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DEFORMATION OF SCHOTTKY GROUPS
IN COMPLEX HYPERBOLIC SPACE

BEAT AEBISCHER AND ROBERT MINER

ABSTRACT. Let G = PU(1,d) be the group of holomorphic isometries of com-
plex hyperbolic space H%. The latter is a Kéhler manifold with constant
negative holomorphic sectional curvature. We call a finitely generated dis-
crete group I' = (g1,...,9n) C G a marked classical Schottky group of rank
n if there is a fundamental polyhedron for G whose sides are equidistant hy-
persurfaces which are disjoint and not asymptotic, and for which g1,...,9n
are side-pairing transformations. We consider smooth families of such groups
Tt = {g1,t,-- -, gn,t) With g;; depending smoothly (C') on t whose fundamen-
tal polyhedra also vary smoothly. The groups I't+ are all algebraically isomor-
phic to the free group in n generators, i.e. there are canonical isomorphisms
¢t : T'o — I't. We shall construct a homeomorphism ¥y of ﬁé = HdC @] 8Hﬁlj
which is equivariant with respect to these groups:

¢t(g)oWy =V 09 VgeTy, 0<t<1

which is quasiconformal on E?Hﬁlj with respect to the Heisenberg metric, and
which is symplectic in the interior. As a corollary, the limit sets of such
Schottky groups of equal rank are quasiconformally equivalent to each other.

The main tool for the construction is a time-dependent Hamiltonian vector
field used to define a diffeomorphism, mapping Do onto D¢, where D; is a
fundamental domain of I't. In two steps, this is extended equivariantly to
"

The method yields similar results for real hyperbolic space, while the analog
for the other rank-one symmetric spaces of noncompact type cannot hold.

1. INTRODUCTION AND STATEMENT OF RESULTS

Complex hyperbolic space HY is a complete Riemannian manifold with sectional
curvature pinched between —2 and —1/2. A standard model for it is the unit ball
B C C? (d > 2) with the Bergman metric. For the case d = 1 note that Hg is
isomorphic to the real hyperbolic plane H%. As a complex manifold, HdC admits a
natural Kéahler structure, and therefore also a symplectic structure.
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The group of holomorphic isometries of HY is the Lie group PU(1,d). G. D.
Mostow [20] established that finite covolume discrete subgroups of PU(1,d) are
rigid. Recent work has shown that interesting phenomena still arise in connection
with deformations of smaller discrete subgroups. (See for example [9], [10], [7].)

At the same time, a successful theory of quasiconformal mapping on complex
hyperbolic space and its boundary has been developed by Koranyi, Reimann, Pansu
and others. (See for example [16] and [21].) Moreover, as in real hyperbolic ge-
ometry, there seems to be much fertile ground for the application of quasiconfor-
mal mappings to deformation questions about complex hyperbolic groups. Indeed,
Mostow’s rigidity theorem involves quasiconformal mapping in a vital way. In this
article, we offer another application of quasiconformal mappings to deformation
theory of groups that are far from having finite covolume. Specifically, we show
that smooth deformations of proper complex hyperbolic Schottky groups are qua-
siconformally stable in an appropriate sense.

For comparison recall the definition of quasiconformal stability from the theory
of Kleinian groups as given by Bers in [2]. Let G be any subgroup of PSL(2,C).
A homomorphism y : G — PSL(2,C) will be called allowable if it preserves the
square traces of parabolic and elliptic elements. Say that x is a quasiconformal
deformation of G if there exists a quasiconformal mapping w : C — C such that
x(g) = wogow™! for all g € G. A finitely generated Kleinian group I' is then
called quasiconformally stable if every allowable homomorphism sufficiently close
to the identity is a quasiconformal deformation. In [2], Bers described a criterion
(involving the quadratic differentials for I') to determine whether a group I' is
quasiconformally stable. As a consequence of this criterion, it follows that Fuchsian
groups, Schottky groups, groups of Schottky type and certain non-degenerate B-
groups are all quasiconformally stable [3].

As with real hyperbolic isometries, elements of PU(1,d) can be classified as
loxodromic, parabolic or elliptic. Let I' = (g1,...,9n,) C PU(1,d) be a dis-
crete group generated by n loxodromic elements. Assume I' admits a fundamen-
tal polyhedron D whose sides are equidistant hypersurfaces (i.e. sets of the form
E(x,y) = {z € B : p(z,z) = p(z,y)} for some = and y) such that gi1,...,g, are
side-pairing transformations for D. In analogy with Kleinian groups, if the sides of
D do not intersect and are not asymptotic, we call I' a classical Schottky group of
rank n. When T is given together with a choice of generators we refer to I' as a
marked classical Schottky group.

Some authors define classical Schottky groups to include the case where the
sides of D are asymptotic. However, following Maskit [18] we term these groups of
Schottky type, and focus our attention on groups where the sides of D are disjoint
on the interior of B and their closures are disjoint on the boundary.

The space of such groups (modulo conjugation) has real dimension 4 +
d(nd + 2n — 6). Namely, by [4, Lemma 3.2.2], a loxodromic element with given
fixed points has (d — 1)? + 1 real parameters left. Every fixed point contributes
2d — 1 real parameters, and three fixed points can be normalized by one real pa-
rameter, namely Cartan’s angular invariant (see e.g. [8, §7]). The limit set

A=Tz,NOB

of such a group is closed and totally disconnected (i.e. a Cantor set) (see e.g. [22,
Theorem 12.1.21]).
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Consider a family {I'; : ¢t € [0,1]} of marked classical Schottky groups with
generators gi ¢, - - ., gn,¢, depending C* on t, i.e. gj+ = P(g;¢) with t — g;, € U(1,d)
of class C*, where P : U(1,d) — PU(1,d) is the natural projection. Note that the
T'; are all isomorphic to the free group on n generators (cf. [22, Theorem 12.1.19]),
hence there are canonical isomorphisms

¢ : Tg — Ty

Given such a family {T';} of marked classical Schottky groups, suppose further
that for each t there exists a Schottky fundamental polyhedron P, for I'; with sides
{S1,t,...,82n} and with side-pairing transformations g¢;:(S;j+) = Sj4n,+ where
j=1,...,n. When each family of equidistant hypersurfaces {S;.} (i =1,...,2n)
is of class C! in t, we will say {I';} is a geometric deformation of T' = I'g.

We show that geometric deformations of Schottky groups are quasiconformally
stable in the following sense.

Theorem 1.1. Given such a geometric deformation {T';}, for each t there exists
a homeomorphism V; of B, which is equivariant:

(1.1) di(g) oV =Vs0g9, Vgely, tel0,1]

and such that
(a) the restriction of ¥y to B is a symplectic diffeomorphism and
(b) the restriction to OB is quasiconformal with respect to the Heisenberg metric.

Note that the boundary 0B of complex hyperbolic space can be identified with
the one-point compactification of the Heisenberg group H9™1, see e.g. [8, §2.1], [14]
or the next section. The Heisenberg metric on H%~! ~ C%~! x R is also defined in
Section 2.

For the purpose of finding quasiconformal equivalences between groups, the con-
dition that a deformation be geometric is perhaps not as restrictive as it first might
seem. For example, if {I';} is any C' deformation of classical Schottky groups,
there is some interval [0, €] on which {I';} is geometric, since

{51,00-+++5n,0091,6(51,0)5 - - s 9n,t(Sn,0)}

is a smooth family of Schottky fundamental polyhedra on some interval.

Geometric deformations are also sufficiently prevalent to connect any two marked
classical Schottky groups of the same rank (provided d > 1) since we may define
a deformation of groups by constructing a deformation of fundamental polyhedra.
Thus, we have the following corollary.

Corollary 1.2. Given two marked classical Schottky groups Ty and 'y of equal
rank there exists a homeomorphism ¥ of B such that Tg = U1, ¥ and such that
its restriction to the boundary 0B is quasiconformal and the restriction to B is a
symplectic diffeomorphism.

In particular, the limit sets Ag and A; are quasiconformally equivalent: A; =
U(Ag). Because the image of a Schottky group under a homomorphism close to the
identity is again a Schottky group of the same rank, the quasiconformal stability
expressed by Theorem 1.1 includes quasiconformal stability in the sense of Bers.

In real hyperbolic space HdR, the following is known. For d = 3, members of a
continuously parametrized family of finitely generated discrete groups are canoni-
cally isomorphic to each other, [13, Theorem 3]. In the other direction, and in arbi-
trary dimension, Tukia [23] has shown that a type preserving isomorphism between
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two geometrically finite Mobius groups is induced by a canonical quasisymmetric
mapping on their limit sets. Again for d = 3, using the generalized A-lemma of
holomorphic motions, one can show: If (I',).ca is a holomorphic family of finitely
generated Kleinian groups such that no new parabolic elements are created as z
varies in the unit disk, then the ', are canonically quasiconformally conjugate on
their limit sets, [1]. In fact, the equivariant version of the generalized A-lemma
by Earle, Kra and Krushkal' [6] shows that the groups T, are quasiconformally
conjugate on OH3, ~ C.

The method used in the present paper yields analogous results for classical Schot-
tky groups in H for d > 3. Use the ball B C R? as a model for real hyperbolic
space and on its boundary B use the euclidean (chordal) metric to define quasicon-
formality. In the interior, it does not matter whether one uses the hyperbolic or the
euclidean metric to define quasiconformality, because these metrics are conformally
equivalent.

Theorem 1.3. Given a geometric deformation {T';}, 0 <t <1, of classical Schot-
tky groups acting on B C R? there exist homeomorphisms ¥, of B such that (1.1)
holds, ¥y is a quasiconformal diffeomorphism of B, and the restriction to 0B is
quasiconformal as well.

As a corollary, marked classical Schottky groups of equal rank n (acting on Hg,
d > 3) are quasiconformally conjugate. The hyperbolic quotient manifolds B/,
and B/T'; are quasiconformally equivalent. By [18, VIIL.D.1], for d = 3 these
manifolds are ‘handlebodies of genus n’.

By the known rigidity of quaternionic hyperbolic space and the Cayley plane,
analogous results for Schottky groups on these spaces cannot hold. Namely, as
P. Pansu has shown, every quasiconformal map on the boundary of quaternionic
hyperbolic space or the Cayley plane is the extension of an isometry (Corollary 11.2
and Proposition 11.5 in [21]). Thus, for the result to hold, the space of marked
classical Schottky groups of rank n modulo conjugation by isometries would have
to reduce to a point, which of course is not the case. However, in the quaternionic
and Cayley cases our construction still yields an equivariant homeomorphism of
hyperbolic space and its boundary which is a diffeomorphism in the interior.

In the general case of negatively curved groups, Martin has shown [17, Thm. 5.2]
that a continuous deformation of a torsion free group through discrete cocompact
groups is topologically trivial.

Section 2 contains introductory material and some lemmas which are used in
Section 3 to prove the theorems. It is a pleasure for us to thank Martin Reimann
for many helpful discussions.

2. NOTATION AND PRELIMINARIES

In this section, B shall always be the unit ball in C%. As noted above, B is a
model of HE, when supplied with the Bergman metric g:

3210gK
——Re d- dz
9= d+1 Z 5,05 1 © 4
where

d! B
K(z)=Kg(z,2) = — (1— |Z|2) (d+1)
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is the Bergman kernel function. The distance function defined by g, i.e. the hyper-
bolic metric, is denoted by p. The group of holomorphic isometries of H‘é is

G = PU(1,d).
Here, U(1,d) is the subgroup of GL(d + 1, C) leaving invariant the hermitian form
(Y,9) = —yoo + 19 + -+ +yaba, v = (Yo, y1,---,ya) € CT.

It acts linearly on C**! = {y € C¥1 : (y,y) < 0}. By definition, HY is the space

of complex lines in C%*!, which in inhomogeneous coordinates

wi =% (j=1,...,d)
Yo

corresponds to the ball B. Dividing by the center Z = {\I : |\| = 1} of U(1,d), we
get the quotient PU(1,d) = U(1,d)/Z, which acts effectively on B.

Alternatively, HdC is the rank one symmetric space G/K, where K =
P(U1) x U(d)) ~ U(d) is the stabilizer of 0 € B. The symmetry at 0 is just
z +— —z. The metric g can be defined at z = 0 by the Killing form of the Lie
algebra of G and then be transported everywhere by elements of G.

Together with the natural complex structure J, complex hyperbolic space also
carries a symplectic structure

w(X,Y)=g9(JX,Y),

i.e. dw =0, and HY is a Kdhler manifold.

The Heisenberg group arises as the ‘translation part’ of the stabilizer of the
point p = (0,...,0,—1) of the action of G on 9B. The Iwasawa decomposition of
this stabilizer is M AN, where M ~ U(d — 1), A ~ Ry, and N is the Heisenberg
group, see [14]. The group N acts simply transitively on OB \ {p}, hence its one-
point compactification N can be identified with dB. In suitable coordinates, the
Heisenberg group N is

Hd—l _ Cd—l < R
with the group law
(z,t) - (2", ') = (2 + 2/, t +t + 2 Im(27")).
The Heisenberg metric d is defined by
d(g,h) = |g~"hl,

where

gl = (121" + )", g=(z,t) € HI,

By definition it is left-invariant. Via stereographic projection, d is conformally
equivalent to the metric dg on JB,

d
dS(zaw):|1_(zaw)|l/2a (va)zzzjwja
j=1

see [14, section F]. Thus, we say a homeomorphism of B is ‘quasiconformal with
respect to the Heisenberg metric’ if and only if it is quasiconformal with respect to
ds.
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For two points =,y € B, let

E(x,y) ={2 € B:p(z,2) = p(z,9)}

be the equidistant hypersurface separating them. A C'-family of equidistant hy-
persurfaces {S;}icjo,1) is given by Sy = E(w¢,y:) with 24,9y, € B of class C' in
t. In order to deform fundamental domains for Schottky groups, we will need the
lemma below relating C'-families of equidistant hypersurfaces to flows. Recall that
a continuously time dependent smooth vector field X; defined for 0 <t <1 on a
manifold M generates a two-parameter family of diffeomorphisms 1, 0 < s,t <1
such that

1/}s,t o wr,s = 1/)1”,15 and "/)t,t = Zde

provided M is compact or X does not grow too fast at infinity. To be specific,
s +(z) is defined as y(t), where y is the solution of Z—ﬁ = X, (y(7)) with y(s) = =.
For simplicity we shall call the family 15+ the flow generated by X;, even though
it is not a flow in the usual sense.

Lemma 2.1. Let S;, t € [0,1], be a C*-family of equidistant hypersurfaces. Then
there exists a continuously time dependent Hamiltonian vector field X; on B gen-
erating a flow s+ of isometries such that 1o (So) = Si. (Equivalently, v, +(Ss) =
St.) The Hamiltonian is continuous in t and C*° in x, and X; extends smoothly
to B.

Proof. Let 7; be the (real) geodesic through x; and y;. There exist unique points
ug, vy € y¢ such that

E(ut,ve) =S¢, plug,ve) = p(xo,y0),  plus, x¢) < p(ut, yr).
Because p(x,y:) is bounded from below, the midpoint of the geodesic arc [z, y¢]

and the endpoints of y; are C! in ¢. Hence u; and v; are C! in t.
Assume h; € G satisfies

(2.1) he(wo) =z, hi(yo) = ve.
Then

he(So) = he(E(zo,y0)) = E(ug,ve) = S

Let H C G be the subgroup fixing z¢ and yo and let 7 : G — G/H be the canonical
projection. (By [4, Lemma 3.2.2], H is a closed compact subgroup isomorphic to
PU(1)xU(d—1)) ~U(d—1).) The projection mw(h;) is uniquely determined by
the condition (2.1). Hence with any choice of {h¢}ie[0,1] satisfying (2.1), m(hy) is
C' in t, because u; and v; are C'. Since H is a submanifold of G, it is easy to see
in local coordinates that we can choose a Cl-lift of the curve m(h;) which is the
identity at t = 0. We denote this lift again by h;.
Now we define the vector field X; on B by

d
= — hs(x).
5 )

Because h; is an isometry and is biholomorphic, it is a symplectomorphism of B.
Thus, the inner product X; Jw is closed:

Xi(he(z))

d(Xt _lu)) = i

ds (hsoh; ') 'w=0.

s=t
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(See for instance [11], formula (22.1).) In other words, the vector field X; is locally
Hamiltonian. But B is simply connected, so there exists a global Hamiltonian for
X;. From the definition of the vector field we see that it is continuous in time. In
the variable x € B it is C°°, because the action ® : G x B — B, ®(g,r) = gx is
smooth in both variables:

d d

Xi(x) = — he(hy(x)) = — ®(hshit, x) = D1®(e, ) Vs,
ds|,_, ds|,_,

where Y; = %L:t hsht_l is an element of the Lie algebra of G, only depending on

t. Since the Hamiltonian is locally determined up to a constant by X; Jw = dHy,

it can be chosen continuous in ¢ and C*° in z. O

We shall also need a lemma about extending Hamiltonian vector fields. Again
we begin with some notation. A defining function (or Kéhler potential) for B is
p(z) =1 — |2/, that is, B = {z € C?: p(z) > 0}. The contact structure on OB
is given by the contact form 6 = —Jdp and the Reeb vector field T is defined by
T .df =0 and (T) = 1. The Levi form on the horizontal bundle ker # C T0B is

given by
L(X,)Y)=—di(X,JY),
and it is positive definite, i.e. B is a strictly pseudoconvex domain. Finally, the
horizontal gradient Vg is defined by
L(Vop, X) = Xp
for a differentiable function p on B and X € ker 6.

Lemma 2.2. Suppose o : B — [0, 1] is smooth and H is a smooth Hamiltonian on
B such that the vector field it generates extends smoothly to a (tangential) vector
field on OB. Then the vector field X generated by the Hamiltonian cH extends
smoothly to 0B, too, and is given there by

X =—-JVop+pT,
where the contact Hamiltonian (or the potential)
p(2) = o(2) lim p(x)H (x)
is a smooth real function on OB.

Proof. By [15, Proposition 1], the flow of H extends to a contact deformation on
0B, i.e. the extension of the vector field —JVH to dB equals —JVop + pT for
some smooth function p : 0B — R. The following calculation is the same as in
the proof of Proposition 3 in [15]. In a neighborhood of 0B set Z; = (T' — iJT)/2
and supplement Z; to an orthogonal basis {Z1,..., Z4} of T*YB (with respect to
g extended as a Hermitian metric on TB€) normalized such that L(Z;, Zx) = 6;.1
for j,k € {2,...,d}. Then calculation yields

d
—JVH =iy _((Z;(pH))Z; — (Z;(pH))Z;] +
(2.2) j=2
_ et
pllZa]? 20?241
Note that we got rid of the factor 2/(d+1) in [15], because of our different normaliza-
tion of the symplectic structure: w=d.Jdlog p instead of w=—1/2dJdlogp~ (@1 =

[(Z1(pH)) Z1 = (Z1(pH)) Z1] +
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(d+1)/2dJdlogp. (With the normalization used here, the holomorphic sectional
curvature is —2, cf. [8].)

Now, 2p?||Z1||? = 1+ O(p) as one approaches the boundary (cf. [15]). It follows
that lim, ., p(x)H(x) = p(z). Thus, p(z) = o(2) lim,—,, p(x)H(z) is C* on 0B
and the formula (2.2) with H replaced by o H shows the extension of X = —JV(cH)
to OB is given by —JVop + pT. O

3. PROOF OF THE THEOREMS

Proof of Theorem 1.1. We are given a geometric deformation of classical Schottky
groups I'y = (1,4, -, Gn,t)- Set g—j 1 = g;tl. Let Dy denote the associated Schottky
fundamental polyhedra for I';, where g;+(S_;:) = S for j =1,...,n. Since {D;}
is by definition a C* family of Schottky polyhedra, the sides of D, are given by

Sit =&, yjn), J==E1,....,%n

where x;; and y;; are C! in ¢.

By Lemma 2.1 we have time dependent Hamiltonians H; generating isometries

h;: mapping S; onto S;; for j =1,...,n. If we set

h_ji= g;tl o hjt o gjo,
then h_;; is an isometry mapping S_; o onto S_;; for j =1,...,n. Since h_;; is
symplectic, there exists a global time dependent Hamiltonian H_; for it as in the
proof of Lemma 2.1.

For j = +1,...,4n choose cutoff functions o; : [0,1] x B — [0, 1] which are C!
in the first argument and C'*° in the second. Moreover, require that o;; = 0|1} xB
vanishes outside some euclidean neighborhood of S;, that it is identically one in
a smaller neighborhood, and that the supports of the o; are disjoint. (Remember
the sides of D; do not intersect.) We can also assume that

Ojt =000 hj_t1 and o0_j;=0;:00;¢
for j = £1,...,£n. In fact, it suffices to choose smooth functions ¢ (j = 1,...,n)

with sufficiently small supports and then define o, by these conditions. The dif-
feomorphism ; = 1)y ; generated by the time dependent Hamiltonian

H = Z(O’j Hj +o—; H_j)
j=1
then maps each side of Dy onto the corresponding side of D;. Applying Lemma 2.2
to every summand in the above equation (frozen to a fixed time t), we see that
—JVH and hence v; extends smoothly to the boundary 0B.
Let

Fy=D,UlJ S
j=1
be a fundamental set for the action of I'; on B. Adding the points on the boundary
at infinity adhering to F}, we get a fundamental set F; for the action of I'; on B\At,
where A; is the limit set of I'y. It follows that 1 (Fp) = Fy.
We can now extend |z, to an equivariant map ¥; on B\ Ag as follows. For
x € B\ Ag there is a unique element h of 'y such that haz € Fy, we set

(3.1) Uy(z) = ¢t(h)_11/1t(h17)-
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Away from the boundary of translates of the fundamental set, W; is clearly a dif-

feomorphism. Further, on the neighborhood {z € B : gjo(xz) = 1} of S;o one
has

-1 _ -1 _ _
gitoviogio =9gitoh—jiog;o = hjt =t

Thus, the extension ¥, is indeed a diﬂéeomorphism B \ Ay — B \ A;. Moreover, ¥,
agrees with 1; on a neighborhood of Fp, and hence

U (Fy) = Fy

holds. One also easily verifies that the equivariance condition (1.1) is satisfied.

We now show ¥, extends to a homeomorphism of B. For Schottky groups a point
in the limit set corresponds to a unique infinite word in the generators (written from
left to right). That is, to the point y € A corresponds the sequence (g;) such that
y = limg¢;(0) and g; is a word of length j in the generators of I'g. If we set

Wi(y) = lim (g;)(0) € As,

it is clear that W], is one-to-one and continuous, because nearby limit points
correspond to words that have long equal beginnings. An arbitrary sequence in
B\ Ay converging to y € Ag can be written (uniquely) as (g;(z;)), with z; € Fy
and g; € I'g. Then the line

lim Wy(g;(;)) = lim ¢ (g;) Wi () = lim ¢4 (g;)(0) = W4 (y)

shows that the extension ¥, is continuous on B. Changing the roles of the times 0
and t yields the same for ¥;'. Thus ¥, is a homeomorphism.

Finally, it remains to show that ¥, is quasiconformal with respect to the Heisen-
berg metric on 9B. We begin by showing that ¥; is quasiconformal on 0B \ Ag.
By Lemma 2.2, 1|gp is the [0, 1]-flow of the continuously time dependent vector
field —JVop + pT, where p : [0,1] x 0B — R is C*° in its second argument and is
given by

n
p=> (0;pj +0_pj),
j=1
p;(t, z) = ii_)mzp(x)Hj(t,a:), j==1,...,+n.
Proposition 25 in [16] (which holds as well for time dependent potentials p) now
implies ¢ |sp is K-quasiconformal with K depending only on the first and second
horizontal derivatives of the cutoff functions ¢; and the first horizontal derivatives
of p;. (Note that the second horizontal derivatives of p; vanish, because the flow
generated by p; is conformal.) By the definition (3.1) of the extension ¥, it im-
mediately follows that ¥, is quasiconformal on OB\ Ag, since elements of PU(1,d)
operate conformally on JB.

To show that quasiconformality extends across Ay, we use the analytic definition
[16]. Since A has Lebesgue measure zero, we only have to show the extension of
U, to OB has the ACL property, i.e. for every smooth fibration F by horizontal
curves, ¥, is absolutely continuous on almost every curve in F.
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Consider first the case where the limit set Ao has zero (2d—1)-dimensional Haus-
dorff measure. Then the set of curves in F meeting Ay has measure zero. To see
this, note that by definition, the measure on F has the property

cor??! < measure ({y € F: yN B(z,7) # 0}) < ¢ 2471,

see [16]. Hence Wy|sp inherits the ACL property from Wy|sp\a,-

In the general case, we extend the family I'y up to ¢ = 2 in such a way that
the generators of I'y all preserve S = 9B N (C x {0}). The limit set Ay then is
contained in S! and has Hausdorff dimension at most two (the direction transverse
to the contact hyperplane counts twice, see [5, p. 526] or [19]). In particular, As
has zero (2d—1)-dimensional Hausdorff measure. Now set [y =Ty (0<t<2).
As in the special case above, we can construct homeomorphisms ¥, : B — B with
the required regularity properties and such that

di(g) oV, =T0g9 VgeTy=To,

where qgt =¢9_¢0 ¢2_1 : Ty — I';. One immediately verifies that ¥, = Uy 40 \112_1
satisfies (1.1) as well as the regularity properties claimed in Theorem 1.1. O

Proof of Theorem 1.3. The proof goes along the same lines as the previous one, ex-
cept that one gets quasiconformality much easier. So we just sketch the differences.

The analog of Lemma 2.1 holds, where the vector field X; is not Hamilton-
ian, but is defined on the closure B. Instead of cutting off Hamiltonians we
cut off the time dependent vector fields X;, which generate isometries mapping
Sjo0 onto Sj;. Then the diffecomorphism ; = 1 generated by the vector field
X =377 1(0; Xj +0_; X_;) maps each side of the Schottky fundamental domain
Dy onto the corresponding side of D;. The restriction ¢¢|z, is extended as before
to an equivariant diffeomorphism ¥; : B\ Ag — B\ A;. As before, ¥; extends as
a homeomorphism to dB.

Now, 1 is a diffeomorphism, hence is quasiconformal on B and on dB. Hence
the extension W; of 9|z, is quasiconformal on B and on 9B\ Ag. As at the end of
the previous proof, we only need to consider the case when Ay is ‘small’; for instance
when it has o-finite (d — 2)-dimensional Hausdorff measure. Then Theorem 35.1 in
[24] shows that W, is quasiconformal on all of B. Alternatively, one can directly
apply Theorem 4.2 of [12] without having to make Ag small. O

4. ILLUSTRATIONS

The following illustrations depict the boundaries of two Schottky fundamental
polyhedra in HL. Both pictures show fundamental polyhedra for Schottky groups
of rank 2. The colored, deformed “spheres” are the boundaries of equidistant
bisectors (sometimes called spinal spheres) which form the faces of the fundamental
polyhedra.

The illustrations were generated using Mathematica 3.0 and Geomview on a
Silicon Graphics work station.
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In this illustration, the fixed points of the first loxodromic generators lie at (0, 0)
and infinity in Heisenberg coordinates. In Heisenberg coordinates, this generator
acts as the dilation (z,t) — (10z,100¢), and is the side pairing for the reddish spinal
spheres. The second generator has fixed points at (0,3) and (0,4) in Heisenberg
coordinates, and is the side paring for the greenish spinal spheres. It is conjugate
to the first generator in PU(2,1).

Note that intersection with the boundary of the Schottky fundamental polyhe-
dron lies inside the large red spinal sphere, and outside the others. The group
illustrated here is reasonably generic in the sense that its generators have fairly
large dilation factors, and hence the sides of the fundamental polyhedron are far
apart. On the other hand, in another sense, this group is quite special, since the
fixed points of its generators all lie on a single chain (the vertical axis here) which
results in an unusually regular, symmetric picture. In particular, all the spinal
spheres are convex.
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In this illustration, the first generator is again a dilation with fixed points at 0
and infinity in Heisenberg coordinates. However, this time its dilation factor is only
3.5. The fixed points of the second generator have also been perturbed off of the
vertical chain. They lie at approximately (.2,3) and (.48 —.161,1.58) in Heisenberg
coordinates. The dilation factor of the second generator is also 3.5.

These generators exhibit a more generic configuration of fixed points, but the
group they generate lies closer to the boundary of Schottky space. As you can see,
the red and green spinal spheres nearly touch, i.e. the equidistant bisectors they
bound are nearly asymptotic.
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