 26, provided k is big enough.
The set E. = Uk23 E%)E has total mass |E‘E| =1 and, when E. is the set above E.,
dist(v(y), M) < 2¢ for every y € E.. It suffices now to consider £ =, E.. This
is a set of full measure such that dist(v(y), M) = 0 for every y € £. We conclude
that v is constant a.e.

Moreover, when the dimension n > 3, then an easy calculation, using the fact
that v has to be X-invariant, shows that v is necessarily a diagonal matrix. O

5. UNIFORMLY QUASIREGULAR MAPS THAT BEHAVE LIKE POWER MAPPINGS

Here we solve again Schroder’s equation (3), this time using Zorich’s map h.
This can be done for affine mappings A(z,t) = (Az, |\|t) respecting the reflections:
AoT10A™1 CTy; here A € C, |A| > 1 and we identified 2 € R3 with (z,t) € C x R.
For example, every multiplication = — dx (d = 2,3, ...) can be taken. In this way
we obtain uniformly quasiregular mappings f = f\ of degree |A|%. In what follows
we describe the properties of these mappings.

Proposition 5.1. The Julia set of f = f is J(f) = S? and the complement of
J(f) consists of two components which are superattracting basins. The superattract-
ing fized points are 0 and oo and they are completely invariant.

Proof. Zorich’s map h sends the “ends” —oo, 00 of the cylinder Z to 0, 0o respec-
tively. By construction it is clear that 0,00 are completely invariant and that f is
not locally homeomorphic at these points. The basins of attraction of these points
are h({z3 < 0}) = B and h({z3 > 0}) = {|z| > 1} respectively. The remaining set
h({z3 = 0}) = S? is the Julia set of f, as in the proof of Lemma 3.2. |

Proposition 5.2. The map f can be conjugated by a quasiconformal map ¢ which
preserves S? so that the restriction of g = po fop™! to S? is the Lattés rational map
induced by the multiplication x — Ax and by the group Ty restricted to {x3 = 0}.
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In other words, the Lattes rational mappings in consideration can be extended
to uniformly quasiregular mappings of R".

Proof. By construction h : {x3 = 0} — S? is quasiregular. Let u be the conformal
structure obtained by pulling forward by h: h'[uoh] = Id. The measurable Riemann
mapping theorem assures the existence of a quasiconformal map ¢g of S? with
@b[Id] = p. This map admits a quasiconformal extension ¢ to S* [TV]. Now,
@ o h restricted to {3 = 0} is the (analytic) Weierstrass’ P-function. Therefore,
the restriction of g = ¢ o f o p~! is the rational Lattés map associated to the
multiplication  — Az and to the group I'; restricted to {z5 = 0}. |
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