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DYNAMICS OF SHIFT-LIKE POLYNOMIAL
DIFFEOMORPHISMS OF CN

ERIC BEDFORD AND VICTORIA PAMBUCCIAN

Abstract. We identify a family of polynomial diffeomorphisms of CN and
show that these mappings may be studied using certain methods (filtration
and potential-theoretic) which were developed for the study of polynomial
diffeomorphisms of C2.

0. Introduction

The dynamics of polynomial diffeomorphisms of C2 have been studied inten-
sively in recent years, starting with the work of Hubbard [H] and Friedland-Milnor
[FM]. The methods of pluri-potential theory, i.e., the methods related to pluri-
subharmonic functions and positive, closed currents, have proven effective in the
further study of the dynamics of these maps. This new direction started with the
works of [BS] and [FS] and has progressed further in a series of papers by John
Smillie and one of the authors. The reader is referred to the survey paper [BuS]
for a good overview of this area. The purpose of the present paper is to introduce
a family of polynomial diffeomorphisms of CN , N ≥ 2, and to show that similar
potential-theoretic tools may be developed for them. Our hope is that many of the
methods and results from the case N = 2 will extend naturally to this more general
case.

Let us review some of the features of the dynamics of polynomial diffeomorphisms
of C2. We consider the sets

K± = {x ∈ C2 : {f±n(x) : n ≥ 0} is bounded},
U± = CN −K±, K = K+ ∩K−,

J± = ∂K±, and J = J+ ∩ J−.

Friedland and Milnor [FM] showed that a polynomial diffeomorphism f which is dy-
namically nontrivial has several interesting properties. One property is that such
an f is conjugate to a finite composition of mappings of the form f : (x, y) 7→
(y, p(y) − ax). For these mappings there are sets V −, V , and V + such that
(V −, V, V +) forms a filtration for f in the following sense:

1. A point not already in V − cannot enter V −, and an f -orbit can remain in
V − for finite positive time,

2. V is compact, and a forward orbit {fn(x) : n ≥ 0} is bounded if and only if
it is eventually contained in V , and
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3. Every point of V + remains in V + and tends to infinity in forward time.

Another property of f as given above is that it has minimal degree within its
conjugacy class. In fact, if we set deg(f) = d, then deg(fn) = dn, where fn =
f ◦ · · · ◦ f denotes the n-fold composition. We may use d to measure the (super-
exponential) rate of escape to infinity in forward/backward time by defining

G±(x) := lim
n→∞

1
dn

log+ ‖f±n(x)‖.

G± transforms under composition as: G± ◦f = d±1 ·G±. Thus the stable/unstable
currents, which are defined by µ± := 1

2πddcG± may be wedged together to give an
invariant measure µ := µ+ ∧ µ−. The currents µ± and the measure µ have been
important in gaining a deeper understanding of f .

For x = (x1, . . . , xN ) ∈ CN , we set ‖x‖ = max1≤j≤N |xj |. For R < ∞ large,
1 ≤ j ≤ N , and 0 ≤ ν ≤ N − 1, we define

Vj = {x ∈ CN : |xj | ≥ R, |xj | = ‖x‖},
V = {x ∈ CN : ‖x‖ ≤ R},

V − =
N−ν⋃
j=1

Vj , and V + =
N⋃

j=N−ν+1

Vj .

In this paper we introduce a family of polynomial diffeomorphisms of CN , which we
call shift-like of type ν. In Lemmas 1, 2 and 3 we show that the sets V +, V, V − give
a filtration (in the sense of 1, 2, and 3 above) for the dynamical system generated
by these mappings.

In Theorem 9 we show that the limits defining the rate of escape functions G±

converge uniformly on compact subsets of CN . Thus we may define the correspond-
ing stable/unstable currents µ+ := ( 1

2π ddcG+)ν and µ− := ( 1
2π ddcG−)N−ν , and we

define a measure µ := µ+ ∧ µ−. From Theorem 11 it follows that µ coincides with
the harmonic measure of K in the sense of pluri-potential theory.

1. Shift-Like Mappings

We will say that a (holomorphic) polynomial diffeomorphism f : CN → CN ,
N ≥ 2, is shift-like if the orbit of a point x ∈ CN under f determines a bi-infinite
sequence (ζj)j∈Z such that

fk(x) = (ζk+1, . . . , ζk+N ) ∈ CN .

Thus the forward iteration of f corresponds to shifting the sequence to the left.
In this case it has the form f(x1, . . . , xN ) = (x2, . . . , xN , g(x2, . . . , xN ) − ax1) for
some polynomial g and some nonzero a ∈ C, and the sequence ζn is generated by
the recurrence relation: ζj = xj , for 1 ≤ j ≤ N , and

ζn+N = g(ζn+1, . . . , ζn+N−1)− aζn for n ∈ Z.

Note that this may be used as a recurrence relation for both increasing and de-
creasing n. We will also refer to a finite composition f = fm ◦ · · · ◦ f1 of such
mappings as shift-like. In this case we let gs and as denote the polynomial and
constant defining fs. We use the notation [s] for the integer satisfying 1 ≤ [s] ≤ m
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and [s] ≡ s mod m. Thus fn = f[mn] ◦ · · · ◦ f[1]. It follows that f generates a
sequence (ζn)n∈Z such that ζj = xj for 1 ≤ j ≤ N , and

ζN+n = g[n](ζn+1, . . . , ζn+N−1)− a[n]ζn.(1)

The action of f on (ζn) corresponds to a shift by m units:

fk(x) = (ζmk+1, . . . , ζmk+N ).(2)

Let f be a shift-like map. We will say that f has type ν, for some 1 ≤ ν ≤ N−1,
if f has the form f = fm ◦ · · ·◦f1, where each fs is as follows: there is a polynomial
ps(z) =

∑ds

j=0 cs,jz
j, ds ≥ 2, cs,ds 6= 0, and a nonzero constant as ∈ C such that

fs(x1, . . . , xN ) = (x2, . . . , xN , ps(xN−ν+1)− asx1).(3)

By [FM], the polynomial automorphisms of C2 that are dynamically interesting
are all conjugate to shift-like mappings of type 1.

Example. The mapping h(x, y, z) = (y, z, yz+βx) is shift-like but is not of type ν
for any ν. If |β| = 1, then the coordinate axes are contained both in K and in the
nonwandering set. In this case, neither K nor the nonwandering set is compact.

If f is shift-like of type ν, it is natural to iterate fν rather than f ; for 1 ≤ k ≤ m
we write

fν = gm ◦ · · · ◦ g1, with gk(x) = f[kν] ◦ · · · ◦ f[(k−1)ν+1].(4)

We will use the notation πq(y1, . . . , yN) = yq. The expression for gk(x) in (4) is
given by

gk(x) = (xν+1, . . . , xN , πN−ν+1gk(x), . . . , πNgk(x)),(5)

where by (1)

πqgk(x) = p[q−N+kν](xq)− a[q−N+kν]xq−(N−ν)

for N − ν + 1 ≤ q ≤ N .
It follows that the degree of the qth coordinate of fν is

d̂q =
m∏

k=1

d[q−N+kν]

for N − ν + 1 ≤ q ≤ N . In §3 we will assume that the numbers d̂j satisfy

d = d1 · · · dm = d̂N−ν+1 = · · · = d̂N .(6)

This occurs if d1 = · · · = dm. Also, if m and ν are relatively prime, then {[q−N +
kν] : 1 ≤ k ≤ m} = {1, . . . , m}; and so (6) holds.

If (6) holds, then for each N − ν + 1 ≤ q ≤ N there exists a constant αq such
that

deg(πqf
ν(x) − αqx

d
q) < d̂.(7)

The inverse of f is given by f−1
1 ◦ · · · ◦ f−1

m , where the inverse of each fs is given
by

f−1
s (x1, . . . , xN ) = (a−1

s (ps(xN−ν)− xN ), x1, . . . , xN−1).(8)
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In order to work in negative time, we find it convenient to iterate f−(N−ν), rather
than f−1 = f−1

1 ◦ · · · ◦ f−1
m . We write

f−(N−ν) = hm ◦ · · · ◦ h1, with hk = f−1
[m−k(N−ν)+1] ◦ · · · ◦ f−1

[m−(k−1)(N−ν)].

Thus we have

hk(x1, . . . , xN ) = (π1hk(x), . . . , πN−νhk(x), x1, . . . , xN−ν),(9)

where by (8) we have

πqhk(x) = a−1
[m−k(N−ν)+q](p[m−k(N−ν)+q](xq)− xq+ν)

for 1 ≤ q ≤ N − ν. In §3 we will assume that for 1 ≤ q ≤ N − ν the numbers

d̂q =
m∏

k=1

d[m−k(N−ν)+q]

satisfy

d = d̂1 = · · · = d̂N−ν .(10)

This holds if d1 = · · · = dm or if (m, N − ν) = 1. In this case there are constants
αq, 1 ≤ q ≤ N − ν such that

πqf
−(N−ν)x = αqx

d
q + · · · .

Remark 1. The involution I(x1, . . . , xN ) = (xN , . . . , x1) conjugates f−1
s to

(x1, . . . , xN ) 7→ (x2, . . . , xN , a−1
s (ps(xν+1)− x1)),(11)

which is shift-like of type (N − ν). This observation allows us to deduce that the
results proved for a general map f = fm ◦ · · · ◦ f1 of any type ν will also apply to
f−1 = f−1

1 ◦ · · · ◦ f−1
m , since this is the general map of type (N − ν).

Remark 2. If δ > 0 is an integer which divides ν and N , then for 0 ≤ c < δ, the
subsequence {ζn : n ≡ c (mod δ)} is invariant under each fs. If we write ν′ = ν/δ
and N ′ = N/δ, it follows that the mapping

f ′s(y1, . . . , yN ′) = (y2, . . . , yN ′ , ps(yN ′−ν′+1)− asy1)

is shift-like of type ν′ on CN ′
, and thus each fs, and the composition f = fm◦· · ·◦f1,

are biholomorphically conjugate to a δ-fold product of the mappings f ′s : CN ′ →
CN ′

. Thus there is no loss of generality if we assume that ν and N are relatively
prime.

2. Filtration Properties

Since f acts as a shift, it follows that

f(V ) ⊂ V ∪ VN ⊂ V ∪ V + and f(Vj) ⊂ Vj−1 ∪ VN for 2 ≤ j ≤ N.(12)

Similarly, since f−1 is a shift in the opposite direction, it follows that

f−1(V ) ⊂ V ∪ V1 ⊂ V ∪ V − and f−1(Vj) ⊂ Vj+1 ∪ V1 for 1 ≤ j ≤ N − 1.(13)

We assume that f = fm ◦ · · · ◦ f1, with fs as in (1) and with ds ≥ 2. We let
ρ < 1 be given and choose R ≥ 1 sufficiently large that

ρ−1|cs,dsζ
ds | >

[
|ps(ζ)| ± (1 + |as|)|ζ|

]
> ρ|cs,dsζ

ds |(14)
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holds for all |ζ| ≥ R and all 1 ≤ s ≤ m. We also assume that

R >
2(1 + |as|)

|cds |
(15)

holds for 1 ≤ s ≤ m. We noted in Remark 1 that f−1
s is also shift-like, although the

type is (N − ν). When we work with f−1, we will assume that the corresponding
inequalities (14) and (15) hold for the inverses f−1

s .

Remark 3. In this section on filtrations, we will often treat the iteration fn =
(fm ◦ · · · ◦ f1) ◦ · · · ◦ (fm ◦ · · · ◦ f1) as part of the composition fsj ◦ fsj−1 ◦ · · · ◦ fs1

of an infinite sequence of mappings fs1 , fs2 , fs3 , . . . , such that the degrees dsj are
uniformly bounded, and the conditions (14) and (15) hold uniformly. In this case,
orbits correspond to sequences {ζn : n ∈ Z} such that

ζn = ps(n−N)(ζn−ν)− as(n−N)ζn−N(16)

for all n. The arguments given below concerning the existence of a filtration con-
tinue to apply in this more general situation.

Lemma 1. If (14) holds, then fsVN−ν+1 ⊂ VN holds for each 1 ≤ s ≤ m, and
thus fV + ⊂ V +.

Proof. If x ∈ VN−ν+1, then ‖x‖ = |xN−ν+1| > R. Thus, by (14), it follows that
|xN+1| > ‖x‖. Thus fx ∈ VN ⊂ V +.

Under the involution I(x1, . . . , xN ) = (xN , . . . , x1), the sets V ± of type (N − ν)
are taken to V ∓ of type ν. If we apply the argument of Lemma 1 to f−1 we obtain:

Lemma 2. If (14) holds for f−1, then f−1
s VN−ν ⊂ V1, holds for 1 ≤ s ≤ m, and

thus f−1V − ⊂ V −.

We begin by giving a weak estimate which shows that points of V + escape to
infinity in forward time.

Lemma 3. There exists c′ > 0, depending only on f , such that if R is large,

c′||x||2 ≤ ||fν(x)||
for all x ∈ V +. In particular, if we take R such that Rc′ > 1, then there exists
κ > 1 such that for every x ∈ V +, we have ||fnνx|| ≥ κ2n

/c′.

Proof. We write fν = gm ◦ · · · ◦ g1 as above. It suffices to prove the Lemma for
each of these mappings gk. If x ∈ V +, then there exists N − ν + 1 ≤ j ≤ N such
that |xj | = ||x||. By (5), we have that the size of the j-th component of gk(x) is

|ps(xj)− asxi| ≥ |csx
ds

j | − |asxi| ≥ c(|xj |ds − ||x||) ≥ ck||x||2,
since |xj | = ||x|| ≥ |xi|.

If Rc′ > 1, we may write R = c′−1
κ with κ > 1. The final inequality follows by

repeatedly substituting ||x|| ≥ c′−1
κ into the first inequality.

Lemma 4. There exists c, depending only on f such that if R < ‖x‖ ≤ M , and if
fsj ◦ · · · ◦ fs1x ∈ V − for 0 ≤ j ≤ T + N + ν, then

‖fsT ◦ · · · ◦ fs1x‖2 ≤ max
s
{2(1 + |as|)

|cds |
M, R2}.
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Proof. Let (ζn)n∈Z denote the sequence associated with the orbit of x under the
family of mappings fs1 , fs2 , . . . as in (16). From the condition fsj ◦ · · · ◦ fs1x =
(ζj+1, . . . , ζj+N ) ∈ V −, we have max1≤q≤N−ν |ζj+q | ≥ |ζj+k| for 1 ≤ k ≤ N .
Applying this inductively, starting with j = 0, and extending to 0 ≤ j ≤ T + N ,
we have

max
1≤j≤N−ν

|ζj | ≥ |ζk| for k ≤ T + N + ν.

Now we use the fact that M ≥ ‖x‖ and (16) to obtain

M ≥ |ζk| = |ps(ζk−ν )− asζk−N |.
Now either |ζk−ν | ≤ R, or we may apply (14) to obtain

M ≥ |cds |
2
|ζk−ν |ds − |asζk−N | ≥ |cds |

2
|ζk−ν |2 − |as|M.

This gives

2(1 + |as|)
|cds |

M ≥ |ζk−ν |2.

Finally, since fsT ◦ · · · ◦ fs1x = (ζT+1, . . . , ζT+N ), and since the previous inequality
holds for k ≤ T + N + ν, we have the desired estimate.

Lemma 5. Any orbit fnx can remain in V − for only finitely many values of n ≥ 0.

Proof. Let us suppose that the forward orbit of fnx remains in V − for all n ≥ 0. It
follows from Lemma 1 that f[T ]◦· · ·◦f[1]x ∈ V − for all T ≥ 0. Let c = maxs

2(1+|as|)
|cds | ,

and define Mj by M0 := ‖x‖ and Mj+1 := (cMj)1/2. Since f j(N−ν)x ∈ V −, we
have ‖f j(N−ν)x‖ > R. We apply Lemma 4 inductively in j to the map f[T ]◦· · ·◦f[1]

with T = j(N − ν)m and obtain that

‖f (j+1)(N−ν)x‖ ≤
√

c‖f j(N−ν)x‖ ≤ √
cMj = Mj+1.

On the other hand, it is easily seen that the sequence {Mj} decreases to c, and
c < R by (15), which is a contradiction.

We may summarize our work so far with the following:

Theorem 6. If f is a shift-like mapping of type ν, and if R is chosen sufficiently
large, then the sets V −, V , and V + have the filtration properties 1, 2, and 3 for f
as given above. Further, V +, V , and V − have the same filtration properties for the
mapping f−1.

Proposition 7. U± =
⋃∞

n=0 f∓nV ±, and this union is increasing.

Proof. By Lemma 1, fV + ⊂ V +, so f−nV + ⊂ f−n−1V + for n ≥ 0, so the union is
increasing. By Lemma 3, if x ∈ V +, then limn→∞ ‖fνnx‖ = ∞. Thus U+ ⊃ V +.
By the invariance of U+ under f , we obtain U+ ⊃ f−nV +. On the other hand, if
x ∈ U+, the forward orbit is unbounded. Since a forward orbit cannot remain in
V − for all positive time, we must have fnx ∈ V +, which is to say that x ∈ f−nV +.
The arguments for V − are analogous.

Corollary 8. K ⊂ V and K± ∩ V ± = ∅.
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Homology of U±. For N−ν+1 ≤ j ≤ N , the circle σj : θ 7→(R, . . . , e2πiθR, . . . ,R)
(with the exponential in the j-th coordinate) generates H1(Vj ;Z). The action of one
of the component mappings fs on homology is: fs∗σj = σj−1 for N−ν+1 < j ≤ N ,
and fs∗σN−ν+1 = ds ·σN . The inverse gives a homeomorphism f−1 : V + → f−1V +.
The action of f−ν∗ on the homology of V + is to divide all ν of the generators
σN−ν+1, . . . , σN by d = d1 · · ·dm. By Proposition 7,

⋃
n≥0 f−nV + = U+, so the

homology of the limit U+ is given as the ν-fold product:

H1(U+;Z) = Z[
1
d
]× · · · × Z[

1
d
].

A similar argument gives H1(U−;Z) as the (N − ν)-fold product of Z[ 1d ].

3. Green Functions

In this Section we study the rate of escape functions for the forward iterates of
fν and the backward iterates of fN−ν. For the rest of this paper we assume that
(6) and (10) hold.

Example. Iff =f2 ◦ f1 withf1(x, y, z)=(y, z, y3+x) andf2(x, y, z)=(y, z, y2 + x),
then f(x, y, z) = (z, y3 + x, z2 + y). The condition (6) does not hold, and the
arguments below do not apply to this function.

For n ≥ 0, we define:

G+
n (x) :=

1
dn

log+ ||fnν(x)||,

G−
n (x) :=

1
dn

log+ ||f−n(N−ν)(x)||.
Theorem 9. The limits G± := limn→∞G±

n are uniform on compact subsets of
CN , and G± are continuous and pluri-subharmonic on CN . We have

G+ ◦ fν = d ·G+ and G− ◦ fN−ν = d−1 ·G−.(17)

Further, K± = {G± = 0}, and

G±(x) = log ‖x‖+ O(1)

holds uniformly on V ± as x →∞.

Proof. Without loss of generality we consider only G+. We will show that the limit
defining G+ converges uniformly on compact sets. Thus G+ is continuous and pluri-
subharmonic. By Lemma 5, any compact subset of V − will be mapped to V ∪ V +

in finite positive time. Thus it suffices to show that the series
∑

(G+
n+1 − G+

n )
converges uniformly on compact subsets of V ∪ V +.

We may assume that V is contained in the polydisk of radius R. For the points
x such that fnνx ∈ V for all n ≥ 0, we have

G+
n+1(x)−G+

n (x) ≤ 1
dn

log R.

If fnνx /∈ V for some n ≥ 0, then fnνx ∈ V + for n ≥ n0. Thus it will suffice to
show that the series converges uniformly on V +. In order to estimate G+

n+1 −G+
n

on V +, let us write y = fnν(x) and z = fν(y). Let N − ν + 1 ≤ m, k ≤ N be
indices such that |zk| = ||z|| and |ym| = ||y||. Thus

G+
n+1(x)−G+

n (x) =
1

dn+1
log

|zk|
|ym|d .
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By (7) we have zi = αiy
d
i + O(||y||d−1) for N − ν + 1 ≤ i ≤ N . Thus since

|yk| ≤ |ym| = ||y||, we have

|zk|
|ym|d ≤

|αkyd
k|+ O(||y||d−1)
|ym|d ≤ |αk|+ O(||y||−1).

Now we only need to bound |zk|/|ym|d from below. Equation (7) and ||z|| = |zk| ≥
|zm| give

|αkyd
k|+O(||y||d−1) = |zk| ≥ |zm| ≥ |αmyd

m|+O(||y||d−1) = |αm|||y||d+O(||y||d−1),

from which we conclude that

|zk|
|ym|d ≥ |αm|+ O(||y||−1).

Thus

G+
n+1(x)−G+

n (x) = O(d−(n+1))

on V +, and the series converges uniformly.
The asymptotic behavior of G+ = log ||x|| + ∑∞

n=0(G
+
n+1 −G+

n ) is given by the
fact that the series converges uniformly on V ∪ V +. Further, it follows from the
definition that d ·G+

n+1 = G+
n ◦fν . Thus (17) follows from the uniform convergence

of {G+
n }.

Finally, let us note that G+ > 0 on V +. For each x ∈ U+, it follows by
Proposition 7 that fnx ∈ V + for some n ≥ 0. Thus G+(fn(x)) > 0, so it follows
from (17) that G+(x) > 0. This shows that G+ > 0 on U+ = CN−K+. Conversely,
it is evident that G+ = 0 on K+.

Remark 4. If m = 1, i.e. if f = f1, then we actually have

G+(x) = log ‖x‖+ (d− 1)−1 log |cd|+ o(1),

G−(x) = log ‖x‖+ (d− 1)−1 log |a−1cd|+ o(1),

on V ± as x →∞, where a = a1 and cd = c1,d1 in the notation of (3).

4. Invariant Currents

Let us begin with some general computations involving currents. We recall
(see [BT]) that if U is a continuous, psh function, and if T is a positive, closed
(p, p)-current, then ddcU ∧ T is a (p − 1, p − 1)-current, whose action on a test
form ϕ of degree (p − 1, p − 1) is defined by ddcU ∧ T (ϕ) = T (Uddcϕ). If τ is a
Borel measure, and if t 7→ St is a Borel measurable family of (p, p)-currents, we
will define a new (p, p)-current, which acts on a test form ϕ of degree (p, p) as
(
∫

τ(t)St)(ϕ) :=
∫

(Stϕ)τ(t).
We define

L−(ζ1, . . . , ζN ) = max
j=1,...,N−ν

log+ |ζj |

and

L+(ζ1, . . . , ζN ) = max
j=N−ν+1,...,N

log+ |ζj |.
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Lemma 10. We have

(ddcL−)N−ν = ddcL− ∧ · · · ∧ ddcL− =
∫

τN−ν(ζ ′) [{ζ′} ×Cν ](18)

and

(ddcL+)ν = ddcL+ ∧ · · · ∧ ddcL+ =
∫

τν(ζ ′′) [CN−ν × {ζ′′}],(19)

where τj denotes the j-dimensional Hausdorff measure on the j-torus {|ζ1| = · · · =
|ζj | = 1} in Cj, and [X ] denotes the current of integration over the complex mani-
fold X. In particular,

(ddc max(L+, L−))N = (ddcL−)N−ν ∧ (ddcL+)ν .(20)

Proof. First we consider L− and show that (18) holds; the proof of (19) is similar.
Let us introduce the variables zj = xj + iyj = log ζj for 1 ≤ j ≤ N − ν and zj = ζj

for N − ν + 1 ≤ j ≤ N . Then log+ |ζj | = max(xj , 0) for 1 ≤ j ≤ N − ν. Since the
operator ddc is invariant under holomorphic coordinates, we may compute in the z
coordinates to obtain

(ddc max
1≤j≤N−ν

(xj , 0))N−ν =
∫

y∈RN−ν

dy [{y} ×Cν ],

where dy denotes Lebesgue measure. This identity is remarked in [BT], and the
computation is carried out in [HP, Lemma 3.5]. We obtain the formula (18) by
transforming this identity (locally) under the exponential map y 7→ eiy; we observe
that under the exponential map, the current of integration over [{y}×Cν] is taken
to the current of integration [{ζ} × Cν ] and that (N − ν)-dimensional Lebesgue
measure on RN−ν is taken (locally) to the measure τN−ν .

For (20) we recall that the wedge product of currents of integration corresponds
to the current of integration over the intersection. Thus δ(ζ′,ζ′′) = [{ζ′} ×CN−ν ]∧
[Cν × {ζ′′}] is the unit point mass at (ζ′, ζ′′). Integrating this observation with
respect to τN−ν in the variable ζ′ and τν in ζ′′, and applying (18) and (19), we
have that

τν ⊗ τN−ν = (ddcL+)ν ∧ (ddcL−)N−ν .

Since L = log+ ‖ζ‖ = max(L−, L+) is equal to L− in the case ν = 0, we see by (18)
that (ddcL)N is also equal to the measure τN = τν ⊗ τN−ν . Thus (ddcL)N is equal
to the left hand side of this identity, which gives (20).

Since G+ and G− are continuous, we may define µ+ := ( 1
2π ddcG+)ν and µ− :=

( 1
2π ddcG−)N−ν . It follows from Theorem 9 that

(fν)∗µ+ = dνµ+ and (fN−ν)∗µ− = dν−Nµ−.

We take the wedge product µ := µ+ ∧ µ− and obtain a Borel measure, which then
satisfies

f
ν(N−ν)
∗ (µ) = µ.

We define G := max(G+, G−).

Theorem 11. µ+ = 0 on U+; µ− = 0 on U−; (ddcG)N = 0 on CN −K; and

(
1
2π

ddcG)N = µ.
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Proof. It follows from (18) that the support of (ddcL−)N−ν is disjoint from {L− >
0}, and so (ddcL−)N−ν = 0 there. Similarly, (ddcL+)ν = 0 on {L+ > 0}. We
restrict ourselves now to the case of G+; the case of G− is similar. By Theorem
9, we have that d−nL+(f (N−ν)n) converges uniformly on compact sets to G+ as
n →∞. It then follows that µ+ = (ddcG+)ν = 0 on {G+ > 0}.

To work with G, we note that the sequence

Gn := d−n max(L−(f (N−ν)n), L+(fνn))

converges uniformly on compact sets to G. Arguing as from (18) with ν = 0, we
have that

(ddc max(L+, L−))N = 0

on {ζ ∈ CN : ‖ζ‖ > 1}, and so (ddcGn)N = 0 on {Gn > 0}. Taking the limit as
n →∞, we have that (ddcG)N = 0 on {G > 0} = CN −K.

Finally, we note that by equation (20), we have that

(ddcGn)N =
1

dnN
(ddcL−(f (N−ν)n))ν ∧ (ddcL+(fνn))N−ν .

The last assertion follows upon taking the limit as n →∞.

Remark 5. Let us recall (see Klimek [K]) that the pluri-complex Green function
GK is characterized as the psh function on CN such that GK = log ‖x‖+ O(1) at
infinity, GK = 0 on K, and (ddcGK)N = 0 on CN −K. It follows from Theorems 9
and 11 that G := (G+, G−) coincides with GK . Since G is continuous, it follows by
definition that K is pluri-regular. By a Theorem of Siciak, it follows that G is equal
to the supremum of deg(q)−1 log |q|, taken over all polynomials q with |q|K ≤ 1,
and degree equal to deg(q). By Theorem 11, it follows that µ is the pluri-complex
equilibrium measure of K, normalized to have total mass one.
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