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THE TEICHMULLER DISTANCE ON THE SPACE OF FLAT
CONFORMAL STRUCTURES

HIROYASU IZEKI

ABSTRACT. We define the Teichmiiller pseudodistance on spaces of flat con-
formal structures by the same manner as classical Teichmiiller distance on the
Teichmiiller space of Riemann surfaces. We will prove that for compact man-
ifolds this pseudodistance becomes a complete distance. We will also prove
similar results for noncompact manifolds under certain assumptions.

1. INTRODUCTION

The aim of this paper is to show that, on the space of flat conformal structures
on a compact manifold M, there is a complete distance defined by means of quasi-
conformal mappings. The distance is the same as the Teichmiiller distance on the
Teichmiiller space when M is an oriented surface. First, we recall some definitions.

Let M be a smooth n-manifold and C' a conformal class on M. If, for any point
p of M, there exists a metric g in C' such that g is flat on some neighborhood of
p, then (M, C) is called conformally flat. A conformal class on M is called a flat
conformal structure if (M, C') is conformally flat. A Riemannian manifold (M, g)
is conformally flat if the conformal class containing g is a flat conformal structure;
M is said to be conformally flat if M admits a flat conformal structure. A flat
conformal structure on an oriented surface S is nothing but a conformal structure
of a Riemann surface. A flat conformal structure on a conformally flat manifold
can be considered as a natural generalization of a conformal structure on a surface
to higher dimensional manifolds. The space of conformal structures on an oriented
surface is understood as, for instance, the Teichmiiller space of Riemann surfaces. In
this paper, we are interested in the space of flat conformal structures on a manifold
with n > 3.

Let Diff 5 (M) be a group consisting of the diffeomorphisms of M homotopic to
the identity. We consider the space of flat conformal structures defined as follows:

T (M) = {flat conformal structures on M}/ Diff y(M).

We denote by [C] the element of 7 (M) represented by a flat conformal structure
C'. The space T (M) is topologized by the quotient topology which comes from the
compact-C* topology of the space of Riemannian metrics on M. If n = 2, then this
space 7 (M) is just the Teichmiiller space of M, and hence 7 (M) can be viewed
as a higher dimensional analogue of the Teichmiiller space. On the Teichmiiller
space, there is a complete distance called the Teichmiiller distance that is defined
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by using quasiconformal mappings as follows: for two points [C1] and [C5] in T (M)
of a surface M, the Teichmiiller distance between these two points is defined by

d([C1], [Cs]) = loginf K (¢; (M, C1), (M, Ca)),

where the infimum is taken over all quasiconformal mappings between (M, C4) and
(M, Cs) that are homotopic to the identity, and K(¢; (M, C1),(M,Cs)) denotes
the maximal dilatation of ¢. This definition of the Teichmiiller distance still makes
sense for higher dimensional manifolds, and it is easy to see that this gives a pseu-
dodistance on 7 (M) (see section 3). We call this pseudodistance the Teichmdiller
pseudodistance in this paper. If this pseudodistance turns out to be a complete
distance, it will be a useful tool for the investigation of the space 7 (M). The main
result of this paper is the following;:

Main Theorem. If M is compact, then the Teichmiiller pseudodistance d on T (M)
is a complete distance. Moreover, the topology given by d agrees with the original

topology of T (M).

We call the distance d given by this theorem the Teichmiiller distance on T (M).
For a noncompact manifold M, we can prove that d becomes a distance on a subset
of T(M) if M satisfies a certain condition (see section 6). We cannot say, however,
that d is a distance in general. It should be mentioned that we can prove for
compact manifolds that d becomes a distance by using works of Lelong-Ferrand
([9], [10]). However, we need another step to prove the completeness and also to
prove it for noncompact manifolds.

The proof roughly goes as follows. In order to prove the main theorem, it is
essential to show the compactness of bounded sequences with respect to d. To
do this, we have to consider the compactness in a wider space endowed with a
weaker topology, denoted by 79(M), consisting of flat conformal structures with
low regularity; the compactness in this space gives us a candidate for the limit of
a subsequence of the given bounded sequence. For this purpose, in section 2, we
introduce the notion of C™ Mébius structures following [2]; the space 7°(M) is
defined to be the Teichmiiller space of C° Mobius structures (see Definition 2.2)
and 7 (M) can be viewed as a subset of 7°(M). By using some basic theorems
on quasiconformal mappings listed in section 3, we can prove that the bounded
sequences with respect to d are sequentially compact in 7°(M) with its natural
topology (Lemma 4.1). Then, in section 5, we can prove that d is a complete
distance on 7°(M) if the topology of 7°(M) is not so pathological (Theorem 5.6).
If M is compact, then 7°(M) is sufficiently nice for our purpose, and we conclude
that d extended to 7°(M) is a complete distance. Together with a regularity lemma
(Lemma 2.4) which is an easy consequence of the holonomy theorem (Theorem 2.3),
we see that d is actually a complete distance on 7 (M). For the case that M is
noncompact, we can prove, under some assumptions, that d is a complete distance
on a subset of 7°(M). This will be shown in section 6.

It should be mentioned that our proof does not work for the case n = 2. In spite
of this fact, in a sense, our proof given in this paper can still be considered as a
sort of extension of the proof for the case of Riemann surfaces. We will explain
this in section 5. The difference between the case of Riemann surfaces and the
higher dimensional case comes from that between the Riemann mapping theorem
and Liouville’s theorem for conformal mappings. This brings us the lack of nice
uniformization of flat conformal structures on higher dimensional manifolds. Of
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course, the developing map associated to a flat conformal structure, equivalently a
Mobius structure when n > 3, can be viewed as a kind of uniformization of a flat
conformal structure. However, since developing maps may be very wild in general,
our situation is more complicated than the case of Riemann surfaces.

In section 7, we consider the existence of extremal mappings. It was an important
problem in the classical theory of the Teichmiiller space, and it is interesting also in
our situation. We will give a comment on this in Remark 2 at the end of section 7.

Acknowledgement. The author wishes to thank K. Akutagawa, O. Kobayashi,
T. Nakanishi and S. Nayatani for useful discussions and their interest in this work.

2. THE SPACE OF FLAT CONFORMAL STRUCTURES

Let M be a paracompact C" manifold, » > 0. In this section, we assume that
dimM = n > 3. We define the space of flat conformal structures by means of
developing maps associated to C" Mébius structures (r > 0). The most important
result in this section is a regularity lemma (Lemma 2.4), which is a corollary to the
holonomy theorem (Theorem 2.3). Some other useful observations are given in the
remarks following Definitions 2.1 and 2.2. For expositions on the subject treated
in this section, we refer the reader to [2], [6] and their references.

Definition 2.1. Let {Ux}, A € A, be a collection of open subsets of M and
ox : Uy — 8™ C" embeddings into S™. If {(Ux, ¢x)}rea satisfies the following
conditions, {(Ux, ¢x)}rea is called a C" Mébius atlas.

(1) {Ux}rea is an open covering of M, and UxNU,, is connected if it is nonempty.

(2) If Ux NU, is nonempty, then there is a unique conformal transformation
of S™ such that ¢, 0 ¢3! |,, (v, is the restriction of 1.

A maximal Mdbius atlas is called a Mébius structure on M.

Remark 1. Under our assumption n > 3, a flat conformal structure on M is nothing
but a C*° Mobius structure on M by Liouville’s theorem. On the other hand, given
a C°° Mobius atlas, we can construct a C*° conformally flat metric by piecing
together {3 go}aca by a partition of unity subordinate to {Ux}reca, where ¢} go is
the pull-back of the standard metric gg on S™ by @x.

Remark 2. If M is simply connected, we can construct a C” immersion from M
into S™ from a given C" Mobius atlas. This follows from a standard monodromy
argument. This immersion is called a developing map and it is unique up to com-
position with a conformal transformation of S™. Therefore, if there is a C" Mo6bius
atlas on a manifold M, by lifting the Mobius atlas to the universal covering space
M of M, we can construct a developing map ¥ defined on M. We call ¥ also
a developing map of M. In this case, the fundamental group m (M) of M acts
on M as the deck transformation group, and this action preserves the C" Mdbius
structure on M. By the uniqueness of the developing map, ¥ oy = £ o ¥ holds for
some conformal transformation &, where v € 71 (M). It is easy to see that this gives
rise to a representation p : w1 (M) — Conf(S™). This representation is called the
holonomy representation of U.

Remark 3. Let M be a C° manifold with a C° Mdbius atlas {(Ux, ¢x)}rea. Then,
since conformal transformations of S™ are smooth, {(Uy, vx)}rca defines a C* co-
ordinate system on M. However, it is not equivalent to the original C'*° coordinate
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system on M in general. It is not clear whether these two coordinate systems define
the same differentiable structure on M.

Definition 2.2. Denote by Diff}; (M) the group consisting of C” diffeomorphisms
of M homotopic to the identity. We topologize Diff};(M) by the compact-C"
topology. We define spaces of flat conformal structures as follows:

FCr(M) = {C"developing maps of M},
FC"(M) = Conf(S™)\FC" (M),
T"(M) = FC"(M)/ Difty (M),

)=
)=

where the action of Conf(S™) on FC"(M) is defined by composition on the left.
Then FC"(M) can be viewed as the space of C" Mobius structures. Thus the
action of n € Diff};(M) on FC"(M) is defined by the pull-back of a C" Mdébius
atlas by 7. We topologized the space FCr (M) by the compact-C” topology, if
r > 1. We define the topology of FC?(M) by means of a subbasis consisting of sets
A, B of the following two types.

(1) A is open with respect to the compact open topology of ]?EJ(M)
(2) For a compact set K of M, B consists of developing maps which are injective
on K.

The topology of FC"(M) and 7" (M) is given by the quotient topology. The space
T (M) coincides with 7 (M) defined in the introduction.

Remark 1. Let Diff'; (M) be the group consisting of lifts of elements in Diffy; (M)
to the universal covering space that commute with all the deck transformations.
The topology of this group is given by the compact-C” topology. Clearly, this
group Diff;; (M) is nonempty and acts continuously on FC™(M) by composition
on the right. Passing to the quotient, this right action of Diff%; (M) gives rise
to that of Diff;(M) on FC"(M) mentioned above. Let us consider the map
hol : FC"(M) — Hom(m1 (M), Conf(S™)) that assigns the holonomy representa-
tion of ¥ to ¥ € FC"(M). It is clear that this map hol is continuous for any r. Here,
we define the topology of Hom(7 (M), Conf(S™)) by the pointwise convergence of
representations with respect to the topology of Conf(S™) as a Lie group. If 71 (M)
is finitely generated, this topology coincides with that given by uniform convergence
on the finite set of generators. By definition, the action of Diff%, (M) on FC" (M)
preserves the holonomy representation. In other words, the map hol is constant
on each orbit of Diff%;(M). Let us define the space 77 (M) as FCr(M)/Diff7(M).
Then hol induces the map hol’ : T"(M) — Hom(m (M), Conf(S™)), and this
map hol’ is clearly continuous. We also note here that 7"(M) is obtained as
Conf(S")\7"(M). We denote the quotient map FC"(M) — FC"(M) (resp.
FCr(M) — T"(M)) by p1 (resp. p}). The quotient map from FC"(M) (resp.
T7(M)) is denoted by pa (resp. ph). Since each element of Diff}; (M), Diff}, (M)
and Conf(S™) acts homeomorphically on the corresponding space, the quotient
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maps p1,p2,p) and p, are open. We denote ps o p1 = ph o p} by II.

FCr(M)
p1./ \ph
Conf(S™)\FCr (M) = FC"(M) Fr(M) = FCr(M)/Diff, (M)
P2\, /Py

FCr(M)/ Diff}, (M) = T"(M) = Conf(S")\T" (M)

FCr(M)  hol
1p! N
T (M) — Hom(m; (M), Conf(S™))

Remark 2. Suppose that ¥, ¥’ € FC"(M) C FCO(M) define the same element in
TO(M) = fCO(M)/HgI_n\éGH(M), where Homeogy (M) = Diff% (M) is the space
of homeomorphisms homotopic to the identity. Then there is a homeomorphism
1 homotopic to the identity such that ¥ = ¥’ o 7}, where 7} is a lift of  to the
universal cover M of M. Since U and ¥’ are local C” diffeomorphisms, by taking
the composition with U'~! locally, we see that 1 must be a C" diffeomorphism. In
particular, ¥ and ¥’ define the same element in 7" (M). This shows that the natural
inclusion of ]—TC/T(M) into FCO(M) induces a continuous injection ¢ : 7" (M) —
TO(M). The same is true for 7" (M) and we have a continuous injection 7" (M) —
TO(M).

Remark 3. If r > 1, the space FC"(M) is homeomorphic to
{conformally flat C"~' Riemannian metrics}/C " (M)

with the topology induced from the compact-C™~! topology on the space of C™~!
Riemannian metrics. Here C’fr_l(M ) is the space of positive C"~! functions and its
action on the space of Riemannian metrics is defined by the multiplication.

Remark 4. The quotient topology on FC" (M) coincides with the topology defined
by the convergence of the coordinate functions of C" M&bius atlases with respect
to the compact-C" topology. See [2, section 1.5].

The following theorem, due to Lok, is called the holonomy theorem in the lit-

erature and gives us information on the local structure of FC"(M) of a compact
manifold M.

Theorem 2.3 (see [2] and [6]). Let ¥ be a C" developing map of a compact mani-

fold M. Then there is a neighborhood V' C .7-?(37(M) of ¥ homeomorphic to V1 X V3,
where Vi C Hom(m (M), Conf(S™)) is a neighborhood of the holonomy representa-
tion of U and Vs is a neighborhood of the identity in Difty (M).

Theorem 2.3 asserts that the map hol induces a local homeomorphism
hol' : T"(M) — Hom(m (M), Conf(S™))
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for any r. When we consider the convergence of certain sequences in 7" (M),
Theorem 2.3 can be viewed as a kind of “regularity theorem”. For instance, we can
prove the following lemma by using Theorem 2.3. Recall that the natural inclusion
of FCr(M) into FCO(M) induces a continuous injection ¢ : 7"(M) — T(M) for
any 7.

Lemma 2.4. If M is compact, then v is an open map and, in particular, a homeo-
morphism onto its image. Moreover the image «(T"(M)) of T"(M) is open and
closed in T°(M) for any r. The same is true for T"(M).

Proof. Except for the closedness of (77 (M)), the assertions in the lemma are
straightforward consequences of Theorem 2.3. Therefore we only show the closed-
ness. Take an element p(¥) in the closure of «(77(M)). As we have mentioned in
Remark 3 following Definition 2.1, ¥ gives a C*° coordinate system on the under-
lying topological manifold N of M. Denote by M’ the C° manifold homeomorphic
to N whose C*° coordinate system is given by W. Since the image of TOO(M o)
under the injection ¢/ : 7°°(M') — T°(M’) = T°(M) induced from the inclusion
]?(?"/O(M') — FCO(M') = FCO(M) is open, «(T"(M)) N/ (T°°(M")) is nonempty.
Therefore, there are ¥y € FC" (M) and ¥y € ]?ZZ_O/O(M') such that p} (¥o) = p} (T()
in 7O%(N) = T°(M) = T°(M’). In other words, there is a homeomorphism 7 of
N, which is homotopic to the identity, satisfying Uy = ¥, o 7; for some lift 7 of 7.
Composing ¥(~! locally, we see that this 7 is a C" diffeomorphism between M and
M. This means ¥ o 7j € FC"(M), and hence Pi(¥) = pi(Voq) € (T"(M)). Thus
L(T7(M)) is closed in 7°(M). O

We will use the closedness part of this lemma in the proof of the main theorem
to obtain the regularity of the limit of a certain convergent sequence in FC>(M).
In the rest of this section, we study the orbits of Conf(S™), Diff’}; (M) and

Diff’; (M) in the corresponding spaces of flat conformal structures. Lemma 2.5
below is easy to verify by using Liouville’s theorem.

Lemma 2.5. Let ® € ]-TC/’”(M) The map defined by n — no ® is a homeomor-
phism from Conf(S™) onto the Conf(S™)-orbit of ®. In particular, it is an open
map.

The following lemma is a straightforward corollary to Theorem 2.3 for a compact
manifold M. However, we will apply it to noncompact manifolds in the case r = 0.
So we give a detailed proof here.

Lemma 2.6. (1) Let U € .7/-'\(37(M) and ¢ € ]SEE_’;(M) Then the map defined by
@ — Yo is alocal homeomorphism from Diff’y (M) onto the Dift; (M)-orbit of
v,

(2) Suppose that Homeoy (M) is a closed subgroup of Homeo(M), and let ¥ €
FCr(M). Then the Diff7,(M)-orbit of U is closed in FC"(M).

(3) Let C € FC"(M) and € Diff j;(M). Then the map defined by ¢ — ¢*C is
an open map onto the Diff 7, (M)-orbit of C.

Proof. (1) Let Gy = {¢ € Diff};(M) ; Vo = U} be the stabilizer of . For
any point x € M, there is a neighborhood U of z such that ¥ is injective on U.
Let ¢ € Gy. It is easy to see that ¢)(U) NU = 0 unless ¢ = id,;. Thus, for a
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neighborhood A = {¢ € lefH( )5 ¢(x) € U} of idy;, Y-ANA =0 for any
e Gy, ¥ # idy;, where Y-A={pop; e A}. Then, it is clear that our
map is a continuous injection on A. Suppose {¥ o @; }j,l,gw, p; € A, converges
toVUe inW-AC ]-TCJT(M) Then there exists ¢, € A such that Vo, = ¥ o Po.
We prove that {¢;} converges to po. Let Vi be a neighborhood of z such that
cﬁoo(ffl) C U. Since ¢ € A, such a Vi exists. It is clear that W, is injective on
Vi By the definition of the topology of .7-'CT( ), we may assume V¥ o @; is also
injective on V1 Take a neighborhood V; C V1 of x so that the closure V4 of V4
is contained in V;. Then, for large j, ¥ o ©;(Vi) C Uu(V1). Since ¥ is injective
on ¢uo(V1) C U, we can compose the inverse (\II|¢DO(\71))_1 to ¥ o @; on the left.
Then (\I/|¢m(vl))—1 o (¥ o ;) is the restriction of ¢ o ¢; to Vi for some ¢ € Gy.
But, for large j, ¥ o @;(x) must be in ®.,(V;) and hence (\I/|\POO(V1))—1 o(Top;)(z)
is in U. Therefore (\Il|¢oo(‘71))_1 o(¥o@;) = ¢; onVi. Then, since {¥o p;}
converges to ¥, {(p;} converges to ¢ on Vi. Let Vs be a precompact open set
on which U, is injective. Assume Vi N V2 is nonempty. We can choose V2 C VQ
so that V5 C Vg and V1 NV, # (). Then, for large j, ¥ o @; is injective on Vg and
o @j(Va) C Woo(Va). Since Uy, = W o @, is injective on Vo, W is injective on
@0 (V32), and there is the inverse (\If|¢m(‘72))‘1 of U, which is defined on W (V3).
Clearly, (¥|; (v, ) = (Yl vn))” ! holds on W (V4 N V3); thus, in particular, it
holds on V¥, (V1 NVa). Therefore (\P|¢m(\72))_1 o(¥op;) = @; on ViNVs, and hence
on V5. Then, as we have seen above, {¢;} converges to ¢ on Vs, and hence on
V1UVa. Proceeding this way, we see that {¢;} converges to ¢o, on any compact set.
In other words, {¢;} converges to P with respect to the compact-C" topology.
Thus the inverse defined on ¥ - A of our map is also continuous.

(2) Suppose that a sequence {¥ o @;};—1,2,.. converges to ®. We show that

® € ¥ - Diff;;(M). The proof is given by a certain modification of that of (1).

Let « be a point of M and U be a precompact neighborhood of  on which  is
injective. Then, by our definition of the topology of FCr (M), 7 > 71 implies that
Vo, is injective on U for some large number j;. We may assume ®(x) € Vog;, (U)
and Po@;(z) € Wop,, (U) for j > ji. Let ¥y = Vo, and p;; = gbj_locﬁj Take a
neighborhood 171 C U of x so that <I>(V1) C ¥1(U). Let V1 be an open subset of 1%
such that V; C V1 Then ¥y 0@; 1 1(V1) is contained in <I>(V1) for large j. Also there
is the inverse (W;]y)~" of ¥, |y, which is defined on ®(Vy) € W, (U). Let A= {p €

Diff; (M) ; @(x) € U} as in the proof of (1). Then, as we have seen above, the map
@ +— ¥, 0 defined on A is a homeomorphism. It is easy to see that the image of A
is exactly the set given by D = Wy - Diff}, (M) N {¥' € FC™(M) ; ¥ (z) € U1 (U)}.
Since ¥y 0 ;1 € D for large j, we may assume ¢;; to be an element of A. Then,
as in the proof of (1), by our choice of @;1, (¥|y)7" o (U1 0@j1)lvy = Bjalvi-
Since {¥1 o @j1]v, } converges to ®|y,, it must be equicontinuous and uniformly
bounded. Since (¥]y)~! is uniformly continuous on ®(V1) € Uy (U), {@;1} is
also equicontinuous and, clearly, uniformly bounded. By taking a subsequence, if
necessary, {¢;,1} converges uniformly to some @1 on V;. By the uniqueness of the
limit, ® must coincide with ¥; 0 ¢ 1 on V. Since ®; is a C” diffeomorphism on V;
and since (¥, |y)~" is a C" diffeomorphism on ®(V1), Geo1 = (¥1]y) "' 0 ® is also
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a C" diffeomorphism defined on V;. We note here that {¢; 1} actually converges
t0 Boo,1 in Diff (M), since {¥; 0 3,1} converges to ® in FC(M).

Let {W;}i=1,2,... be an exhaustion of M. We can choose W1 to be V;. On Wy, we
already have @oc = @}, 0 Poo,1 and ® = Vo P, For every point © € Wy, there is a
neighborhood U, of x on which ® is injective. Fix x € W>. Then, for large j, ¥ op;
is injective on U,. As above, for some large j,, we may assume ®(z) € ¥ o¢; (Uy)
and, for j > jg, Vo @;(z) € Yo @;, (Uy). Let V. be a neighborhood of z such that
@(Vm) C ¥o @, (Ugy). Choose a smaller neighborhood V, of = so that V, C V.
We may also assume that W o ¢;(V,) € ®(V,) for j > j,. Choose a finite subset
Vi, s Vig} of {V ; © € Wa} so that V; = Wy and V4 U --- UV, = Wa. By
renumbering the Vi’s, we may assume that V3 U--- U Vj is connected for each k.
For V5, by our construction, there are neighborhoods Uy and 172 of V5, and there
exists jo such that ¥ o @; is injective on Us and that ¥ o ¢;(V5) C ®(V3) for any
J > Jj2. Set Uy = Wog;, and @j 0 = (ﬁj_zl 0p;. Then the inverse (¥s|y,) ™! is defined
on ®(Va) C Wy (Us) and (Way,)~! = (¥; o cﬁj_ll 0 @jylun) ™t on Wa(Vy NVa). As we
have seen above, for large j, (U1]y) "1 o ¥y ocﬁj_ll 0@; = (Uy|y) toW¥i0p;1 = @)1
holds on V;. Thus, for large j, we have

(Walu,) "o (P20 @j2) = (W10@;, 0 @jy)lps o (P1 0@, 0@j, 0Pj2)
= @j‘zl 0 P4, © (Uy|y) Lo (W0 @j_ll °Qj)
=@}, ° @) 0 @i
= @j_zl 0 Pj
g (ﬁj,2
on V1NV,. Thus (¥sy, )t o(Vy0p;9) = @j2 on Va. Asin the preceding paragraph,
{(ﬁj)g} converges to a C" diffeomorphism @o. 2 and ® = Uy0 P, 2 on Vo, It is clear
that @j, © Poo,1 = Pj, © Poo,2 holds on Vi N Vo, Therefore we get ¢ satisfying
®=To P, on V3 UL
Repeating this process, we obtain ¢, defined on Wy satisfying ® = ¥ o p.
It is clear that this map is a C" diffeomorphism defined on W5. In this way, we
can extend @, to a C" diffeomorphism defined on W;. Letting i — oo, we get a
C" diffeomorphism ¢, on M. It is clear that ¢; converges to ¢, with respect to
compact-open topology. Since each ¢; commutes with all deck transformations on
M, so does the limit @o,. Thus @ defines a C" diffeomorphism ¢o on M, and
@; € Diff; (M), whose lifts are ¢;, converges to ¢o.. Since Homeor (M) is closed,

Yoo € Diff; (M) = Diff" (M) N Homeoy (M), and hence ¢o, € Diff}; (M).

(3) Let C' € FC"(M) and choose U € FC"(M) so that p1(¥). Observe that the
following diagram commutes:

w-Diff7, (M)
-5

Diff, (M) FCr(M)
projectionJr pP1 J,
Difty, (4) DD oy

Then, combined with (1), the continuity of the projection ]SEE_Z(M) — Diff, (M),
which is obvious, and the openness of p; imply (3). |
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Remark 1. For a compact manifold M, Homeoy (M) is open and closed in the group
Homeo(M) of homeomorphisms. The same is true for a manifold homeomorphic to
the interior of a compact manifold with boundary. These facts easily follow from
Corollary 1.1 and 6.1 in [3]. For other manifolds, Homeoy (M) need not be open.
An example can be seen in [3, p. 77]. Though this example is given as a manifold
whose group of homeomorphisms is not locally contractible, this is actually an
example of such a manifold. However, it is not known, to the author, whether the
closedness of Homeog (M) is true or not for other manifolds.

Remark 2. The discussion in this Sec‘g(_)fl/remains valid if we consider the quotient
spaces by the action of Diff (M) and Diff (M) instead of Diff 7; (M) and Diff; (M)
respectively. Also we may consider the quotient space by the identity component
Diff(;(M) of Diff"(M). Here, Diff (M) denotes the subgroup of Diff" (M) consist-
ing of diffeomorphisms which have a lift to the universal covering space commuting
with the deck transformations. This is the largest groBR_o/f diffeomorphisms that

acts on the fundamental group trivially. The group Diff (M) is defined as the
group consisting of the lifts of diffeomorphisms of M which commute with the deck
transformations. Clearly, Diff (M) is a closed subgroup of Diff"(M). Also this

group is normal in Diff" (M), since Diff (M) is the kernel of the homomorphism
x from Diff" (M) into the group of the automorphisms of the deck transformation

group that is defined by conjugation, where Diff" (M) is the group of all lifts of the
elements of Diff"(M). The homomorphism x is a continuous homomorphism onto
its image, where the topology of the image is defined by the pointwise convergence
of mappings on a subset of Diff"(M). Since the deck transformation group is a dis-
crete subset of Diff” (M), the image of  is totally disconnected with respect to this
topology. Thus Diff (M) is open in Diff"(M). The map Diff" (M) — Diff" (M)
is easily seen to be open, and hence Diff-(M) is open in Diff"(M). Obviously,
Diff%; (M) is a subgroup of Diff-(M). If M admits a complete metric with non-
positive sectional curvature, then it is easy to see that Diff~(M) coincides with
Diff7;(M). A reason to consider the space 7°°(M) instead of the moduli space
is the expectation that 7°°(M) is less singular than the moduli space, as is true
in the case of Riemann surfaces. From this point of view, one of the fundamental
questions about the space of flat conformal structures may be to find a reasonable
covering (or fiber) space of the moduli space, and there is no reason to restrict our
attention to the quotient by Dift’y (M ). In fact, for Riemann surfaces covered by the
Euclidean or the hyperbolic plane, the groups Diff( (M), Diff; (M) and Diff (M)
agree. Therefore, the Teichmiiller space of such Riemann surfaces can be viewed as
the quotient by any of these groups. We cannot give the answer to the question in
the present paper, and we mainly consider the quotient by Diff%; (M), since this is
the usual definition of the Teichmiiller space of Riemann surfaces.

3. QUASICONFORMAL MAPPINGS AND THE TEICHMULLER PSEUDODISTANCE

In this section, we review some basic facts on quasiconformal mappings and define
the Teichmiiller pseudodistance. We start with the definition of quasiconformal
mappings. For expositions on this subject, we refer the reader to [19], [20] and [22].
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Definition 3.1. Let ¢ be a map between two oriented Riemannian n-manifolds
(M, g) and (N, R). Suppose that ¢ belongs to W,-™((M, g), (N, h)) N CO(M, N). If
there is a constant K > 1 such that f satisfies

(3.2) [ dop |"< KJp(p)  ace.,

then ¢ is called a quasiregular mapping (abbreviated qr mapping), where || de, ||
and Ji,(p) denote the operator norm of the differential map de,, : T,M — T,y N
and the Jacobian of ¢ respectively. Here, the differential map dy,, is a linear map
defined by the weak derivatives of ¢. If a qr mapping ¢ is a homeomorphism, then
p is called quasiconformal (abbreviated qc).

A nonconstant qr mapping ¢ is open, discrete, orientation preserving and differ-
entiable almost everywhere ([17], see also Chapter VI of [20]).

Definition 3.3. The smallest K satisfying (3.2) is called the outer dilatation of ¢
and is denoted by Ko(p; (M, g), (N, h)). If ¢ is qr, then also

. <K' i n/2 ae.
(3.4) Jo(p) < K g(X,X):l?,erTth(d(pp(X)’ dpp(X)) a.e

holds for some K’ > 1. The smallest K’ satisfying (3.4) is called the inner dilatation
of ¢ and is denoted by K;(y; (M, g),(N,h)). We call

K((p; (M7 g)v (Nv h)) = maX{KO((P§ (Ma g), (N, h))7 KI(SD; (Mv 9)7 (N7 h))}
the mazimal dilatation of ¢. If K(p;(M,g),(N,h)) < K for a qr mapping ¢, then
© is said to be a K-qr mapping.

Let Cy and C}, be conformal classes containing g and h respectively. Then it is
clear that, for a qr mapping ¢ between (M, g) and (N, h), Ko(¢; (M, g),(N,h)) =
KO(%O; (Mv g/)v (Nv h/)) and KI(SO; (Mv 9)7 (N7 h)) = KI(‘)O; (Mv g/)v (Nv h/)) hold for
any ¢’ € Cy and h' € (. So we also use the notations Ko(yp; (M, Cy), (N,Chr)),
Ki(p; (M,Cy),(N,Cp)) and K (p; (M, Cy), (N, Cp)) in what follows. For a discrete,
open and orientation preserving map ¢, the quasiregularity of ¢ is characterized by
an inequality for the modulus of path families. See, for example, [11]. The following
proposition can be proved by using this characterization.

Proposition 3.5. (1) Let ¢ : (M1, g1) — (M2, g2) and ¢ : (Ma, g2) — (M3, g3)
be qr mappings. Then
KoY op; (Mi,g1),(Ms,g3)) < Ko(¢; (Ma, g2), (M3, g3)) Ko (p; (M1, 1), (Ma, g2))

and
Ki(i o @; (M, g1), (M3, g3)) < Kr(1h; (M2, g2), (M3, g3)) K1(¢; (M1, g1), (M2, g2)).
(2) Let ¢ : (M, g) — (N, h) be a gc mapping. Then
KO(‘:O_l; (Nv h)v (Mv g)) = K[(§0; (Mv g)v (Nv h))
and
KI(@_l; (Nv h)v (Mv g)) = KO(§0; (Mv g)v (Nv h))

Let M be a conformally flat manifold (possibly noncompact). We denote by
[C] (= p2(C)) the element of T°°(M) represented by C' € FC*(M). Since T (M)
coincides with 7 (M) defined in the introduction, we can regard C as a conformal
class of conformally flat Riemannian metrics.
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Definition 3.6. The Teichmiiller pseudodistance d on 7 (M) is defined by
d([C], [C"]) = loginf K (p; (M, C), (M, C"))

for [C],[C"] € T(M), where the infimum is taken over all gc mappings homotopic
to the identity.

Remark 1. By definition, the dilatations of a qc mapping are measures of the extent
that the given mapping fails to be conformal. Thus, d defined above seems to
measure the difference of two equivalence classes of flat conformal structures. In

fact, by virtue of Proposition 3.5, we see that this defines a pseudodistance on
T(M).

Remark 2. If M is a nonorientable manifold, the definition above does not make
sense, since qc mappings are orientation preserving. However, if we replace the
condition (3.2) in the definition of the quasiregularity with

(3.2') I dep "< K[ Jp(p)]  ace.,

then this makes sense for nonorientable manifolds. We define the Teichmiiller pseu-
dodistance for nonorientable manifolds by changing the notion of the quasiregularity
in this way. In fact, our proof of the main theorem also works for this case.

Remark 3. Recall that a C° Mébius atlas {(Ux, ¢x)}aea defines a C* coordinate
system on the underlying topological manifold. Denote this C'*° manifold by M’.
As we have mentioned in Remark 1 following Definition 2.1, we can construct a
conformally flat C°° metric compatible with the flat conformal structure on M’
defined by {(Ux, ¥x)}rea. Through this fact, we can define the Teichmiiller pseu-
dodistance on 7°(M). We also denote this pseudodistance by d. By Remark 2
following Definition 2.2, we can regard 7°°(M) as a subset of 79(M). It is clear
that d on 7°°(M) is the restriction of d on T°(M).

Remark 4. By a suitable modification of Definition 3.6, we can define a pseudodis-
tance on the quotient of FC" (M) by Diff -(M) or Diff(M). (For the definition of
these groups, see Remark 2 at the end of the preceding section.) Our results on the
Teichmiiller pseudodistance d in this paper are also true for these pseudodistances.
We will mention this precisely at the end of section 6.

Next, we state some results on qr mappings of R™ which we will use in the proof
of a certain compactness lemma (Lemma 4.1). For a qr mapping ¢ of R", the
dilatations are denoted by Ko(y), Ki(p) and K (p) for the sake of simplicity.

Theorem 3.7 ([12]). Let ¢ : B"(0,1) — S™, n > 3, be a locally homeomorphic
K -qr mapping, where B™(0,r) denotes the Fuclidean open n-disk with radius .
Then @ is injective on B™(0, R), where R = R(n, K) is a positive constant depend-
ing only on n and K.

Theorem 3.8 (see Theorem 1.11 of [20, Chapter ITI]). Let G be a bounded domain
in R" and ¢ : G — R" a bounded qr mapping, and let F be a compact subset
of G. Set a = Ki(¢)"=™) and C = \,distgs (F,0G)~*diam(p(G)), where A,
is a constant depending only on n, and distgr and diam denote the Fuclidean
distance between sets and the diameter of a set with respect to the FEuclidean distance
respectively. Then ¢ satisfies

distre (9(x), () < Cdistre (2,)°
forx e F andy € G.
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Theorem 3.9 (see sections 21 and 37 of [21]). Let ¢; : D — R", j =1,2,...,
be a sequence of K-qc mappings, where D is a domain in R™. If {¢;} converges
uniformly to a nonconstant map ¢, then ¢ is also a K-qc mapping. Moreover, we
have

Ko(p) < liminf Ko(g;), Ki(p) < liminf K7(g;).
J—00 j—o00

Theorem 3.10 ([5], [18]). Let ¢ : D — R"™ be a nonconstant 1-qr mapping de-
fined on a domain D in R™ with n > 3. Then ¢ is the restriction of a Mdbius
transformation.

Theorem 3.10 is known as the generalized Liouville’s theorem. Also, it can be
considered as a regularity result for qr mappings. A similar regularity result for qc
mappings between Riemannian manifolds is proved by Lelong-Ferrand ([9]).

Theorem 3.11 ([9]). Nonconstant 1-gc mappings between C*° Riemannian man-
ifolds are C*° conformal diffeomorphisms.

Remark. There are results for qr mappings corresponding to Theorems 3.9 and
3.10. See [20], [19] and papers cited there.

4. A COMPACTNESS LEMMA

The purpose of this section is to prove a certain compactness lemma (Lemma 4.1)
for the bounded sequences with respect to the Teichmiiller pseudodistance. In the
rest of this paper, we assume that n > 3.

Suppose that {[C;]} € T°(M), j =0,1,2,..., is a bounded sequence with re-
spect to d. In other words, we have a sequence of representatives {C;} C FC°(M),
and there is a sequence of qc mappings {¢;}, j = 0,1,2,..., which satisfies
K(pj; (M, Cy), (M,Cj)) = K; + €, where K; = exp d([Co), [C}]) and limj_,oc € =
0. Also, we may assume that there is a positive constant K such that K; +¢; < K
for any j. The following lemma asserts the sequential compactness of such se-
quences in 7°(M). We note that we do not need to assume M to be compact in
the following lemma.

Lemma 4.1. There exist a subsequence {C;} of {C;} and Cos € FCO(M) such
that {p:C;} converges to Co in FCO(M). Moreover,

(4.2) K (id; (M, Cy), (M, Cso)) < liminf K;.

Proof. Since Cj is a flat conformal structure, for any point = of (M, Cy), there is a
neighborhood B, of x which is conformal to the unit disk of R". We denote the
subset of B, which is conformal to the open disk with radius r by B,(r). Set R =
R(n, K), where R(n, K) is the positive constant in Theorem 3.7 and K is an upper
bound of K +¢; as above. Since M admits a Riemannian metric, by considering an
exhaustion of M, we can choose a countable subset { By (R/3) = By, (R/3)}a=1,2,...
of {Bz(R/3)}zem so that this subset forms a locally finite covering of M. It is clear
that the lift of this open covering to the universal covering (M, Cy) forms a locally
finite open covering of M and that each lift of B, (R/3) is conformally mapped onto
a round disk of S™ by a developing map of Cj. Since the intersection of two round
disks in S™ is connected if it is nonempty, the number of connected components
of Bo(R/3) N Bg(R/3) is finite. Thus, by taking a refinement of this covering, we
have a locally finite countable covering { B} such that B;, N Bj is connected if it
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is nonempty. Then, clearly, this defines a C'°° Mdobius atlas compatible with Cy. In
what follows, we assume that B, (R/3) N Bg(R/3) is either connected or empty for
the sake of simplicity.

Let ¢;(Ba(1)) be a lift of ¢;(Ba(1)) to the universal covering space M, and let

®; be a developing map of C;. Denote the map ®; o (proj|w_(/§—?1)))_1 o @; from
J a

B (1) into S™ by 4, where proj is the covering projection.

§1 T oi(Ba(1) C (M, Cy)

Twz; pmj’lT
Ba(1) R @j(Ba(l)) C (M, Cj)

We may regard ¢, as a (K +¢;)-qr local homeomorphism from B, (1) into S™, and
hence it is injective on B, (R) by Theorem 3.7. Note that {(Ba(R/3), %) }az12....
is a M6bius atlas compatible with ¢7C;. Denote by B(0,r) the disk centered at the
origin with radius r in R". By taking composition with an element of Conf(S™),
we may regard 1, restricted to B, (R) as a K; + £;-qc mapping

Y |p, : B(0,R) — B(0,1).

Here we identify B, (R) (resp. the southern hemisphere of S™) with B(0, R) (resp.
B(0,1)). Further, we may assume that the diameter of 1 (B(0, R)) is equal to 1
for each o and j. Consider the sequence {¥7|g5(0.2r/3)}j=1,2,... for a fixed a. Then
this sequence is clearly totally bounded, and also equicontinuous by Theorem 3.8.
Thus, by Ascoli’s theorem, there is a subsequence {wé(k) |B(0,2R/3)} Which converges
uniformly to a continuous map ¥2° on B(0,2R/3). By Theorem 3.9, ¢3° is either
a constant map or a nonconstant qc mapping. Since the diameter of 7 (B(0, R))
is equal to 1 for each j, the limit ¥)2° cannot be a constant map. Therefore ¥5°
is a nonconstant qc mapping defined on B(0,2R/3) and, again by Theorem 3.9,
K(g?) < liminfy .o Kjy. By the diagonal argument, there is a subsequence
{i} of {j(k)} such that, for every o, {¥%|5(0,2r/3)} converges uniformly to )3 on
B(0,2R/3).
Suppose B, (R/3) N Bg(R/3) is nonempty. Let Téa be the transition function

Toa = U 0 (Vo) ™" 1 Yo (Ba(2R/3) N Bs(2R/3)) — vj(Ba(2R/3) N Bs(2R/3)),
for each i and co. By the preceding paragraph, {1} } converges uniformly to ¢%°
on B,(2R/3), and hence, for large i, ¢ (Bo(2R/3) N Bg(2R/3)) contains some
neighborhood U of the closure of 42°(B,(R/3) N Bg(R/3)). Thus (¥%)~! is de-
fined on U for large ¢ and, again by Theorem 3.8 and Ascoli’s theorem, we may
assume {(¥?)71} converges uniformly to (¥°)~! on ¥°(B.(R/3) N Bz(R/3)).
Therefore {74,} converges uniformly to 757, on ¢3°(Ba(R/3) N Bs(R/3)). Since
{(Ba(R/3), %) a=1,2,... is a Mobius atlas compatible with ¢;C;, each transition
function Téa| Ba(R/3)NBs(R/3) Of this atlas is the restriction of a conformal trans-
formation 7, of S™ for each natural number i. Since the sequence of restrictions
of the nfm’s converges uniformly to a locally defined homeomorphism 757, {nga}
itself converges to a conformal transformation 737, of S™ by Liouville’s theorem and
by the closedness of Conf(S™); thus, Tga 1S the restriction of ng,- In particular,
{(Ba(R/3), %) }a=1,2,... is a Mobius atlas on M. We denote by C the element
of FC°(M) given by this Mobius atlas. Since each of the coordinate functions and
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the transition functions converges uniformly to that of {(Ba(R/3),¥°)}a=12,. ..,
we can construct a convergent sequence {;} of developing maps and its limit ¥,
in FCO(M), where p1(¥;) = ¢fC; and p1(¥ o) = Coo. This shows the first part of
Lemma 4.1.

Since each ¥° : Bo(R/3) — S™ is Kuo-qc, where Ko = liminf; o K;, ¥o is
a Koo-qr mapping between the universal covering of (M, Cy) and S™. This implies
(4.2). O

Remark 1. We can conclude the convergence of {¢:C;} to Cs by Remark 4 fol-
lowing Definition 2.2 instead of using the convergence of the developing maps as in
the proof above.

Remark 2. By Lemma 4.1, we see that {[C;]} converges to [Cx] in T°(M) with
respect to the original topology of 7°(M). This, however, does not imply the
convergence of the sequence with respect to the topology defined by d. In general,
these two topologies may be quite different. Also, we do not know the uniqueness
of the limit of convergent sequences in 7°(M) at the present stage.

5. THE PROOF OF THE MAIN THEOREM

In order to prove that d is a complete distance, we need to examine topological
properties of 7°(M). (See Theorem 5.6.) When M is compact, it suffices to
prove Corollary 5.3 below, and our aim is nearly achieved by a known result (see
Remark following Proposition 5.4). For noncompact manifolds, however, little is
known about the topology of 7°(M), and we will study it through the holonomy
representation in the next section. Therefore, for the sake of consistency, we give a
proof of Corollary 5.3 by means of the holonomy theorem.

We start with a quick review of some fundamental facts about the orbit of
Conf(S™) in the space Hom(m (M), Conf(S™)). We refer the reader to [8] for details
on this subject. Let SO(n+1, 1) be a complex algebraic group defined as the identity
component of the isometry group of the quadratic form

2 2 2
q(zo,x1,...,0n) = —x5 + 27+ + x5,

in (n + 1)-dimensional complex linear space C"™*1. Then the identity component
Confo(S™) of Conf(S™) is identified with the identity component of the set of real
points of SO(n+1, 1). For any finitely generated group G, Hom(G, SO(n+1,1)) has
a natural structure of an affine algebraic variety, and SO(n+1,1) acts algebraically
on Hom(G, SO(n+1,1)) by conjugation: £-p =& topo& for £ € SO(n+1,1) and
p € Hom(G,SO(n + 1,1)). Then Hom(G, Confy(S™)) is an open and closed subset
of the set of real points of Hom(G, SO(n + 1,1)). In what follows, and throughout
this paper, we usually consider Hom(G, SO(n + 1,1)) as a topological space with
topology given by the pointwise convergence of maps into a Lie group. When we
deal with Zariski topology of these spaces, it will be specified such as Zariski open,
Zariski closure and so on. Since the action of SO(n + 1,1) is algebraic, the orbit
SO(n+1,1)-p of p € Hom(G, SO(n +1,1)) by this action is open and everywhere
dense in its Zariski closure. In particular, its closure coincides with its Zariski
closure. The complement of the orbit SO(n + 1,1) - p in its closure is an algebraic
subvariety of strictly lower dimension.
From these facts and results in [23], we easily obtain the following lemma.
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Lemma 5.1. Let G be a finitely generated group.

(1) The Confy(S™)-orbit Conf(S™)-p of p € Hom(G, Confy(S™)) is a connected
component of the set of real points of the SO(n+1,1)-orbit of p in Hom(G, SO(n+
1,1)).

(2) Confo(S™) - p is an algebraic partial manifold in the sense of [23], and home-
omorphic to Confy(S™)/S,, where S, is the stabilizer of p.

(3) The closure of Confy(S™) - p is a connected component of a real algebraic
variety, and Confo(S™) - p is open in its closure. The complement of Confy(S™) - p
in its closure consists of connected components of a real algebraic subvariety with
strictly lower dimension.

Let [Col, [C1] € T°(M) and suppose that d([Co], [C1]) = 0. In other words, sup-
pose that there is a sequence of qc mappings {p; : (M,Co) — (M,C1)}j=1,2,...
such that lim; .., K; = 1, where K is the maximal dilatation of ¢;. By setting
C; = (4 in Lemma 4.1, we see that there is a subsequence of {¢;}, which we denote
by {®i}, and Cy € FC°(M) such that {p;C1} converges to Co in FCO(M). We
also see that the identity map is 1-qc between (M, Cy) and (M, Cy) by (4.2). This
shows Cy = Cu, since a 1-qc mapping is a conformal diffeomorphism by Theo-
rem 3.10 (or Theorem 3.11). More precisely speaking, by our proof of Lemma 4.1,
there is a convergent sequence {®;} C FCO(M) of developing maps and its limit
Do, € FCO(M) such that p1(®;) = ¢rC1 and p1(Pe) = Coo. I II(P;) = II(Pso)
holds in this situation, then this means [C] = [C], and hence [Cy] = [C] follows
from the discussion above. Therefore, d is a distance on 7°(M). This step is a
crucial part in proving that d becomes a distance, and, in this paper, we cannot
prove II(®;) = II(®,) for every manifold. However, by using Lemma 5.1, we can
prove the following.

Lemma 5.2. Suppose that the fundamental group 7 (M) of M is finitely generated,
and that M is orientable. Then hol(®o) is in the Conf(S™)-orbit Conf(S™)-hol(®;)
of hol(®;). Moreover, if M is compact, then II(®;) = II(P).

Proof. Note that every holonomy representation associated to developing maps of
an orientable manifold has its image in Conf,(S™). Let ® be a developing map of
C1. Then, by our construction of ®; in the proof of Lemma 4.1, ®; = 1, o o ;
for some 7; € Conf(S™), where @; is a lift of ;. By taking a subsequence and by
replacing ® and 7; with o ® and n; on~! respectively, where 7 is an orientation re-
versing element in Conf(S™), we may assume the 7;’s are in Conf(S™). Therefore,
hol(®;) = n; - hol(®) is in the Confy(S™)-orbit Confo(S™) - hol(P) of hol(®P) for each
i. By the continuity of the map hol, hol(®) is in the closure of Conf(S™) - hol(P)
in Hom(mq (M), Conf((S™)). Assume that hol(®P,) is not in Confy(S™)-hol(P). Let
¥ be a developing map representing Cy. By Lemma 4.1, II(¥) = [Cy] = [Coo] =
II(®), as we have seen above. In particular, hol(®o,) € Conf(S™)-hol(¥). Replac-
ing ¥ by no W if necessary, where 7 is an orientation reversing element of Conf(S™),
we may assume hol(Po,) is in Confy(S™) - hol(¥). On the other hand, by consider-
ing {¢;*: (M,Cy) — (M,Co)}10.., since lim; oo K(p;; (M, C1),(M,Cp)) =1,
we have a convergent sequence {U;} of developing maps and its limit ¥, where
p1 (V) = (p;1)*Co and (V) = [Cy] as above. In this case, we may assume
hol(¥ ) is in the closure of Confy(S™) - hol(¥). Since we have assumed that
hol(®,) is in the complement of Confy(S™) - hol(®) in its closure, so is hol(V).
The complement itself is a real algebraic subvariety by Lemma 5.1 (3), and hence it
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is closed. Therefore hol(¥ ) is in the complement. This contradicts II(V ) = [C].
This shows the first part of Lemma 5.2.

By Lemma 5.1 (2), we can identify Confy(S™) - hol(®s) with Conf((S™)/S,
where S is the stabilizer of hol(®.) in Confy(S™). Thus we have a fiber bundle
Confy(S™) — Confy(S™) - hol(P ). Choose a continuous section s defined around
hol(®s) with s(hol(Ps)) = id € Confy(S™). Let V' be a neighborhood of ®o
in FCO(M) as in Theorem 2.3. By Lemma 2.5, there is a neighborhood U of
idgn € Confp(S™) such that, for any n € U, no ®, € V. By our choice of
s, & = s(hol(®;)) € U for large i. Take such a &. Then & o &, € V and
hol(& 0 Puo) = & - hol(Poo) = hol(®;). Thus, by Theorem 2.3, & 0 o, = P, 0 P for

—~—

some ¢ € Homeoy (M). Hence II(P) = II(D;). |
Corollary 5.3. If M is compact (possibly nonorientable), (P, ) = II(D;).

Proof. We have already seen that this is true for orientable manifolds. Suppose M
is nonorientable. Denote its orientable double cover by M. Let Ho/m;H(M ) be
the group consisting of lifts of elements of Homeoy (M) to M which are homotopic
to idy, on M. Then this group is closed in HomeoH(M). Let ®; and ®,, which
are developing maps of M, be as above. Then they are also developing maps of M
which represent lifts of the C;’s and C, respectively. Clearly, {®;} converges to @
in ]?C/O(M) Let &; be as in the last paragraph of the proof of Lemma 5.2 for large
7. Then, since the & 1o ®,’s considered as developing maps of M have the same

holonomy representations, they are in the same H%H (M )-orbit as we have seen
above. Since ®, is in the closure of the Ho/rr\légH(M)—orbit of fi_l o ®;, Lemma 2.6
(1), (2) and the closedness of Ho/m;H(M ) show that ®, actually belongs to the
Homeoy (M)-orbit of €1 o ;. Therefore II(®s) = I1(®;) O

Proof of the Main Theorem. By the discussion above, d is a distance on 7°(M)
and, in particular, on 7. Let {C;} C FC>(M) be a sequence of representatives
of a bounded sequence {[C;]} with respect to d. Take a subsequence {C;} and
Coo € FC>®(M) as in Lemma 4.1. Then, by Lemma 4.1, +({[C;]}) C «(T°°(M))
converges to [Cwo] in T°(M), where ¢ is the map defined in section 2. Since : is a
homeomorphism onto its image and (7 °°(M)) is closed in 7°(M) by Lemma 2.4,
[Cs] € T™(M) and {[Ci]} converges to [Coo] in T°(M). It is clear that, for
compact M, the identity map 7°°(M) — (7°°(M),d) is continuous, and hence
[C;] — [Coo] with respect to d. Therefore any bounded sequence is compact. This
shows that d is complete.

Since ¢ : T7°(M) — T°(M) is a homeomorphism, together with the continuity
of T (M) — (T>°(M), d), the identity map 7°(M) — (7°(M), d) is continuous.
In particular, 7°(M) is Hausdorff. Let {[C;]}j=12,.. C T°(M) be a convergent
sequence with respect to d, and [C] its limit. By Lemma 4.1 and the Hausdorff
property of 7°(M), a subsequence of {[C}]} converges to a unique element, and
it must be [Cx] as we have seen above. Therefore [C] lies in the closure of
{[C;]} with respect to the original topology of 7°(M). Therefore, 7°(M) —
(T°(M),d) is a bijective closed map, and hence it is an open map. Thus 7°(M) —
(T°(M),d) is an open and continuous bijection, and hence 79(M) is homeomorphic
to (7°(M),d). Combining with Lemma 2.4, we see that 7°°(M) is homeomorphic
to (T°°(M),d). O
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In general, we have the following sufficient condition for d to be a distance.
Further results will be proved in the next section.

Proposition 5.4. The Teichmiiller pseudodistance d is a distance on T°(M) if
TO(M) satisfies the To-property; namely, for any pair x, y in T°(M), there is a
neighborhood U of either x or y such that U separates x and y.

Proof. Suppose d([C1],[C2]) = 0 for distinct points [C1],[C2] € T°(M). We may
assume that there is a neighborhood U of [C1] in 7°(M) such that [Cs] is not in U.
By the discussion in the paragraph following Lemma 5.1, the closure of p; L[Ca))
in FC°(M) contains [C1]. Therefore [C;] must be in the closure of [Cs], which is a
subset of the complement of U. This is impossible. O

Remark. For a compact manifold M, it is easy to verify that 7°(M) is Hausdorff
from the fact that the moduli space of flat conformal structures on a compact
manifold is Hausdorff (see, for example, [7]). Thus we can prove the main theorem
by means of this fact. However, the assertion of Corollary 5.3 is much weaker than
the To-property of 7°(M), and it is enough for our proof above.

By the following lemma, we see that if 7°(M) satisfies the Tp-property, then d
is actually a complete distance on 7Y(M). We state this as Theorem 5.6 below.

Lemma 5.5. If d is a distance on T°(M), then it is complete. Moreover, the
identity map (T°(M),d) — T(M) is continuous.

Proof. By Lemma 4.1, any Cauchy sequence with respect to d has a subsequence
converging to an element of 7°(M) with respect to the original topology of 7°(M).
It suffices to show that this subsequence converges to the limit with respect to d.
Let {[C;]} be the subsequence and [Cs] its limit in 7°(M). Denote by {®;}
the corresponding convergent sequence of developing maps that is constructed in
the proof of Lemma 4.1, and let ®, be its limit. Since {[C;]} is a subsequence
of a Cauchy sequence, it is also a Cauchy sequence with respect to d. Assume
{[C;]} does not converge to [C] with respect to d. Then there is an € > 0 and
a subsequence of {[C;]}, which we denote by {[C;]} again, such that {[C;]} lies
outside the e-neighborhood (with respect to d) of [Cu]. Since {[C}]} is also a
Cauchy sequence, {[C;]};>n is contained in the €/2-neighborhood of [Cx] for large
N. By Lemma 4.1, a closed bounded set with respect to d is sequentially compact
in 7°(M), and hence a subsequence of {[C}]} converges to an element lying in the
closure of the €/2-neighborhood of [Cn]. By our proof of Lemma 4.1, this means
that a subsequence of {®;} converges to a developing map different from ®,. Since
the space of developing maps is clearly Hausdorff, this is impossible. Thus {[C;]}
actually converges to [Cs] with respect to d.

By the discussion above, the limit of a convergent sequence with respect to d
lies in the closure of the sequence with respect to the original topology of 7°(M).
Therefore, as in the proof of the main theorem, the identity map (7°(M),d) —
T°(M) is continuous. |
Theorem 5.6. If T°(M) is a Ty-space, then d is a complete distance on T°(M).
Moreover, the identity map (T°(M),d) — T°(M) is continuous.

Remark 1. If d is not a distance, then the identity map (7°(M),d) — T°(M)
may not be continuous. We can say only that one of the limits of a convergent

sequence with respect to d lies in the closure of the sequence with respect to the
original topology of T°(M).
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Remark 2. We give here a comment on the comparison of our proof and that for
the case of Riemann surfaces. First, we give a rough sketch of the proof for the case
of Riemann surfaces along the line of our proof. We have considered qc mappings
between (M, Cy) and (M, C;) in the preceding section. If M is a compact and
oriented surface with genus greater than one, then these qc mappings are lifted
to the universal coverings which are conformal to the unit disk B2(0,1) of R? for
all j. Thus the claim corresponding to Lemma 4.1 is reduced to the problem on
the compactness of K-qc mappings on B2(0,1). After suitable normalization of
lifts of the qc mappings ¢;, one sees that the set {;} of normalized mappings
is precompact with respect to compact-open topology; there is a subsequence of
{¢;} and a nonconstant qc mapping ¢ that is the limit of the subsequence. (This
follows from, for example, a theorem of Mori [15].) As a corollary to this, we get
the compactness of K-qc mappings between (M, Cy) and (M, Cy) for fixed Cy. This
implies that the Teichmiiller pseudodistance is actually a distance. Since (M, C})
is conformal to B?(0, 1)/@&5;1 and the gﬁjl"cﬁj_l’s are conformal groups acting on
B2%(0,1), where T is a discrete conformal group such that (M, Cp) is conformal to
B2(0,1)/T, ¢I'p~! is also a discrete conformal group acting on B2?(0,1). Thus the
conformal structure given by B2(0,1)/¢I'¢ ™! is the limit of a subsequence of {[C;]}.
Since the convergence of a sequence of conformal transformations with respect to
compact-open topology implies that with respect to compact-C'* topology, {[C;]}
actually converges to the limit in 7 (M) defined in the introduction. This can
be proved, for example, by an argument similar to the proof of the holonomy
theorem. As a matter of fact, it is the simplest case that the framework of the
holonomy theorem can be applied. See [2] and [6] for the holonomy theorem in the
general setting. The completeness of the Teichmiiller distance follows easily from
the discussion above.

On the other hand, when n > 3 the universal coverings (M, C;) are no longer
conformal to each other, and the argument above fails. However, through Liouville’s
theorem, which holds only for the case n > 3, we can consider the flat conformal
structure as the Mdbius structure. This allows us, together with Theorem 3.7, to
localize the problem as we have done in the preceding section; in order to prove
Lemma 4.1, we have had only to find the limit of coordinate functions by virtue of
Liouville’s theorem and Theorem 3.7. The existence of the limit has been proven
by using Theorem 3.8 instead of Mori’s theorem in the case of the compactness
of qc mappings on B2(0,1) mentioned above. (We note that Theorem 3.7 holds
only for the case n > 3.) Unfortunately, this is not sufficient to prove the main
theorem. We have needed to examine the topology of 7°(M) carefully and prove
the regularity of the limit as we have seen, and this has been carried out by means
of the holonomy theorem.

6. FURTHER RESULTS FOR NONCOMPACT MANIFOLDS

As we have seen, d is a complete distance on 7°(M) if 79(M) satisfies the Tp-
property. Thus d is a complete distance if 7°(M) satisfies the T}-property; namely,
every point in 7°(M) is closed. In this section, since the T}-property is rather easier
to check in our case, we consider a sufficient condition for a point in 7°(M) to be
closed. We show that d is a complete distance on a subset of 7°(M) for a certain
noncompact manifold M. This set is open and closed in 7°(M) with respect to the
topology defined by d.
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Recall that Conf(S™) can be identified with the isometry group of the hyper-
bolic space (B"*1, Poincaré metric) by extending the action of the isometry to the
boundary S™ = @B"*!. Through this identification, we can consider the action of
subgroups of Conf(S™) on B"*!. Let G be a subgroup of Conf(S™). We do not
assume G to be discrete nor finitely generated. The limit set of GG, denoted by
A(G), is the set of accumulation points in S™ of the G-orbit of a point z € B"+1.
In the proof of Lemma 6.1 below, we frequently use results stated in [13, §5].

Lemma 6.1. Let p = hol(®). Assume that Homeoy (M) is a closed subgroup of
Homeo(M). Unless p(m1(M)) itself or any index two subgroup of p(m1(M)) has
common fived points in S™ U B" T TI(®) is closed in T°(M).

Proof. Let {n;} C Conf(S™) and {¢;} € Homeoy (M ). Suppose njoPop; converges
to ®o in FCO(M). We have to show O € II71 o II(®). If a subsequence of {n;}
converges to some 7)., € Conf(S™), then the corresponding subsequence of {® o p;}
converges to 77! o ®. In this case, Po, € II7! o II(P) follows from Lemma 2.6
(2). In what follows, we prove the existence of a convergent subsequence of {n;}.
To prove this, we first show that, under our assumption, p(71(M)) contains a free
subgroup of rank two.

Let G = p(m1(M)). Since G has no common fixed points in S™ U B"™!, A(G)
consists of more than one point. If A(G) consists of exactly two points, there
is a subgroup of index two in G which fixes each point of A(G). Thus, by our
assumption, A(G) contains at least three points, and hence A(G) is an infinite set.
By [13, Proposition 5.11], for any two points z,y € A(G), there is a loxodromic
element in G whose fixed points are arbitrarily near z,y. Choose four distinct
points of A(G). Then we can find two loxodromic elements &1, & in G so that they
have no common fixed points. The group F generated by &5 and &, for large k,1 is
easily seen to be a discrete free subgroup of G. (Actually, F is a Schottky group
of rank two.) We may assume that F lies in the identity component Confy(S™) of
Conf(S™) by choosing k and [ suitably.

Set pj = hol(nj o ® o @;) =n; - p and poe = hol(P). By the continuity of the
map hol, {p;} converges to pso. By taking a subsequence of {j} and by replacing
® and n; with no ® and n; on™!, n € Conf(S™) \ Confy(S™), if necessary, we may
assume 7; € Confo(S™) for each j. Then p; o p~!|F can be considered as represen-
tations of the free group of rank two into Conf(S™). Note that ps o p~!|F also
defines a representation. Denote these representations by p; and po. respectively.
Clearly, {p;} converges to po. By [14, Corollary 1.2] and [1, Proposition 2.3], the
Confo(S™)-orbit of p is closed in Hom(F, Conf(S™)). Thus po, = 6 - p for some
6 € Confy(S™). The orbit Confy(S™) -  is homeomorphic to Confy(S™)/S; as we
have seen in the preceding section.

Next, we prove the compactness of the stabilizer S;. Note that neither F' nor
any finite index subgroup of F have common fixed points in S™ U B"*. Suppose
that S5 is noncompact and has common fixed points in S”. Then the number of
the fixed points is less than three. Otherwise S; must be compact. (Note that S
is a closed subgroup of Conf(S™).) Assume that S; fixes exactly one point, say
x. Then, for any n € F and g € S5, gon(z) = nog(x) = n(z), and hence n(z)
is a fixed point of g. Thus n(z) = x. Therefore F' has a common fixed point z,
a contradiction. If S; has two fixed points, then a similar argument shows that
F' itself or some subgroup of F' with index two fixes the fixed points of S;. On
the other hand, since we assume S; to be noncompact, S; fixes no points in Bt
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Thus, if S; has no common fixed points in S™, then S, fixes no points in S"UB" 1.
In this case, S; contains a loxodromic element g by [13, Corollary 5.14]. Since every
element of F' commutes with g, F itself or some subgroup of F' with index two fixes
the fixed points of g as we have seen above. Therefore S is compact, and hence
Sp, which is a closed subgroup of S;, is also compact.

Identifying the Confy(S™)-orbit Conf(S™) « foo Of poo With Confo(S™)/S;.. by
the homeomorphism as mentioned above, we get the fiber bundle Confy(S™) —
Conf((S™) - poc whose fiber is S;__. Let s be a continuous section defined near poo.
Then, since pj = (17, 007") - poo, 1 0 07 = 5(p;) o 17} for some 7 € Sp_ . By the
compactness of S;_, there is a convergent subsequence of {1} and its limit 7.
Since the section s is continuous, this shows that {7;} itself contains a convergent
subsequence. O

Let QCE (M, C) be a set of K-qc transformations on (M, C) homotopic to the
identity:

QCH; (M, C) = {¢ € Homeoy (M); K(¢;(M,C),(M,C)) < K}.

Lemma 6.2. Let C € FCO°(M) and suppose that [C] = pa(C) is closed in TO(M).
If Conf 7 (M, C) is compact, then QCE (M, C) is compact for any K.

Proof. Let {1;} be a sequence in QCg(M, (). Then, by Lemma 4.1, there is a
convergent subsequence of {¢/5C} and its limit C, € FC(M). Since [C] is closed
in 7°(M), [Cx] = [C] . Thus Cs = ¥}, C for some 1o, € Homeoy(M). By
Lemma 2.6 (3), we can choose a sequence {¢;} C Homeoy (M) so that ¢;Co =
YPiC = (V! 0 ;)*Coo and ; — idp. Then, ! o9p; = ¢; o p; for some
¢j € Confy(M,Cy). Since Confy(M,Cy) is compact as well as Confy (M, C),
there is a convergent subsequence of {¢;}, which we denote by {¢;} again, and
its limit ¢oo. Therefore, by our choice of ¢, the corresponding subsequence {#;}
converges t0 s 0 Pno. Since the limit of a K-qc mapping is also K-qc, we obtain
the desired result. O

Theorem 6.3. Suppose that [C] is a closed point of T°(M) and that Conf g (M)
is compact. Denote by T (M) the subset of T°(M) containing [C] defined as

Iy (M) = {[C"] € T°(M); d([C], [C"]) < oo}

Then d is a complete distance on TQ(M). Moreover, for any [C'] € T (M),
Confy(M,C") is compact.

Proof. Suppose d([C1],[Ca]) = 0 for [C1],[C2] € TQ(M). That is, there exists
a sequence {@;};—12, .. of gc mappings from (M,C4) to (M,Cs) such that the
limit lim;_,o K (p;; (M, C1), (M, Cs2)) of their maximal dilatations equals 1. Fix qc
mappings ¢ : (M,C) — (M, C1) and ¢y : (M,C) — (M, C5). Then 1/)2_lo<pjo1/)1
are contained in QCL (M, C) for some K. Taking a subsequence, we may assume
s Lo @pj o Yy converges to 1o With respect to the compact-open topology by
Lemma 6.2. Therefore ¢; converges to ¢oo = 92 0 Yo © wl_l, and this is a 1-qc
(therefore smooth conformal) mapping between (M, C1) and (M, C5). Thus d is a
distance and it is complete by Lemma 5.5.

If we replace Co with C; and choose ¢; to be conformal transformations of
(M, C1), we obtain the compactness of Confgy (M, C1). |
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Since 7°°(M) can be considered as a subset of 7°(M) as we have seen in sec-
tion 2, d is a distance on 7°(M) = TP (M) N T>°(M) (it may be incomplete).
Note that we have not used the flatness of the conformal structures C; and Cs in
the proof of Theorem 6.3 except the use of Lemma 5.5. Let C(M) be the space of
conformal structures (not necessarily flat) defined by

C(M) = {C* conformal structures on M}/ Diff 77 (M).

It is clear that we can define a pseudodistance on this space, denoted also by d,
in the same way as in Definition 3.6. By the proof of Theorem 6.3, we have the
following result on (C(M), d).

Corollary 6.4. Let M be a manifold admitting flat conformal structures. Suppose
that there is a flat conformal structure C such that [C] is a closed point of T°(M)
and that Conf g (M, C) is compact. Denote by Co(M) the subset of C(M) containing
[C] defined as

Co(M) = {[C"] € C(M);d([C], [C"]) < oo}

Then d is a distance on Co(M). Moreover, for any [C'] € Co(M), Conf gy (M,C") is
compact.

Remark. In general, even if Confy (M, C) is compact, QCY (M, C) may be non-
compact for some K. We give an example here. Let C' be a conformal structure
on S™ different from the standard one. Then idy : (5™, C) — (S™,Cy) is K-qc
for some K, where Cj is the standard conformal structure on S™. It is clear that
QCH(S™,C) contains Conf(S™Cp) as a closed subset, and hence QU3 (S™C) is
noncompact.

There is a distinguished class of flat conformal structures called Kleinian struc-
tures (or uniformized flat conformal structures) arising from Kleinian groups. Let
T’ be a Kleinian group. Choose an open subset €2 of S™ so that I' leaves 2 invariant
and that T" acts freely and properly discontinuously on Q. Then Q/I" is a manifold
and it carries a natural flat conformal structure coming from the standard confor-
mal structure on S™. By the discussion above, we have the following theorem for
such manifolds.

Theorem 6.5. Let (M,C) = Q/T be a Kleinian manifold. Suppose that T' is
nonelementary and that Homeoy (M) is closed. Then, on T (M) containing [C],
d is a complete distance.

Proof. In this case, I' is the image of the holonomy representation associated to a
developing map representing C. Since I' is nonelementary, neither I' nor any finite
index subgroup of I' has common fixed points in S™ U B"*!. Thus, by Lemma 6.1,
[C] is closed in T°(M). Also, the stabilizer S of the holonomy representation,
which is the centralizer of I' in this case, is compact by an argument in the proof
of Lemma 6.1. Denote by C/OIEI(M ,C) the group consisting of lifts of elements
of Confy (M, C) to Q which commute with I'. Then this group can be considered
as a closed subgroup of S by LioE/i\lle’s theorem, and hence it is compact. Since
there is a continuous surjection Conf (M, C) — Conf g (M, C) induced from the
covering projection, Confy(M,C) is compact. Then the theorem follows from
Theorem 6.3. O
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Remark 1. Lemma 6.1 gives a sufficient condition for a point of 7°(M) to be closed.
On the other hand, for some M, there is a point of 7°(M) which is not closed.
We give an example here. Let M = R". The conformal structure Cy containing a
complete metric with negative constant curvature on R™ can be considered as the
conformal structure induced by an embedding of R™ onto an open round n-disk of
S™, and this embedding can be viewed as a developing map ®y of Cy. We may
regard ®( as an embedding of R" onto the open unit disk of R" = S™ \ (a point).
Composing a linear diffeomorphism of R" to ®j, we obtain another embedding
® of R" into R". This embedding ® can be considered as a developing map,
and it defines a conformal structure C' on R". By our counstruction, d([Co],[C])
is finite. Now the boundary 9®(R") of ®(R") is a smooth regular submanifold
of R" with induced conformal structure, and it is diffeomorphic to S"~!. By
Liouville’s theorem, each element of Conf(R",C) can be extended to an element
of Conf(0®(R™)). It is easy to see that this extension defines a homeomorphism
between these conformal transformation groups. Unless 0®(R") is a round sphere,
Conf(0®(R™)) is compact by a theorem of Obata ([16]) and Lelong-Ferrand ([9],
[10]). Thus, if we choose the linear diffeomorphism so that it is not conformal,
then Conf(R",C) must be compact. On the other hand, Confy (R", Cy) is clearly
noncompact. If [C] is closed in 7°(R"), this contradicts Theorem 6.3. Thus [C] is
not closed.

It should be noticed that, in spite of this fact, we do not know, at least from the
results in this paper, whether d on 7°(R™) turns out to be a distance or not.

Remark 2. As was mentioned in the remark at the end of section 2, it should also be
examined whether the Teichmiiller pseudodistance on the quotient by the action of
Homeoc (M) becomes a complete distance. It is easy to check that our proof is also
valid for such spaces. Hence, our main theorem and the theorems in sections 5 and
6 remain true if we replace 7°(M) or 7°°(M) with the corresponding quotient by
Homeoc (M) or Diff ¥ (M). Moreover, since Homeoc (M) is closed for any manifold
M, we do not need the assumption corresponding to the closedness of Homeoy (M).
The same is true for the quotient by Homeog (M) or Diffo(M).

7. SOME REMARKS ON THE EXISTENCE OF EXTREMAL MAPPINGS

As we have seen, the Teichmiiller pseudodistance is actually a distance in many
cases. In this final section, we examine the existence of extremal mappings; the exis-
tence of exp d([C1], [C2])-qc mappings between (M, Cy) and (M, C3). The existence
and the uniqueness of the extremal mapping between two conformal structures on a
compact surface with genus greater than one plays an important role in the classical
Teichmiiller theory; it also seems to be an interesting problem in our situation. We
will explain this briefly at the end of this section (Remark 2).

In case C7 = (5, this existence problem is viewed as the question that asks
whether the Teichmiiller pseudodistance is actually a distance. In fact, for some
cases where we have been able to prove that d is a distance, we can also prove the
existence of extremal mappings between two flat conformal structures. We state
them below.

Proposition 7.1. Let M be a compact manifold. For any pair of flat confor-
mal structures C1 and Cy on M, there is an expd([C1], [C2])-qc mapping between
(M7 Cl) and (M, Cg)
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Proof. By our assumption, there is a sequence {¢;};=1,2, .. of gc mappings between
(M, C4) and (M, C5) such that lim; . K(p;; (M, C4), (M,C2)) = expd([C1], [Ca)).
By Lemma 4.1, there is a subsequence of {¢;}, which we denote {¢;} again,
and the limit Coo of {¢5Co} in FCO(M) satisfying K (idar; (M, C1), (M,Cy)) =
exp d([C1], [C2]). By Corollary 5.3, there is a ¢, € Homeogy (M) such that ¢% Co =
Coo. Then it is clear that @ is an exp d([C4], [C2])-qc mapping between (M, Cy)
and (M, Cy). |

Remark. Proposition 7.1 can be viewed as a direct consequence of a result by
Lelong-Ferrand ([9]).

Proposition 7.2. Suppose there is a closed point [C] in T°(M). Let TP (M) be as
in Theorem 6.3. For any pair [C1],[Ca] € TP (M), there is an expd([Ch], [Ca])-gc
mapping between (M, C1) and (M, C3).

The proof of Proposition 7.2 is the same as the first paragraph of the proof of
Theorem 6.3. In particular, we have

Corollary 7.3. Let (M,C) = Q/T be a Kleinian manifold. Suppose that T is
nonelementary and that Homeoy (M) is closed. Then, for any pair [C1],[Ca] €
TL(M), there is an exp d([C1], [C2])-qc mapping between (M, Cy) and (M, Cs).

Remark 1. We can prove the existence of extremal mappings for the quotient by
Diff (M) or Diff;(M) in the same manner at least under the assumption corre-
sponding to the results above.

Remark 2. Fix a flat conformal structure C' on M. Suppose that, for any flat
conformal structure C’ on M, there is an extremal mapping between (M, C) and
(M, C") and that the extremal mapping is unique. Then, for any C’, we can asso-
ciate the unique extremal mapping. The classical theory of the Teichmiiller space
says that if M is a compact surface with genus greater than one, in which case
extremal mappings are uniquely determined, then this assignment gives rise to a
homeomorphism between the Teichmiiller space and the “space of extremal map-
pings”. We explain the precise meaning of this as follows. For the extremal mapping
between C' and a representative C” of [C’], we can assign a holomorphic quadratic
differential on (M, C), and the differential assigned to the extremal mapping be-
tween (M, C) and (M, C") coincides with that assigned to the extremal mapping
between (M, C') and (M, C"). From this fact, we can construct a map from 7 (M)
into the space Q(M,C) of the holomorphic quadratic differentials. Teichmiiller
proved that this map is a homeomorphism onto a unit ball of Q(M,C). Through
this theorem of Teichmiiller, we can identify 7 (M) with the unit ball of Q(M, C).
Also we can regard the unit ball of Q(M, C) as the “space of extremal mappings”.
See, for example, [4] for the details.

In general, in contrast to the case of Riemann surfaces with genus greater than
one, the uniqueness of the extremal mappings does not hold because there are man-
ifolds admitting flat conformal structures with nontrivial conformal transformation
groups. In spite of this fact, the “space of extremal mappings” still seems to be
interesting. For example, the existence of nontrivial conformal transformations is
closely related to the appearance of singularity in 7 (M). In view of this, we might
be able to expect that the “space of extremal mappings” turns out to be a kind of
resolution of 7 (M). At the present stage, however, we do not even know a way to
describe the “space of extremal mappings” of higher dimensional manifolds.
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